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Preface 

In the end of 19 century, W. KiUing and E. Cartan classified the complex simple 
Lie algebras, called An, Bn, Cm Dn (classical type) and G2, ^4, Eq,Et, Es (exceptional 
type). These simple Lie algebras and the corresponding compact simple Lie groups 
have offered many subjects in mathematicians. Especially, exceptional Lie groups are 
very wonderful and interesting miracle in Lie group theory. 

Now, in the present book, we describe simply connected compact exceptional 
simple Lie groups G2, F4, Eq, Ej, Eg, in very elementary way. The contents are given 
as follows. Wc first construct all simply connected compact exceptional Lie groups 
G concretely. Next, we find all involutive automorphisms a of G, and determine the 
group structures of the fixed points subgroup by a. Note that they correspond to 
classification of all irreducible compact symmetric spaces G/G'^ of exceptional type, 
and that they also correspond to classification of all non-compact exceptional simple 
Lie groups. Finally, we determined the group structures of the maximal subgroups of 
maximal rank. At any rate, we would like this book to be used in mathematics and 
physics. 

The author thanks K. Abe, K. Mituishi, T. Miyasaka, T. Miyashita, T. Sato, O. 
Shukuzawa, K. Takeuchi and O. Yasukura for their advices and encouragements. 

Ichiro Yokota 
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Notation 

R. C = Re Rei, H = Re Rei Re2 ® Res denote the fields of real, complex, 

quaternion numbers, respectively. 

For i?-vector space V, its complexification {u + iv\u,v € V} is denoted by V*^. 
The complex conjugation in V*-^ is denoted by r: 

t{u + iv) = u — iv. 

i?^ is briefly denoted by C. 

For /C- vector space V {K = R, C, C), Isox(^) denotes all /^-linear isomorphisms 
of V. For a ii'-linear mapping / of V, Vf denotes {t; e F | f{v) = v}. 

For ii'- vector spaces V,W {K = R, C), HomxiV, W) denotes all ii'-homomorph- 
ism / : y — > W. HomK(V, V) is briefly denoted by HoiriKiV). 

Let G be a group and cr an automorphism of G. Then G"^ denotes {g & G \ a{g) = 
g}. For s e G, denotes {g € G \ sgs~^ = g}. 

For topological spaces X,Y, X Y denotes that X and Y are homeomorphic. 

For groups G,G\ G = G' denotes that G and G' are isomorphic as groups. Iso- 
morphic two groups G, G' are often identified: G = G' . 

M{n, K) denotes all n x n matrices with entries in K. 

E = diag(l, •••,!)€ M(n, K) is the unit matrix. 

For A G M{n,K), *A denotes the transposed matrix of A and A* denotes the 
conjugate transposed matrix of A: A* = ^A. 

0{n) = {Ae M{n, R) \ *AA = E} (orthogonal group), 
SO{n) — {A^ 0{n) \ deiA — 1} (spcecial orthogonal group), 
U{n) = {A e M{n,C)\A*A = E] or {A e M{n,G)\T{*A)A = E} (unitary 
group), 

SU{n) = {A€U{n) \ AeiA = 1} (speccial unitary group), 
Sp{n) = {A € M(n, H) \ A* A = E} (symplectic group). 

For a Lie group G, its Lie algebra is denoted by the correspoding small Germann 
letter q. For example, su{n) is the Lie algebra of the special unitary group SU{n). 

Special notations 

7, u, b, K, A, /i, T, V, X, 9, w. 
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Exceptional Lie group G2 



1.1. Cay ley algebra £ 

We denote the division Cayley algebra by £. We now explain this algebra. Con- 
sider an 8 dimensional i?- vector space with basis {eo = 1, ei, e2, 63, 64, 65, eg, 67} and 
define a multiplication between them as follows. In the figure below, the multiplication 
between ei, 62, 63 is defined as 

6162 = 63, 6263 = 61, 6361=62, 

and defined similarly on the other lines. For example, 6166 = 67, 6467 = 63 etc. We 
regard that e2, 65, 67 are also collinear, for example, 6567 = 62. 60 = 1 is the unit of 
the multiplication and assume 

6i^ = -l, i^O, eiej = -ejei, i^j,i^O,j^O, 

and the distributive law. Thus £ has a multiplication. xl,x G R is briefly denoted 
by X. In £, the conjugate x, an inner product {x,y), the length \x\ and the real part 
R{x) are defined respectively by 



61 




63^ ef^ ee 



7 7777 

^0 ~i~ ^ ^ XiCi = Xq ^ ^ XiCij ^ ^ ] ^i6j, ^ ^ Vi^i^ = ^ ^ ^iVii 
i=l i=l i=0 i=0 i=0 

7 

\x\ = ^/(x^, r(xo + y^^Xiei^ = Xq. 

i=l 

For X G €, X ^ 0, we denote 7— by x~^, then we have xx~^ = x^^x = 1, and <L 

satisfies all axioms of a field except the associative law x{yz) = (xy)z. Of course 
the commutative law xy = yx does not hold. Since the associative law does not 
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hold, calculations in € are complicated, however the following relations hold. (See 
Freudenthal [6] or Yokota [58]). For a,b,x,y G £, we have 

1 {xy,xy) ^ {x,x){y,y), = |a;||y|. 

2 {ax, ay) = {a,a){x,y) = (xa.ya). 

3 {ax,by) + {bx,ay) = 2{a,b){x,y), 

4 {ax,y) = {x,ay), {xa,y) = {x,ya). 

5 X = X, X + y = x + y, xy = yx. 

6 {x,y) = {y,x) = ^{xy + yx) = ^{xy + yx), xx = xx = \x\'^. 

7 a{ax) = {aa)x, a{xa) = {ax)a, x{aa) = {xa)a. 

a{ax) = (aa)x, a{xa) = (ax)a, x{aa) = {xa)a, 

8 b{ax) + a{bx) = 2(a, b)x = {xa)b + (xb)a. 

9 We use a notation {x, y, z] = {xy)z — x{yz), called the associator of x, y, z. 
Then, we have 

{x, y, a} = {y, a, x} = {a, x, y} = -{y, x, a} = -{x, a, y} = -{a, y, x}. 
For example, we have 

{ax)y + x{ya) = a(xy) + {xy)a, 
{xa)y + {xy)a = x{ay) + x{ya), 
{ax)y + {xa)y = a{xy) + x{ay). 

10 {ax){ya) = a{xy)a (Moufang's formula). 

11 Rixy) = Riyx), R{x{yz)) = R{y{zx)) ^ R{z{xy)) {= R{xyz)). 

For an orthonormal basis {l,ai,a2, • • • ,07} of £ with respect to the inner product 
{x,y), the following 12.1 ~ 12.3 hold. 

12.1 aiifljx) = —aj{aix), in particular, aiaj = —ajUi, i ^ j- 

12.2 ai{aix) = —x, in particular, at^ = —1. 

12.3 ai{ajak) = aj{akai) = ak{aiaj), i,j,k are distinct. 

1.2. Compact exceptional Lie group G2 

Definition. The group G2 is defined to be the automorphism group of the Cayley 
algebra £: 

G2 = {a e Isoh(<^) I ot{xy) = {ax){ay)}. 
Lemma 1.2.1. For a G G2, we have 

{ax, ay) = {x,y), x,y G €. 

Proof. For a G G2 and x G €, we have 

ax = ax. 
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To prove this, it is sufBcient to show 

al = 1, aci = —aei, i = l,2,---,7. 

From (al){al) = a{l • 1) = al and al ^ 0, wc have al = 1, while from (aej)(aej) = 
ceieiei) — a{—l) = —al = —1 for i ^ 0, wc get oej = — aej. Now, 

{ax, ay) = ^{{ax){ay) + {ay){ax)) = ^{{ax){ay) + {ay){ax)) 
= <x{^{xy + yx)j = a{{x,y)) = {x,y). 
Theorem 1.2.2. G2 is a compact Lie group. 

Proof. G2 is a compact Lie group as a closed subgroup of the orthogonal group 

0(8) = 0{C) = {a€ Isor{C) I {ax,ay) = {x,y)}. 

Remark. Since al = 1 for a e G2, G2 is a subgroup of the orthogonal group 
0(7) = {a e 0{C) I al = 1}, that is, G2 C 0(7). 

1.3. Outer automorphisms of Lie algebra D4 

In order to study the Lie algebra 02 of the group G2, we consider the Lie algebra 

2)4 = so(8) = so(er) = {D G BomR{€) | {Dx, y) + {x, Dy) = 0} 

of the Lie group 5*0(8). 

We define ii-linear mappings Gij : €, i,j = 0,1, - ■■ ,7,i ^ j satisfying 

GijGj — 6^, GijCi — 6j, GijGf^ — 0, h ^ j. 

Then Gij G D4 and {Gij | < i < j < 7} forms an i?-basis of D4. Furthermore we 
define i2-linear mappings Fij : € ^ €, i,j = 0,1, - ■■ ,7, i ^ j hy 

F,jx=^e^{ejx), x £ €. 

Lemma 1.3.1. For i.j = 0, 1, • • • , 7, i ^ j, we have F^ € S4, and when i < j, 

Fij is expressed in terms of Gij a,s follows. 



2Foi = Goi + G23 + G45 + Go? 

2-^23 = Goi + G23 — G45 — Ge7 

2F45 = Goi — G23 + G45 — Ger 

2^67 = Goi — G23 — G45 + G67, 



2^02 — G02 — Gi3 — G46 + G57 
2i^l3 = — G02 + G13 — G46 + G57 
2-F46 = — G02 — Gi3 + G46 + G57 
, 2F57 = G02 + Gi3 + G46 + G57, 
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2-Fo3 = 


Go3 + Gi2 


+ G47 + G56 


2Fo4 — 


Go4 


— Gi5 


+ G26 


— G37 


2Fi2 = 


Go3 + Gi2 


— G47 — G56 


2Fi5 = 


— Go4 


+ G15 


+ G26 


- G37 


2i^47 = 


Gqs — Gi2 


+ G47 — G56 


2-^26 = 


Go4 


+ G15 


+ G26 


+ G37 


2^56 = 


Go3 — Gi2 


— G47 + G56, 


, 2F37 = 


— Go4 


— Gi5 


+ G26 


+ G37 


2Fo5 = 


Go5 + Gi4 


— G27 — G36 


2Fo6 = 


G06 


— Gi7 


— G24 


+ G35 


2Fi4 = 


Go5 + Gl4 


+ G27 + G36 ^ 

+ G27 — G36 


2Fi7 = 


— Go 6 


+ G17 


— G24 


+ G35 


2F27 = 


— Go5 + Gi4 


2F24 = 


— G06 


— Gi7 


+ G24 


+ G35 


2-^36 = 


— Go5 + Gi4 


— G27 + G36, 


. 2F35 = 


Go 6 


+ G17 


+ G24 


+ G35 



2-Fb7 — Go7 + G16 + G25 + G34 

2-Fi6 = Go7 + G16 — G25 — G34 

2-F25 = Go7 — G16 + G25 — G34 

, 2F34 = Go7 — G16 — G25 + G34. 



In particular, {Fij | < i < j < 7} forms an R-basis ofD^. 

Definition. We define il-linear mappings k, tt, z/ : 2)4 — > D4 respectively by 

{kD)x = Dx, X G 

7r{Gij) = Fij, i,j = 0,1, ■■■,7, j, 

V = TTK. 

Lemma 1.3.2. The mappings k, tt, v are automorphisms of the Lie algebra D4: 

K,'K,v e Aut(S)4). 
Proof. Since = 1 , k is an i?- linear isomorphism of 2)4. We have 
[kDi,kD2]x = {kDi){kD2x) - {kD2){kDxx) = Di(kD^) - D2(kD^) 

= D1D2X - D2D1X = k{DiD2 - D2Di)x = k[Di, D2]x, XGC 

Hence k G Aut(S)4). Since tt maps the -R-basis {Gy | < i < j < 7} to the i?-basis 
{Fij I < z < J < 7} of D4, TT is an i?-linear isomorphism. To show that tt is an 
automorphism of D4, it is sufficient to show that 

['jTGij,'KGki] = n[Gij,Gki], 

which in turn would follow from the relations 

[Fij , Fjk] = Fik, i, j, k are distinct, 
[Fij , Fki\ = 0, i, j, k, I are distinct. 

In the following calculations, let k, I be all distinct and k,l ^ 0. For x G 

[Fio,Fok]x = {FioFok - FakFio)x = -^e^{ekx) + ^ek{eix) 
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[Fio,Fki]x 



{FioFki - FkiFio)x = -ei{ei{ekx)) - -ei{ek{eix)) 
-^ei{ei{ekx)) + ^ei(ei(efcx)) = 0, 

{FijFjk - FjkFij)x = ^ej(ei(efc(ejx))) - ^ek{ej{ej{eix))) 
^ei{ek{ej{ejx))) + ^ek{eix) = ~ei{ekx) + ^ek{eix) 

{FijFki - FkiFij)x = ^ej{ei{ei{ekx))) - ^ei{ek{ej{eix))) 
^ej{ek{ei{eix))) - ^ej{ei{ek{eix))) = • • • = 0. 



[Fij, Fjk]x 



[Fij,Fki]x 



Hence tt e Aut(!D4). Finally, since = ttk, we have z/ G Aut(S)4). 

Definition. For a G £, we define il-linear mappings La,Ra,Ta : £ ^ £ respec- 
tively by 



Hereafter, we denote by Co the subset {a G €\a = —a} of C 
Lemma 1.3.3. For a G €o, we have 

(1) La,Ra,Ta€^4. 

(2) kLo, = —Ra: I^Ra = —La, kT^ = —Ta- 

(3) nLa = Ta, nRa = -Ra, T^Ta = La- 

(4) vLa = Ra, vRa = -Ta, vTa = -La. 

Proof. (1) (LaX.y) = (ax.y) = {x,ay) = -{x,ay) = -(x,Lay), x,y G €. Hence 
La e D4- Similarly, Ra S D4 and Ta = La + Ra & '^4- 

(2) {KLa)x = LaX = OX = xa = —xa = —RaX, X e £. Hence KLa = —Ra- The 
others can be similarly obtained. 

(3) It is sufficient to show that these relations hold for a = e^, i = 1, • • • , 7. We 



LaX = ax, RaX = xa, TaX = ax + xa 



{La + Ra)x, X e £. 



have 



Lei — "^FiQ, — 2Gjo- 



Indeed, 




Le^x = eiX = 2Fiox, x € <L, 
{ 2ei, 



X = 1 



X — 6^ 



It follows that 



Trie, = 7r(2Fio) = -^wFoi = -2Goi (Lemma 1.3.1) = 2Gio = n.. 
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nRa = TT{Ta - La) = La - Ta = -Ra- 

(4) follows immediately from (2) and (3), since u = ttk. 

Lemma 1.3.4. The Lie algebra D4 is generated by {La \ a G £0} {by taking at 
most one time the Lie bracket [ , ]), that is, any D GD4 is expressed by 

D = La + '^[Lb,,Lci], a,bi,CiG€o- 

i 

Proof. Let D' be the Lie subalgebra of D4 generated by {La \ a £ Co}- Since 
Le, = 2Fio and [ie,,iej = 4[F,o,Fjo] = -4Fy, i ^ O^ j ^ 0,i ^ j, we see that D' 
contains F^-, i, j = 0, 1, • • • , 7, i ^ j. Since {Fij, i < j } is an i?-basis of D4 (Lemma 
1.3.1), D' coincides with D4. 

Theorem 1.3.5. In the automorphism group Aut{D4) of D4, the subgroup S3 
generated by k and ir is isomorphic to the symmetric group S3 of degree 3. Further- 
more, K, n, u have the following relations. 

= 1, TT'^ = 1, = \, V = TTK. 

Proof. Since {La \ a G £0} generates 2)4 (Lemma 1.3.4), it is sufficient to check 
= 1, TT^ = 1, i^"^ = 1 etc. for La- However, these relations follow from Lemma 
1.3. 3. (2), (3), (4). The mapping / : 63 ^ 5*3 defined by the correspondence 



1 





2 








2 




I 


1 






I 


3 





1 2 3\ /I 2 3\ /I 2 3 
12 3y)''^^V2 13j' ^^^^3 2 1 

12 3 

2 3 1 

gives an isomorphism as groups. 

Theorem 1.3.6. (Principle of infinitesimal triality in D4). For any Di s 
D4, there exist D2,Ds e D4 such that 

{Dix)y + x{D2y) = Dsixy), x,y e€. 

Also such D2, Ds are uniquely determined for Di and we have 

D2 = vDu D3=TrDi. 

Proof. If a e €0, then La,Ra,Ta £ D4 (Lemma 1.3.3.(1)) and the equality 
{ax)y + x{ya) = a{xy) + {xy)a implies that 

{Lax)y + x{Ray) = Ta{xy), x,y (i) 
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Similarly, for b Q €o, we have 



{Lbx)y + x{Rby) = Tb{xy), x,y&<t. 



Applying Tq on (ii) and using (i), we have 



{LaLbx)y + {Lbx){Ray) + {Lax){Rby) + x{RaRby) = T^Tb{xy). 



Exchanging a for b, and subtracting from the above, we get 



{[La, Lb]x)y + x{[Ra, Rb]y) = [Ta,Tb]{xy). 



(iii) 



Since Di e 2)4 is expressed as 



Di = La + '^[Lb,Lc\, a,6,ce£o 



(Lemma 1.3.4), putting D2 = Ra + Y.[Rb,Rc], D3 = Ta + J2[Tb,Te] and using (i), 
(iii), we obtain 

{Dix)y + x{D2y) = D3{xy), x,y G €. 

Next, we shall show that D2 and D3 are determined uniquely for Di. To prove this, 
it is sufficient to show for Di = that 02 = 0^ = 0. Now, suppose 

x{D2y) = Daixy), x,y g€. 

Putting a; = 1, we have D2y = D^y, so that D2 = -D3 {— D). Therefore 



Putting DI = p, we have 2(p, 1) = {p, l) + {l,p) = {DI, !) + (!, DI) = 0, which implies 
p e Co- Furthermore, putting y = 1 in (iv), we have xp = Dx, so (iv) becomes 



We therefore see that p € R, so that p = since p G Co- Hence Dx = xp = 0, 
and so D = 0. This proves the uniqueness. Finally, if we express Di e D4 as 



Di=La + YllLb, Lc], a,b,ce £0, then D2 = Ra + E[^6> ^c], D3 = T„+ ^[^6, T^] 



from the arguments above and the uniqueness. Hence we have D2 = vDi, D3 = irDi 
(Lemma 1.3.3). 

Lemma 1.3.7. For Di,D2,Ds e D4, the relation 



x{Dy) = D{xy), x,y G 



(iv) 



x{yp) = {xy)p, for all x,y G €. 



{Dix)y + x{D2y) = {KDs){xy), x,y g€ 



implies 



{D2x)y + x{Dsy) = {KDi){xy), x,y G €, 
{Dsx)y + x{Diy) = {KD2){xy), x,y G €. 
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Proof. For D2 S 2)4, there exist Da', Di e 2)4 such that 

{D2x)y + xiDs'y) = (kDi'^xv), x,y G €, 

and D3' = 1/D2, kDi = TrD2 (Theorem 1.3.6). The assumption of the lemma is 
D2 = uDi, KD3 = TT-Di (Theorem 1.3.6). Hence, using Theorem 1.3.5, we have 

D3' = 1/02 = vvDi = v^^Di = kttDi = KKD3 = D3, 
Di' = K-KD2 = iy-^D2 = Di. 

1.4. Lie algebra 02 of G2 

Theorem 1.4.1. The Lie algebra Q2 of the Lie group G2 is given by 
Q2 = {De nomR{€) I D{xy) = {Dx)y + x{Dy)}. 

Proof. If £) e HomH(e:) satisfies (exp tD) (xy) = ((expt£))a;)((expt£))?/),t e -R, 

then by differentiating with respect to t and putting t = 0, wc get D{xy) = {Dx)y + 
x{Dy). Conversely, if D G Homji(£) satisfies D{xy) = {Dx)y + x{Dy), then it is not 
difficult to verify that a = cxptD satisfies a{xy) = {ax){ay). 

In order to study the Lie algebra 02) we need the following Lie algebra 63 = so (7) 
of S0{7): 

bs = {D e 2)4 I £>1 = 0} 

= {D eDi\KD = D] = {D &'Di\vD = -kD). 

Lemma 1.4.2. 02 is a Lie subalgebra 0/63. Moreover we have 

02 = {D eD^liyD = D, ttD = D} 
= {L> G £>4 I AL* = £>, A e 63} 
= {De bslnD^D}. 

Proof. Let D G 02- Putting x = y = 1 in D{xy) = {Dx)y + x{Dy), we get 
DI = 0. We next show that 

Dx G Co, X G €. 

If i ^ 0, then {Dei)ei + ei{Dei) = D{eiei) = -D(-l) = 0, and so Dei e ^o- Together 
with DI = 0, we have Dx e (to, a; € <t. Now, note that 

xy + yx ^ -{xy + yx) = -2{x,y), a;,yG Co- 
Applying D on the relation above, we have {Dx)y + x{Dy) + {Dy)x + y{Dx) = 0. 
Since Dx,Dy G £0, we get 

{Dx,y) + {x,Dy) =0, x,y€€. 
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Hence 02 C 63. The relation in the lemma follows easily from Theorem 1.3.5 and 
Theorem 1.3.6. 

Theorem 1.4.3. Any element of Q2 is expressed by the sum of elements of the 
following seven types. 

^G2a + A*G45 + I'GeT, — AGia ^ ^^46 + ^^^57, 

AG'12 + /^G47 + j/Gse, -XG15 + 11G26 - VG37, X,ii,iyeR 

XGi4 - i^G27 - vG3e, -AG17 - + z^Gss, X + fi + u = 

AG16 +/XG25 + J^G34. 

Conversely, the above seven elements belong to Q2 ■ In particular, the dimension of 02 
is 14: 

dim 02 = 14. 

Proof. Let D G 02. Since D G bs (Lemma 1.4.2), D = J2o<i<j ^ijGij, Xij G R. 
The condition ttD = D (Lemma 1.4.2) implies that 

^ij^ij ~ XijGij. 
0<i<j 0<i<j 

Applying the above element on 1 e £, we have 

0<j<j 

Replacing ejei by e/j and comparing the coefficient of each ei, 62, • • • , 67, we have 

A23 + A45 + A67 = 0, — Ai3 — A46 + A57 = 0, 

A12 + A47 + A56 = 0, — Ai5 + A26 — A37 = 0, 
Ai4 — A27 — A36 = 0, — Ai7 — A24 + A35 = 0, 
A16 + A25 + A34 = 0, 

from which the first result follows. Conversely, any of these seven elements D obvi- 
ously belongs to b3 and the condition wD = D (Lemma 1.4.2) is verified from the 
table of Lemma 1.3.1. 

1.5. Lie subalgebra su(3) of 02 

The Cayley algebra £ naturally contains the field C of complex numbers as 

C = {xq + xiei I Xi G R}. 

Any element a; G € is expressed by 

X = xo + xiCi + X2e2 + xsea + 3:464 + 0:565 + xece + 3:767 {xi e R) 
= {xo + xiei) + {x2 + 0:361)62 + {x4, + 0:561)64 + {xe + 2:761)66, 
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that is, 

X = a + 171162 + ^1264 + 771366, a, rrii £ C. 

We associate such element a: of £ with the element of C ® 

mi 
m2 
ms. 

In C ® C^, we define a multiplication, an inner product ( , ) and a conjugation ■ 
respectively by 

{a + m){b + n) = {ab — (m, n)) + {an + bm — m x n), 
{a + m,b + n) = {a,b) + {m,n), 



a + m = a — m, 



where the real valued symmetric inner product (m, n), the Hcrmitian inner product 
(m, n) and the exterior product m x n are usually defined respectively by 



^3 3 
(m, n) = -{m*n + n*m) = ^(m,, rij), {m, n) = 



3 

miTii 

1 j=i 



(7712713 - 7127713 \ 
m^ni — n^rrii 
min2 - nim2 / 

7112 , n = 712 e C^. Since these operations correspond to their 
ma) \ "^3 / 

respective operations in C, hereafter, we identify C with <L , that is, 

C © = £. 

We shall study the following subalgebra (02)ei of 02^ 

(02)ei = {£>e02|£>ei = O}. 
Theorem 1.5.1. (fl2)ei =su(3). 

Proof. We define a mapping (p* : su(3) = {£> G M(3, C) | L»* = -L>, tr(L>) = 
0} (fl2)ei by 

i^^{D){a + m) = Dm, a + m&C®C^ = <l. 
We first prove that (p*{D) e (fl2)ei- For elements 

ei(-E'ii — £'22), ei(£'22 — -B33), £^12 — -£21, ei(£'i2 + -B21), 

-E'lS — -£'315 ei(£'i3 + -£31)1 -£'23 — -£'32, 61(^23 + -B32) 
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of an i?-basis of 5u(3) (where Eki e M(3, R) is the matrix with the {k, Z)-entry is 1 
and otherwise are 0), we have 

ip*{ei{Eii - E22)) = -G23 + G45, <(5*(ei(£'22 - £^33)) = -G45 + Ger, 
^*{Ei2 — E21) — G24 + G35, (/?,(ei(i?i2 + E21)) = —G25 + G34, 

f*{Ei3 — E31) = G26 + G37, ^*{£i{Ei3 + E31)) = —G27 + G36, 

f*{E23 — E32) = G46 + G57, <y£'*(ei(-E23 + E32)) = — G47 + G56. 

Hence i^*(-D) C 22 (Theorem 1.4.3). Clearly ip^{D)e\ = 0, so that (p*{D) C (02)ei- 
Obviously v?* : su(3) — > 02 is a homomorphism as Lie algebras and is injective, so 
that we identify 5u(3) and <^*(su(3). We set 

Si = 2G12 — G47 — G56, ^2 = 2Gi3 ~ G4e + G57, 
S3 = 2Gi4 + G27 + G36, S4 = 2Gi5 + G26 — G37, 
55 = 2Gi6 — G25 — G34, Se = 2Gn — G24 + G35, 

and let 6 be the i?- vector subspace of 02 spanned by Si, - ■ ■ ,Se- Then we have the 
following decomposition of 02- 

02 = 5u(3) e 6. 

Now, we shall show that : 5u(3) (02)ei is onto. Let B e (02)ei- Denote 

6 

B = D + ^XiSi, D esu{3),Xi€ R. 

i=l 

From the condition Bei = 0, we have 

— 2a;ie2 — 20:263 — 20:364 — 20:465 — 20:566 — 20:567 = 0. 

Hence 0:1 = • • • = 0:5 = 0, so that B = D G su{3). Thus the proof of Theorem 1.5.1 is 
completed. 

1.6. Simplicity of 02*^ 

Let = {0:1 + ia:2 | o;i, X2 G £} be the complexification of the Cayley algebra £. 
In the same manner as in £, we can also define in €.'" the multiplication xy, the inner 
product {x,y) such that they satisfy properties 1 ~ 12.3 of Section 1.1 (except some 
formulas about the length C*^ is called the complex Cayley algebra. has two 
complex conjugations, namely, 

xi + ix2 =xi+ ix2, t{xi + 1x2) = xi — ix2, Xi e €. 

The complex conjugation r is a complex-conjugate linear transformation of C*^ and 
satisfies 

T{xy) = {Tx){Ty), x,y G C*^. 
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For a while, in the Lie algebra su(3) C 02) use the following notations. 

Hi = —G23 + G45) H2 = —G45 + Ge? 
L12 = G24 + G35, L21 = —G25 + G34, L13 = G26 + Gsr, 

L21 = — G27 + G36, J^23 = G46 + G57, I/32 = — G47 + G56. 

Lemma 1.6.1. The Lie brackets [D,S\,D e su(3),S' e S are given as follows. 





Si 


S2 


S3 


S4 


S5 


Se 


Hi 


S2 


-Si 


-Si 


S3 








H2 








S4 


-S3 


-Se 


S5 


L12 


-^3 


-S4 


Si 


S2 








L21 


Si 


-S3 


S2 


-Si 








Ll3 


-S5 


-Se 








Si 


S2 


L31 


Se 


-S5 








S2 


-Si 


L23 










— 56 


S3 




L32 








Sq 


-S5 


S4 


-S3 



Lemma 1.6.2. © is a Bu{3) -irreducible R-module, and hence we have 

[su(3), &]=&. 

Proof. Evidently 6 is a su(3)-i?-niodulc. Let W bo a non-zero su(3)-invariant 
i?-snbmodule of 6. If W contains some Sk, then, from the table of Lemma 1.6.1, 
we can see that W contains all Sk,k = 1,2,- ••,6, and hence W = &. Now, let 
S = J2^k^-^XkSk, Xk € Rhea, non-zero element of W and assume that xi (without 
the loss of generality). Applying Hi on S, we have X1S2 — X2S1 — X3S4 + X4S3 G W. 
Next, applying L13 and L31 on it, we have 

-xiSe+X2S5€W •••(i) and - X1S5 - X2Se € W • • • (ii) 

Taking (ii)xa;2— (i)xa;i, we have {xi"^ + X2'^)S^ G W. Since xi^ + X2' 7^ 0, we have 
5*5 G and %oW = &. Consequently the irreducibility of S is proved. Finally, since 
[su(3). 6] is a su(3)-invariant ii-submodle of S, from the irreducibility of 6, we have 
[su(3),6] = 6. 

Theorem 1.6.3. The Lie algebra 02*^ is simple and so Q2 is also simple. 

Proof. We shall prove that 02 is simple, because the proof of that 02*-^ is simple 
is the same as the case of 02. We use the decomposition of 02 

02 = 5u(3) e 6 (Theorem 1.5.1). 

Let p : 02 — > su(3) and g : 02 — > 6 be projections of 02 = su(3) ® 6. Now, let be 
a non-zero ideal of 02- Then p(o) is an ideal of 02. Indeed, if D € p(ci), then there 
exists S G & such that D + S G a. For any D' G su(3), we have 

9 [D', D + S] = [D', D] + [D', S], [D', S] G & 
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(Lemma 1.6.1), hence [D',D] £p{a). 

We show that either su(3) n a ^ {0} or 6 n o ^ {0}. Assume that su(3) n a = {0} 
and S n a = {0}. The mapping p\a : a ^ su(3) is injective because 6 fl a = {0}. 
Since p{a) is a non-zero ideal of 5u(3) and su(3) is simple, we have p{a) = 5u(3). 
Hence dimo = dimp(a) = dimsu(3) = 8. On the other hand, since su(3) fl o = {0}, 
g|a : — > 6 is also injective, we have dim o < dim S = 6. This leads to a contradiction. 

We now consider the following two cases. 

(1) Case su(3) n a 7^ {0}. From the simphcity of su(3), we have su(3) fl = 5u(3), 
hence a D su(3). On the other hand, we have 

D [0, 6] D [su(3), 6] = 6 (Lemma 1.6.1). 

Hence D su(3) ® & = Q2- 

(2) Case Sflo ^ {0}. Choose a non-zero element S G Sfia C a. Under the actions 
of su(3), we can see that 5*1 € o (Lemma 1.6.1). Hence 7^ AHi + 2H2 = [Si. S2] e a. 
So this case can be reduced to the case (1). Thus we have a = 02) which proves the 
simplicity of Q2- 

1.7. Killing form of £12'^ 

Lemma 1.7.1. In su(3) C 02; ^^^^ -^^^ brackets between Hi and Lij,Lji of Section 
1.6 are given by 

[ifi, Z/12] = 2L21, [-ffi, i'2i] = — 2il2, [ill, Z/13] = isi, 

[iIl,Z/3l] = — i/13, [Hi,L23] = —Ls2, [Hi,Ls2] = Lis- 

Theorem 1.7.2. The killing form B2 of the Lie algebra Q2^ given by 
B2{Di,D2) = 4tr(7^ii^2), A e 02^. 

Proof. Since tr(_Di_D2) is a 02'^-adjoint invariant bilinear form of 02*^ and 02*^ is 
simple (Theorem 1.6.3), there exists A: G C such that 

B2{Di,D2)=ktT{DiD2). 

To determine this k, let Di = D2 = Hi. Then from 

[Hi,[Hi,Li2]] = [Hi,2L2i] = -4Li2, [ifi, L21] ] = [Hi, -2L12] = -4L2i, 
[Hi, [Hi, Lis]] = [-f^i,-^3i] = —-^13, [-ffi, [-f^i, -^31] ] = [Hi,— Lis] = —L31, 
[Hi, [ifi, L23] ] = [-f^l, —Ls2] = —L23, [Hi, [Hi,L32] ] = ^23] = —L32, 

[Hi, [Hi, Si] ] = [Hi,S2] = -Si, [Hi, [Hi, S2] ] = [Hi, -Si] = -S2, 

[Hi, [Hi,Ss] ] = [Hi, -54] = -53, [Hi, [Hi, S4 ] = [Hi, S3] = -S^, 
[Hi,[Hi,S5]]=0, [Hi,[Hi,Se]]=0 



13 



(Lemma 1.6.1), we have 



B2{HuHi) = tr((ad/fi)2) = (-4) x 2 + (-1) x 8 = -16. 



On the other hand, 



HiHie2 = Hies = -62, HiHiCs = -Hie2 = -63, 
HxHiCi = — -ffiCs = —64, HiHie^ = = — 
HiHiCi = otherwise. 



Hence tr(iJiiJi) = (-1) x 4 = -4. Therefore fc = 4. 
1.8. Roots of 02*^ 

We recall the C-Lie isomorphism /* : s[(3, C) — > su(3)'^ and the embedding : 



and we regard s[(3,C) as a subalgebra of under the composition of /, and Lp-^,. 
Further we know that the Lie algebra sl(3, C) has roots ±(Afc — A;), 1 < fc < ^ < 3 
relative to the Cartan subalgebra 



of s[(3, C), and Eki is a root vector associated with the root Afe — A;. 

Theorem 1.8.1. The rank of the Lie algebra 02*^ is 2. The roots 0/32'^ relative 
to some Cartan subalgebra 0/02^ given by 

±(Ai-A2), ±(Ai-A3), ±(A2-A3), ±Ai, ±A2 ± A3 

with Ai + A2 + A3 = 0. 

Proof. f) = {-^16-23 - iA2G45 - iAsGer e 02^ | A^ e C} C si{3, C) C 

is an abelian subalgebra of 02*^ (it will be a Cartan subalgebra of 02'~^)- The roots of 
s[(3, C) is also roots of 02*", so we have the table of roots and associated root vectors 



su{3f ^ 02^, 



MA)=eA-s'A, e = -(l+iei), 

(p4D){a + m) = Dm, a + m £ ® {C^)^ = (t^ , 




as follows. 



±(Ai - A2) 
±(Ai - A3) 

±(A2 - A3) 



±(G24+G35)+2(-G25+G34), 
±(G26 + G37)+2(-G27 + G36), 
±(G46 + G57)+i(-G47 + G56). 
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The remainder roots and associated root vectors are found as follows. 

±Ai : {2Gi2 — GiT — Gqq) ± i{2Gis — Gie + G57), 

±A2 : (2Gi4 + G27 + G36)±i(2Gi5 + G26-G37), 

iAs : (2Gi6 — G25 — G34) ± i{2Gn — G24 + G35). 
Theorem 1.8.2. In the root system 0/02^ of Theorem 1.8.1, 

Q!i = Ai — A2, a2 = A2 
is a fundamental root system of the Lie algebra 02*^ o^iT-d 

H = 2a\ + 80:3 

is the highest root. The Dynkin diagram and the extended Dynkin diagram 0/92*^ o-f^ 
respectively given by 



CE 



Oil 



a2 



2 



3 

a2 



Proof. All positive roots of 02'" '•^^'^ expressed by 

Ai — A2 = ai, Ai — A3 = 2ai + 3a2i A2 — A3 = ai + 3a25 

Al=Q!l+Q!2, A2 = Q!2, — A3 = Q!i + 2q;2. 

Hence 11 = {ai, q;2} is a fundamental root system of 02'^- The real part of of f) is 

f)R = {-«AiG23 - «A2G45 - iAgGg? | A^ G Ai + A2 + A3 = 0} 
and the Killing form B2 on is given by 

3 

B2{H, H') = 8 ^ AfcAfc', 

for H = -7;AiG23 - iA2G45 - tXsGer, H' = -zAi'Gas - «A2'G45 - iAa'Ger G f)R (The- 
orem 1.7.2). Now, the canonical element H^^ G f)jj associated with {B2{Ha,H) = 
a{H),H G are determined as follows. 



Hence we have 



4*^23 + ^iG45, = ■r^iG23 - T^iGi5 + -^iGer- 



24 



12 



24 



(ai,ai) = B2{H^„H^,) = 8^i(l + 1) = J, 
{a2,a2) = B2{H„,,H^,) = §^^(1 + ^ + 1) = 
(ai, a2) = B2{H^,,H^,) = 8^^(-l - 2) = -i, 
(-/(x,-/u) = ^, (-;u,ai) = -^, (-/i,a2) = 0. 
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Using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 

According to Borcl-Sicbonthal theory (Borcl and Siobcnthal [4]), the Lie algebra 
02 has two subalgcbras as maximal subalgcbras with the maximal rank 2. 

(1) One is a subalgebra of type Ci ® Ci which is obtained as the fixed points by 
an involution 7 of 02- 

(2) The other is a subalgebra of type A2 which is obtained as the fixed points by 
an automorphism w of order 3 of 02 • 

These subalgcbras will be realized in the group G2 in Theorem 1.10.1 and Theorem 
1.9.4, respectively. 

1.9. Automorphism w of order 3 and subgroup SU{3) of G2 
We shall study the following subgroup (G2)ei of G2- 

{G2)ei = {a e G2 I aei = ei}. 
Theorem 1.9.1. (G2)ei - SU{3). 

Proof (cf. Theorem 1.5.1). We define a mapping <^ : SU{3) — > (G2)ei by 

ip{A){a + m) = a + Am, a + meC®C^ = €. 

We first prove that (p{A) e (G2)ei- For a = ip{A),A e SU{S) and x = a + m,y = 
b + n€C®C^ = €, using that if ^ € SU{'S) then A (which is the adjoint matrix of 
A) = A-''- = A*, we have 

{ax){ay) = {a + Am){b + An) 

= {ab - {Am, An)) + {aAn + bAm - Am x An) 
= {ab - {m. A* An)) + {aAn + bAm - *A{m x n)) 
= {ab — {m, n)) + A{an + bm — mx n) 
= (f{A){{a + m){b + n)) = a{xy). 

Hence 'fi{A) G G2- Clearly (p{A)ei = e\, so that ip{A) e (G2)ei- Evidently ip \s a, 
homomorphism. We show that if is onto. Let a G {G2)ei- Note that a induces a 
C- linear transformation of C^. Now let 

0:62 = ai, aCi = a2, aeg = 03 

and construct a matrix A = (01,02,03) G M{3,C). From {ae2){ae4) = a{e2C-i) = 
— aee, we have 0102 = — 03, namely, —(01,02) — Oi x 02 = —03, hence we have 

(01,02) = 0, 03 = oi X 02. 
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Similarly wc have (02,03) = (03,01) = 0. Moerover from {aek){aek) = a(ekek) ~ 
a(— 1) = —1, wc have {ak,ak) — 1, hence A e U{3). Finally detA = (03,01 x 
02) = (03,03) = (03,03) = 1 (where (a,6) is the ordinary inner product in C"^: 
(a, b) = *ab). Hence we have A e SU{3) and ip{A) = a, which shows that if is onto. 
Keiif = {E} is easily obtained. Thus we have the isomorphism SU{3) = {G2)ei- 

Theorem 1.9.2. G2/SU{3) ~ S^. 

Proof. = {a € £ I a = —a, \a\ = 1} is a 6 dimensional sphere. Since the group 
G2 is a subgroup of 0(7) = {a e 0{€) | al = 1} (Remark of Theorem 1.2.2), G2 acts 
on S^. We shall show that this action is transitive. To prove this, it is sufficient to 
show that any element a G 5*^ can be transformed to si G S*^ by some a € G2- Now, 
for ai e 5®, choose any element 02 G such that (ai, 02) = 0. Let 

03 = aia2. 

Then as G and 03 satisfies (ai,a3) = (02,03) = 0. Choose any element 04 G 
such that (01,04) = (02,04) = (03,04) = 0. Let 

O5 = O1O4, Og O4O2, 07 = O3O4. 

Then the set {oq = 1, oi, 02, • • • , 07} is an orthonormal H-basis of £. Indeed, |oi| = 
1, < i < 7 are trivial, and we need to verify that (oj, o^) = 0,i ^ j. However this 
can be checked by direct calculations such as 

(04,07) = (04,0304) = (I,a3)(a4,04) =0, 

(01,05) = (01,0402) = -(0102,04) = -(03,04) = 0, 
(03, oe) = (03, 0402) = -(0302, 04) = (oi, 04) = 0, etc. 

Now, since {cq = 1, ei, 62, • • • , 67} and {oo ~ 1, oi, 02, • • • , 07} are both orthonormal 
i?-bases, the i2-linear isomorphism a : € € satisfying 

QCi = cii. i = 0, 1, • • • , 7 

belongs to 0{7): a G 0(7). Moreover wc claim that a G G2, that is, a satisfies 

a{xy) = {ax){ay), x,y 

To show this, it is sufficient to note that 

a{eiej) = {aei){aej), i, j = 0, 1, • • • , 7 

which can be also checked by direct calculations such as 

{ae4){aer) = 0407 = 04(0304) = —04(0403) = 03 = aes = a{e4,ej), 

{ae{){aef,) = oioe = 01(0402) = —04(0102) = — 04O3 = 0304 = 07 

= ae-j = a(eie6), 

{aes){ae^) = 0306 = (ai02)(a4a2) = -(o2ai)(o4a2) = -02(0404)02 

= —020502 = 020205 = — 05 = —ae5 = 0(6366), etc. 
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Hence a €: G2 and aei = oi, and so a~^ai = ei. This shows the transitivity. The 
isotropy subgroup (G2)ei of G2 at ei is SU{3) (Theorem 1.9.1). Thus we have the 
homeomorphism G2/SU(3) ~ S^. 

Since and SU{3) are both simply connected, from G2/SU{2>) ~ (Theorem 
1.9.2), we see that G2 is also simply connected. Hence we have the following theorem. 

Theorem 1.9.3. G2 = {a G Isojt(£) \ a{xy) = {ax){ay)} is a simply connected 
compact simple Lie group. 

Remark 1. Since G2 is connected, G2 is contained in SO{7) = {a £ 0{7) \ det a = 
1}: G2 C SO{7). 

Remark 2. Since we know that the dimension of the group G2 as dimG2 = 
dim02 = 14 (Theorem 1.4.3), G2/SU{3) ~ is proved as follows. The group G2 

acts on S^. The isotropy subgroup (G2)ei of G2 at ei is SU{3) (Theorem 1.9.1) and 
dim(G2/(G2)ei) = dimG2 - dim5J7(3) = 14 - 8 = 6 = dim Therefore we have 
G2/SUi3) ~ S^. 

Using the mapping (p : SU (3) ^ G2 , we define a mapping w : € ^ €hy 
1 \/3 

where wi = — - + -^^i G C C £. This w is defined as 

w{a + m) = a + cjim, a + mGC®C^ = <t. 

Then w € G2 and = 1. 

We shall study the following subgroup {G2)'^ of G2: 

(G2)'" = {a e G2 I = aw}. 

Theorem 1.9.4. (G2)"' = (G2)ei = SU{3). 

Proof. Recall the mapping ip : 5(7(3) — > G2 of Theorem 1.9.1. We first show that 
(p{SU{3)) € (62)*". Indeed, for A e SU{3) and a + m € C © = £, we have 

wip{A){a + m) = w{a + Am) = a + wiAm 

= a + Auim = ip{A)'w{a + m). 

Hence wifi{A) = (fi{A)w, so that (fi{A) e {G2)'^. Conversely, let a e (G2)"'. We 
consider the ii-vector subspace = {x € £ | wx = x} of £, then £^ = C. Since a 
satisfies wa = aw, £^ is invariant under a. Since the restriction of a to (L^, induces 
an automorphism of C, we have 

aei = ei or aei = — ei. 
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In the latter case, consider the mapping 71 : £ ^ £ defined by 71 (a + m) = a + m. 
Then we have 71 G G2 and 7iei = — ei. Let /3 = 71a. Since jSei = ei, we have 
/3 G S';7(3) C (G2)ei (Theorem 1.9.1) C (G2)"'. Therefore, 71 = /Ja"! G (G2)"', 
which is a contradiction. Indeed, 

LOiTn = w{'jim) = ji{wm) = uJifn = Loifn for aU m G C^, 

which is false. Therefore aei = ei, and so a G SU{3) (Theorem 1.9.1). Thus we have 

(G2)- = (G2)e,. 

1.10. Involution 7 and subgroup {Sp{l) x Sp{l))/Z2 of G2 

The Cayley algebra € naturally contains the field H of quaternions as 

H = {xq + xiei + 2:262 + 2:363 I Xi G R}. 

Any element a; G £ is expressed by 

a; = a;o + a;iei + 2:262 + 2:363 + 2:464 + 2:565 + 2:566 + 2:767 (2:^ G R) 
= {xo + 2:161 + 2:262 + 2:363) + (2:4 + 2:561 - 2:562 + 2:763)64, 

that is, 

2: = m + a64, m,aGH. 

In Jf ® He4, we define a multiplication, an inner product ( , ), a conjugation — 
and an i?-linear transformation 7 respectively by 

(m + a64)(n + 664) = {mn — ba) + {an + bm) 64, 

(m + ae4,n + 664) = {m,n) + {a,b), 

m + aei = rn — ae4, 

7(m + aei) = m — aei. 

Since these operations correspond to their respective operations in €, hereafter, we 
identify H ® Hei with £, that is, 

H © Hei = 

We shall study the following subgroup (G2)''' of G2: 

(G2)''' = {a G G2 1 7a = 0:7}. 

Theorem 1.10.1. (Ga)^ = (5p(l) x Sp{l))/Z2, Z2 = {(1, 1), (-1, -1)}. 
Proof. We define a mapping ip : Sp{l) x Sp{l) (G2)''' by 

(p{p, q){m + aei) = Qmq + {paq)ei, m + aei G ® Hei = ^■ 
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We first show that (p{p, q) g (G2)'''. For a = (fi{p, q), p,q G Sp{l) and x = m + ae^, 
y = n + be4 £ H (B He^ = C, we have 

{ax){ay) = {qmq + {paq)ei){qnq + {pbq)ei) 

= {{Q.mq){qnq) - {phq){paq)) + {{paq)(^) + {phq){qrnq))ei 

= q{mn — ba)q + {p{ari + hm)q)e4 

= V{V, q){{'m + ae4){n + 664)) = a{xy). 

Hence (p{p, q) £ G2. Clearly 7(/j(j), q) = ip{p, 5)7, so that ip{p, q) G (^2)'^. Evidently (p 

is a homomorphism. We shall show that (p is onto. Let a G (G2)'''. Since a satisfies 
7a = q;7, <£^j = {x G <£^ \ jx = x} = H is invariant under a, so that the restriction of 
a to C-y induces an automorphism of H. Hence there exists q e Sp{l) satisfying 

am = qmq, m € H 

(Proposition 108 of Yokota [58]). By putting /3 = (p{l, q)~^a, we have /? G (G2)'*' and 

P\H — 1. Therfore f3 induces a transformation of £ ^ = {.t e <Z\jx = —x} = He^. 

By putting /3e4 = pe^, where p G H, we have \p\ = \pe4\ = |/3e4| = |e4| = 1, which 
implies p G Sp{l). Prom 

/3{m + 064) = l3m + (/3a)(/3e4) = m + 0(^64) = m + {pa)ei = (p{p, l)(m + 064), 

we have /? = 1). Therefore we have 

a = <fi{l, q)f3 = <p(l, q)<fi{p, 1) = <^(p, 9), (p, q) G Sp{l) x 

which shows that (fi is onto. Kenp = {(1, 1), (—1, —1)} = Z2 is easily obtained. Thus 
we have the isomorphism {Sp{l) x Sp{l))/Z2 — ■ 

Remark 1. {Sp{l) x 5p(l))/Z2 ^ 50(4). 

Indeed, a mapping / : Sp{l) x 539(1) ^ 50(4) = SO{H) defined by 

f{p,q)x=pxq, xGH 

induces the isomorphism (^^(l) x S'p(l))/Z2 = 5*0(4) as groups. 

Remark 2. Since (G2)''' is connected as the fixed points subgroup by an automor- 
phism 7 of the simply connected group G2, the fact that <^ : Sp{l) x Sp{l) [G^)^ 
is onto can be proved as follows. The elements 

2G12 — G47 — G56, — G47-I-G56, 
2Gi3 — G46 — G57, G46 + G57, 

2G23 — G45 — G67, — G45 + G67 

forms an i?-basis of (fl2)'''- So dim(fi2)''' = 6 = 3 + 3 = dim(sp(l) ® sp(l)). Hence 
is onto. 
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1.11. Center 2(^2) of G2 

Theorem 1.11.1. The center z{G 2) of the group G2 is trivial: 

Z{G2) = {1}. 

Proof. Let a € z{G2)- From the commutativity with 7: 70; = 07, we have 
a e SO{A) (Remark 1 of Theorem 1.10.1) and so a G z{SO{4)). Since the center 
z{SO{4)) of 50(4) is the group of order 2, we have 

a = 1 or a = 7. 

However 7 ^ z{G2) (Theorem 1.10.1). Hence a = l. 

1.12. Complex exceptional Lie group G2'" 

Definition. The group ^2*^ is defined to be the automorphism group of the 
complex Cay ley algebra 

G2*^ = {a € Isoc(£'^) I Oi{xy) = {ax){ay)}. 

Lemma 1.12.1. For a e G2^, we have 

{ax, ay) = {x, y), x,y G C'^. 

Proof. The equality ax = {al){ax) holds for all x G <Cp , and so we have al = 1. 
We shall show that 

ack = -aek, A: = 1, 2, • • • , 7. 

Note that {aek){aek) = a{ekek) — ck(— 1) = —1. Let x = ack and N{x) — xx G C. 
Then xx = -1 and N{x)N{x) = 1, which shows that N{x) = ±1. If N{x) = -1, 
then X = —XXX = —xN{x) = x, so x G C. Prom xx = —1, we have x = ±i. Then 
a(efc) = ±a(i), and so Cfc = ±i, which is a contradiction. Hence N{x) = 1, that is, 
xx = l and x = —xxx = —xN{x) = —x. Thus we have 

ax = ax, X e C*^. 

Now we have 

{ax, ay) = ^{{ax){ay) + {ay){ax)) = h^{ax){ay) + {ay) {ax)) 
= Oi{^{(^{xy + yx)^ = a{{x,y)) = {x,y). 
We define a positive definite Hcrmitian inner product {x, y) in C*^ by 

{x,y) = {TX,y), 
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For a e Homc(£ ), we denote the complex conjugate transpose of a with respect to 
the inner product {x,y) by a*: {a*x,y) = {x,ay). 

Lemma 1.12.2. (1) For a e G2'-' , we have a* = ra'V £ ■ 
(2) For any a € G2, its complexificated mapping a'~^ : belongs to G2^ : 

a € G2 ■ Identifying a with a , we regard G2 as a subgroup of G2 : G2 C G2 • 
Now, for a € G2^ , we have, a G G2 if and only if ra = ar, that is, 

G2 = {a e G2'^ I ra = ar}. 

Proof. (1) {a*x,y) = {x,ay) = {TX,ay) = {a~^TX,y) = {Ta~^TX,y) for all 
X, y e €'^'. Hence a* = Ta~'^T € 02*^. 

(2) Let a G 62*^ satisfy ra = ar. Then since rax = arx = ax, we have ax G (T 
for X € €. Hence a induces an i?-transformation a' of € and a' G G2, further we 
have a = (o;')'^- 

Theorem 1.12.3. The polar decomposition of the group G-i^ is given by 

G2^ G2 X il". 

In particular, G'p is a simply connected complex Lie group of type G2. 

Proof. Evidently G2^ is an algebraic subgroup of lsoc{^) = GL{8,C). If 
a G G2'^, then a* G G2^ (Lemma 1.12.2.(1)). Hence, from Chevalley's lemma 
(Che valley [5]), we have 

Gs'^ ~ (Gs"^ n c/(e:'^)) xR'^ = G2x r^, 

where U{(tP) = {a e Isoc(£'^) | {aX,aY) = {X,Y)] and d = dimG2'^ - dimGs = 
2 X 14 — 14 = 14. Since G2 is simply connected (Theorem 1.9.3), G2'^ is also simply 
connected. The Lie algebra of the group G2'^ is £12'" ) so that G2'" is a complex simple 
Lie group of type G2. 

1.13. Non-compact exceptional Lie group G2(2) of type G2 
In £' = Jf ® Hei , we define a multiplication by 

(m + ae4')(n + 664') = [ran + 6a) + (an + bm)ei^ . 

This algebra £' is called the split Cay Icy algebra, and is isomorphic to (C'^)^-,, = {x G 
I TJX = x} as algebras. Now, the group G2(2) is defined to be the automorphism 
group of the split Cayley algebras 

G2(2) = {a G IsoH(e:') I a{xy) = {ax){ay)}. 

and which can also be defined by 
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G2(2) = (G2^)"'' = {ae I T^a = a^/r}. 
Theorem 1.13.1. The polar decomposition of the Lie groups G2(2) is given by 

^2(2) ^ {Sp{l) X Sp{l))/Z2 X 

Proof. In the spht Cayley algebra <£.', the inner product {x,y)' is defined as 
{x,y)' = -{xy + yx). If we define an inner product {x,y) of £' by (7a;, y)', then 
{x,y) is a positive definite inner product. For a € G2(2), the transpose *a of a with 
respect to tlic inner product (a;, y) is *a = 701^^7 G 62(2)- Since G2(2) is an algebraic 
subgroup of IsOii(C') = GL{8, R), from Chevalley's lemma, we have 

G2(2) =^ (G2(2) nO(8)) X R" 

= iiG2'^v^y' xR'' ^ iiG2^yr xr'^ ^ {02)'' x r'^ 

= {Sp{l) X Sp{l))/Z2 X R^ (Theorem 1.10.1), d = 8. 
where 0(8) = {a € Isoit(£') | {ax, ay) = {x,y)}. 

Theorem 1.13.2. The center z{G 2(2)) of the group G2{2) is trivial: 

Z{G2(2)) = {!}. 

1.14. Principle of triality in 50(8) 

For a G 5*""^ = {a G il"|(a,a) = 1}, we define an element Da € 0{n) = 
0{R^) = {A G Isok(R") I {Ax, Ay) = {x,y)} by 

DaX = X — 2{x, a)a, x G i?". 

Da is called the reflection with respect to the hyperplane orthogonal to a. Its deter- 
minant is —1: det(I?a) = —1. 

Lemma 1.14.1. The group 0{n) is generaied by reflections, that is, any A G 0{n) 
can be expressed by the product of finite number of reflections: 

A = Da^---Da,Da„ Ui e S^-\ 

In particular, A G SO{n) can be expressed by the product of even number of reflections. 
A = Da,^---Da,Da„ ai € S"-\ 
Proof. (Sec Theorem 24 of Yokota [58). 
From now on, the group 50(8) is identified with the group 

SO{(t) = {a G Isor(£) I {ax, ay) = (a;,y),deta = 1}. 
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Theorem 1.14.2. (Principle of triality in S0{8)). For any G 50(8), there 
exist ai,a2 € 5*0(8) such that 

{aix){a2y) =a3{xy), x,ye€. 

Moreover, Q!i,Q!2 o-re determined uniquely for up to the sign, that is, for a^, such 
ai,Q!2 have to he ai,a2 or —ai,—a2. 

Proof. Since as e 50(8) is expressed by the product of even number of re- 
flections (Lemma 1.14.1), it is sufficient to show the existence of ai, a2 only for 
as = DbDa, a,b £ £, \a\ = \b\ = 1. Now, since 

DaX = X — 2{x, a)a = x — {xa + ax)a = —axa, x G 

we have asx = DhDaX = b{axa)b. Define mappings ai,a2 : £ — > £ respectively by 
aix = b{ax), a2X = {xa)b. We then see that ai,a2 S 50(8) and 

{aix){a2y) = {b{ax)){{ya)b) = b{a{xy)a)b = asixy), x,y G <t. 

Next, we shall show the uniqueness of ai,a2 up to the sign. To prove this, it is 
sufficient to show in the case as = 1. Now, let 

{aix){a2y) = xy, x,ye^. 

Let ail = p, then \p\ = 1 and p{oi2y) = y, so a2y = py- Similarly we have aix = xq, 
where q = a2l- Hence {xq){py) = xy. If we let a; = y = 1, then qp = 1, so q = p. 
Therefore we have 

{xp){py)=xy, x,ye<L. 
Putting py instead of y, we have 

{xp)y = x{py), x,ye€. 

Prom this, we see that p is a real number. Hence p = ±1 because \p\ = 1. Thus we 
have ai = a2 = 1 or ai = a2 = —1. 

Lemma 1.14.3. Forai,a2,as € 0(8), the relation 

{aix){a2y) = asixy), x,ye€ 

implies 

{a2x){azy) = ai(xy), x,y G €, 
{a3x){aiy) = a2{xy), x,y G €. 

Proof. If a; = or y = 0, then the statement is trivially valid, so we may 
assume x,y ^ 0. Now, multiply cnx from left and a3{xy) from right on the relation 
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{aix){a2y) = a3{xy)). Then we get \x\^{a2y){a3{xy)) = aix\xy\'^. Therefore 

{a2y){a3{xy)) = aTx\yf. 
Putting yz instead of x, we have {a2y){a3{yyz)) = ai{yz)\y\'^ , that is, 

{(X2y){a3z) = ai{yz). 
The other relation is similarly obtained. 

Lemma 1.14.4. If ai,a2,a3 G 0(8) satisfy 

{aix){a2y) = a3{xy), x,y e€, 

then ai, 02,0:3 € SO{8). 

Proof. Suppose oi ^ SO{8). Since the mapping e : £ — > £ defined by ex = x 
belongs to 0(8), and since date = —1, wc have Pi = ea^^ € SO{8). Using the 
principle of triality (Theorem 1.14.2) on the element /3i (cf. Lemma 1.14.3), there 
exist /32,/33 e S0{8) such that 

{(}i{aix)){(}2{a2y)) = (33{{aix){a2y)) = Paia^ixy)), x,ye€. 

Setting /3202 = 72 and (i^a^ = 73, the above relation becomes 

x{l2y) = l3{xy), x,ye€. 

Put X = 1, then 72?/ = 73?/, so 72 = 73. Hence we have 

^(722/) = 72(2:2/), x,ye€. (i) 

Put 72I = p, then \p\ = 1. Lett y = 1 in (i), then xp ~ 72a;. Hence (i) becomes 

x{yp) = {xy)p, x,y g€. (ii) 

Again let y = p, then x = {xp)p, and soxp = xp. Then 

px = xp for all X G €. 

Therefore p & R, hence p = ±1 since \p\ = 1. Thus (ii) becomes xy = xy, and so 

xy = yx for all x,y G €. 

But this is a contradiction. Therefore oi e SO{8). As for 02,0:3, use Lemma 1.14.3 
and the argument above, to show 02, 03 e 50(8). 

As a corollary of the principle of triality (Theorem 1.14.2), we have the following 
proposition. 
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Proposition 1.14.5. For a € € such that \a\ = 1, the mapping ao : £ — > <i 
defined by 

UaX = axa^^, a; G £ 

belongs to the group G2 if and only if a'^ = ±1. 

Proof. If we apply Lemma 1.14.3 to the Moufang formula {ax){ya) = a{xy)a, 
then 

{xa){aya) = {xy)a, x,y G C 
If we replace x by ax and y by ya respectively, then 

{axa){aya^) = a{xy)a^ , x,yG€. 

Now, the mapping belongs to G2 if and only if 

{axa){aya) = a{xy)a, x,y G <L. 

From the uniqueness of the principle of triality up to sign, we have 

aya^ = ±aya. 

Therefore = ±a, so that a^ = ±1. The converse also holds. 
1 

Let LOi = —- + -^e-i G C C €. Then = 1, so a^J^ G G2 by Proposition 1.14.5. 
This a^j^ is nothing but w of Section 1.9: ajj^ = w, because 

otui {o- + 1^) = wi(a + m)u>\ = Zjiojjji + cJi^m = a + LOim = w{a + m), 

for a + m e C e = £. 

1.15. Spinor group Spin{7) 

If we use the principle of triality for a G SO{7), then there exist 5, a' G SO{8) 
satisfying 

{ax){ay) = a'{xy), x,y G €. (i) 

Putting a; = 1, we have ay = a'y, and so a = a'. Then (i) becomes 

{ax){ay) = a{xy), x,y G (ii) 

Conversely, suppose that a, 5 G SO{8) satisfy (ii). Putting a; = 1, we have (al)(5y) = 
ay, and so we have al = 1. Hence a G SO{7). 

Definitioin. We define a subgroup S3 of SO{8) by 

§3 = {aG 50(8) I {ax){ay) = a{xy),x,y G £ for some a G SO{7)}. 
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-Bs is a compact group. 

Theorem 1.15.1. B3/G2 ^ S"^, B3 n 50(7) = G2. 

In particular, the group Bs is connected. 

Proof. 5'' = {a G £ I |a| = 1} is a 7 dimensional sphere. Since -B3 is a subgroup 

of 5*0(8), the group B3 acts on S*^. We shall show that Bn acts transitively on S"^. 
To prove this, it is sufficient to show that any ho E S*^ can bo transformed to 1 G 5*^ 
by some a G B^. Now, we choose any element ai G 5'' such that (l,ai) = 0. and 
choose any element 02 S S"^ such that (1,02) = (01,02) = 0. Let 03 e S"^ be the 
element determined by 0360 = a2(ffli&o)- More precisely, if we let as = {a2{aibo))bo, 
then 03 G S"^ and satisfies (1,03) = (01,03) = (02,03) = 0. Choose any element 
04 G iS^ such that (1,04) = (01,04) = (02,04) = (03,04) = 0. Let 05,06,07 G S''' be 
elements determined by 

O560 = 01(0460), 06^0 = 02(0460), 0760 = O6(oi6o)- 

Then, {oq = 1, Oi, 02, • • • , 07} forms an orthonormal i?-basis of C To prove this, we 
need to show {ai,aj) = 6ij, i,j = 0,1, •••,7. We will only show the following two 
since the others can be proved in a similar manner. 

(02,00) = (0260,0060) = (0260,02(0460)) = (60,0460) = (1,04) = 0, 
(03,07) = (0360,0760) = (02(0160), 00(0160)) = (01(0260), 01(0060)) 
= (0260,0060) = (0260,02(0460)) = (60,0460) = (1,04) = 0. 

Now, since {cq, ei. • • • , 67} and {oo = 1, oi, • • • , 07} are both orthonormal i?-bases of 
£, the it-linear isomorphism a : £ ^ C satisfying 

aej = Oj, i = 0, 1, • • • , 7 

belongs to 0(7). Moreover, this a satisfies 

{ax){{ay)bo) = {a{xy))bo, x,yG€. (i) 

To prove this, it is sufficient to show that 

{aei){{aej)bo) = {a{eiej))bo, i,j = 0,1, ■■■,7. 

Again we need to verify many cases, but here we will only show the following two 
examples. 

(aei)((ae3)6o) = 01(0360) = 01(02(0160)) = -01(01(0260)) = 0260 

= a!(e2)6o = 0(6163)60, 
(a62)((Q!65)6o) = 02(0560) = 02(01(0460)) = -01(02(0460)) = -01(0560) 

= O6(ai6o) = O760 = Q!(67)6o = a(6265)6o. 
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Now, if we put 

bi = aibo, z = 0, l,---,7, 

then {bo, bi, - ■ ■ , 67} is an orthonormal il-basis of The il-Hnear isomorphism a : 
£ ^ £ satisfying 

aei = bi, i = 0, l,---,7 
belongs to 0(8). Since ax = {ax)bo, it follows from (i) that 

{ax){ay) = a{xy), x,y£€. (ii) 

Since a € 0(7), a G 0(8) satisfy (ii), a G S0{7) , a G SO{8) (Lemma 1.14.4). Hence 
5 G i?3 and 51 = bo, and so a~^bo = 1. This shows the transitivity. The isotropy 
subgroup of iJa at 1 e S'^ is G2- Indeed, if a G satisfies 51 = 1, then we have 
a = 5, so 5 e (j2- Conversely, a G G2 satisfies a G B3 and al = 1. Thus we have 
the homeomorphism B3/G2 — S"^ . 

Theorem 1.15.2. B3 ^ Spin{7). 

(Prom now on, we identify these groups). 

Proof. Suppose a G 50(7) and 5 e B3 satisfy the principle of triality 

{ax){ay) = a.{xy), x,y G €. 

We define a mapping p : B^ ^ 5*0(7) by p(5) = a. It is not difficult to see that p is a 
homomorphism. The principle of triality implies that p is onto and Kerp — {1,-1}. 
Next, we shall prove that p is continuous. From Lemma 1.14.3, we have 

a{xy) = {ax){ay), x,y e€. 

Consider the matrices of a and 5 with respect to the ii-basis {ep, ei, • • • , 67}. Then 
we can see that each component of matrix a is a polynominal of components of matrix 
5 (for example, aei = (5e2)(5e3)). Therefore p is continuous. Hence we have the 
isomorphism 

B3/{1,-1} = 50(7). 
Therefore S3 is isomorphic to Spin{7) as the universal covering group of 50(7). 

1.16. Spinor group Spin{8) 

Definition. We define a subgroup of 50(8) x 50(8) x 50(8) by 

D4 = {(ai, aa, aa) G 50(8) x 50(8) x 50(8) | {aix){a2y) = az{xy), x,y G £}. 

D4 is a compact group. 

Since an element (a, 5, ko) of D4 satisfies {ax){ay) = a{xy), x,y G €, we see that 
D4 contains Spin{7) as a subgroup under the identification 
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Spin{7) 9 a < — > (a, a, Ka) G 1)4. 

Proposition 1.16.1. Di/Spin{7) ~ 5^. 

In particular, the group D4 is connected. 

Proof. /S'' = {a e £ I |o| = 1} is a 7 dimensional spliere. We define an action of 
D4 on 5^ by 

{ai,a2,a3)a = aia, aGS^. 

This action is transitive. Let a G S"^ . Since SO{8) acts transitively on S"^ , there 
exists ai € SO{8) such that qi1 = a. For ai, choose a2, as e 50(8) satisfying the 
principle of triality 

{aix){a2y) = a^ixy). x,y g€. 

Then {ai,a2,as) G D4 and (ai, q;2, as)! = a, which shows the transitivity. The 
isotropy subgroup of 1)4 at 1 e S'^ is Spin{7). Indeed, if {ai,a2,0is) S D4 sat- 
isfies (ai,a2,a3)l = 1, then ail = 1. Therefore qi G S0{7), which shows that 
(ai, 0:2, 0:3) e Spin{7) and vice versa. Thus we have the homeomorphism D4I Spin{7) 

Theorem 1.16.2. D4 ^ SpiniS). 

(From now on, we identify these groups). 

Proof. We define a mapping p : D4 ^ SO{8) by 

p(ai,Q!2,Q!3) = ai. 

Evidently, p is a homomorphism. The principle of triality implies that p is onto and 
Kerp = {(1, 1, 1), (1, —1, —1)}. Thus we obtain the isomorphism 

54/{(l,l,l),(l,-l,-l)}-50(8). 

Therefore D4 is isomorphic to Spin{8) as the universal covering group of 50(8). 

Theorem 1.16.3. The center z{Spin{8)) of the group Spin{8) is isomorphic to 
the group Z2 x Z2: 

ziSpin{8)) = {(1,1,1), (1,-1,-1), (-1,-1,1), (-1,1,-1)} 

= {(1, 1, 1), (1,-1,-1)} X {(1, 1, 1), (-1, -1, 1)} ^ Z2 X Z2. 

Proof. The proof follows easily from z{S0{8)) = {1,-1} and the principle of 
triality. 
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Theorem 1.16.4. We define automorphisms k,-k,v : Spin{8) — > Spin{8) respec- 
tively by 

K(ai, 02,03) = {Kai,Ka3,Ka2), 
7r(ai,a2,Q!3) = (was, ^02, Kai), 
1/(01,02, as) = {a2,as,ai), 

where k : S0(8) — > 50(8) in the right side is defined by {k,q) C. Then 

we have relations 

= 1, TT^ = 1, 1/^ = 1, V — TTK. 

The subgroup 63 generated by k, tt in the automorphism group Aut{Spin{8)) of Spin{8) 
is isomorphic to the symmetric group S3. Also, we have 



Spin{7) 


= {a 


e Spin{8) 


Ka = 


a}. 


G2 


= {a 


e Spin{8) 


Xa = 


a,Xe S3} 




= {a 


e Spin{8) 


na = 


a, ua = a} 




= {a 


e Spin{8) 


ua = 


a] 




= {a 


e Spin{7) 


na = 


a}. 



Moreover we have the isomorphism 

Spin{S)/{{l, 1, 1), (-1, -1, 1)} ^ Spin{8)/{{1, 1, 1), (1, -1, -1)}, 

that is, 

SO{8) ^ Ss{8). 

Proof. The group multiphcation between k, tt, v is the same as that of Theorem 
1.3.5. Next, we shall show 

(j2 = {a e Spin{8) \ua = a}. 

If (ai,a2,Q:3) e Spin{8) satisfies z^(ai, 02,03) = (01,02,03), then we have oi = 
ct2 = 03 (= a), that is, 

{ax){ay) = Ka{xy), x,y G £, (i) 

Put a = ol, then \a\ = 1, and put x = 1 and y = 1 in (i), then we have a{ay) = Ka{y) 
and {ax)a = Ka{x), respectively. Hence, we get 

a{ax) = {ax)a for all a; G £. 

hence a G R, and so a = ±1 from \a\ = 1. In the case a = —1, let a; = y = 1 in 
(i), then (— 1)(— 1) = —1 which is a contradiction. Hence a = 1, so that na = a. 
Therefore we have a G G2- Finally, the automorphism 1/^ : Spin{8) Spin{8) 
satisfies 

-1,1) = (1,-1,-1), 

hence v'^ induces the isomorphism 50(8) = Ss{8). 
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Exceptional Lie group F4 



2.1. Exceptional Jordan algebra 5 

Let Z = 5(3, <t) denote all 3 x 3 Hermitian matrices with entries in the Cayley 
algebra £: 

d^{x eM{3,€)\X* =X}, 
where X* = Any element X € 3 is of the form 

(£.1 X3 X2 \ 
X3 6 xi \ , R, Xi e £. 

X2 Xi ^3 / 

3 is a 27 dimensional -R- vector space. In 3, the multipHcation XoF, called the Jordan 
multiplication, is defined by 

X oY =^{XY + YX). 

In 3, we define the trace tv{X), an inner product {X, Y) and a trilinear form tv{X, Y, Z) 
respectively by 

tr(X)=a+6+6, X = X{^,x), 
{X, Y) = tr{X o Y), ti{X, Y, Z) = {X,Y o Z). 

Moreover, in 5, we define a multiplication X xY, called the Preudenthal multiplica- 
tion, by 

X xY = ]^{2XoY - tv{X)Y - tr(y)X + (tr(X)tr(F) - (X, Y))E), 

(where E is the 3x3 unit matrix) and a trilinear form [X, Y, Z) and the determinant 
detX respectively by 

{X, Y, Z) = (X, F X Z), detX = \{X, X, X). 

For X = X{^,x), Y = Y{r],y) and Z = Z{(,z) G 5, the explicit forms in the terms 
of their entries are as follows. 

3 

{X,Y) = ^{^m + 2{xi,yi)), 

i=l 

3 

tr(X, Y, Z) = ^{^iViCi + R{xiyi+iZi+2 + XiZi+iyi+2) 

+ ^i{{yi+l,Zi+l) + {yi+2, Zi+2)) + Xi+i) + {Zi+2,Xi+2)) 

+ Ci{{xi+i,yi+i) + {xi+2,yi+2))), 



31 



(X, Y,Z) = ^ (^2i^i''h+iQ+2 + + R{xiyi+iZi+2 + XiZi+iyi+2) 

- i^iiVi, Zi) + rjiizi, Xi) + Q{xi,yi))^ , 
detX = ^1^26 + 2R{xiX2X3) - ^iXiXi - £,2X2X2 - £,3X3X3. 
Lemma 2.1.1. The fallowings hold in Z- 

(1) (i) XoY = YoX, X xY = Y X X. 

(ii) EoX = X, E X X = ^{tv{X)E - X), E x E = E. 

(2) (i) The inner product {X, Y) is symmetric and positive definite. 

(ii) tr{X, Y, Z) = tr{Y, Z, X) = tr{Z, X, Y) = tv{X, Z, Y) = tr{Y, X, Z) 
= tv{Z,Y,X). 

The similar statement is also valid for {X, Y, Z). 

(iii) (X, E) = {X, E, E) = tr{X, E, E) = tr(X), tr(X, Y, E) = {X, Y). 

(iv) tr(X X Y) = ^(tr(X)tr(y) - (X, Y)). 

(3) (i) (X X X) o X = (detX)i; (Hamilton-Cayley). 
(ii) (X X X) X (X X X) = (detX)X. 

Proof. (1) is evident. 

(2) is clear from the explicit forms of (X, F), tr(X, Y, Z), (X, Y, Z) etc. 

(3) Using the following explicit form 

(66 - 2:1^1 XlXi - £-3X3 X3X1 - £2X2 ' 
x\X2 - £3x3 66 - X2X2 x^ - 62^1 I , X = X(6 x), 
x^ - £2x2 X2X3 - 6^1 66 - X3X3 . 

each formula is obtained by direct calculations. 
In Z, we adopt the following notations: 



£1= , E2^ 






/ X 

Fi{x) = I X \ , F2{x) =000 

\x 

The tables of the Jordan multiplication and the Freudenthal multiplication among 
elements above arc given as follows. 

EioE, = E, f ^i°^J-=0' '^J 

< EioF,{x)=0 I E^oFj{x) = -Fj{x), i^j 

Fi{x) o Fi{y) = {x,y){Ei+i + Ei+2), [ Fi{x) o Fi+i{y) = ^Fi+2{xy), 
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f EiXEi = 

Ei X Fi{x) = -^F,{x) 
^ Fi{x) X Fi{y) = -{x,y)Ei, 

where the indexes are considered as mod 3. 



Ei X Ei+i = 2^i+2 

EiXFj{x) = 0, ij^j 
Fi{x) X = ]^Fi+2{xy), 



2.2. Compact exceptional Lie group F4 

Definition. The group F^ is defined to be the automorphism group of the Jordan 
algebra Z- 

= {a e Isor(3) I a{X oY)=aXo oY}. 
Lemma 2.2.1. (1) For a E F4, we have aE = E. 
(2) For a G F4, we have tT{aX) = tr(X), X € 3. 

Proof. (1) Applying a on E o X = X, we have aE o aX = aX. Let X = a~^E, 
then aEoE = E, that is, aE = E. 

(2) We use the Hamilton-Cayley identity X o {X x X) = {detX)E (Lemma 
2.1.1.(3)), that is, 

Xo{XoX)- tY{X)X^ + ^(tr(X)2 - tr{X^))X = {detX)E. (i) 

We put aX in the place of X of (i) and then apply a~^ G F4 on the obtained 
expression. Then 

Xo{XoX)- tr(aX)X2 + ^{ti{aXf - tr{{aX^))X = {detaX)E. (ii) 
By subtracting (i)— (ii), we get 

(tr(aX) - tv{X))X^ + ^itT{Xf - tv{aXf + tT{{aXf) - tv{X^))X 
= {detX - det{aX))E. 

Let X = Fi{ej), i = 1,2,3, j = 0,1, ■■■,7, then 



1 

2* 

= -det{aFi{ej))E. 



tviaFi{ej)){E,+, + £,+2) + -(-tr(a^;(e,))2 + tr((aJ;(e,))2) - 2)j;(e,) 



Comparing the entries of both sides of the equation above, we have 

tv{aFi{ej))=0{= tr{Fi{ej))) 
and tr((ai^j(ej))^) = 2, hence 

tv{aEi) = tv{a{E - Fi{lf)) = tv{E) - tv{{aFi{l)f) = 3-2=1 = tv{Ei 
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for i = 1,2, 3. Consequently, we have tr(aX) = tv{X) for every X = Ei, Fi{ej) of the 
il-basis of Z- Thus the lemma is proved. 

For a e HomR(3), we denote by *a the transpose of a with respect to the inner 
product {X,Y): {*aX,Y) = {X,aY). 

Lemma 2.2.2. For a € Iso the following four conditions are equivalent. 

(1) det (aX) = det X, for all X &Z- 

(2) {aX, aV, aZ) = {X,Y,Z), for all X,Y,Z C^Z- 

(3) aX -KoY = ^o-^(X Y.Y), forallX,YGZ- 

(4) aX X aX = ^a-\X X X), forallXeZ- 

Proof. (1) => (2) det(aX) = detX implies that {aX,aX,aX) = {X,X,X). 
Putting AX + ijY + uZ in place of X and comparing the coefficient of X^jlv, we obtain 
(2). 

(2) => (1) is evident. 

(4) (3) Putting AX + fiY in place of X and comparing the coefficient of A/x, we 

obtain (3). 

(3) (4) is evident. 

(2) <^ (3) is easily obtained. 

Lemma 2.2.3. If a & Isor(5) satisfies det {aX) = detX for all X G 2, then we 
have 

det (*a-^X) = det (*aX) = det X, for all X e 3- 
Proof. Wc have 

*a-i(y X r) X ^a-\Y xY) = {aY x aY) x {aY x aY) (Lemma 2.2.2.(4)) 
= {det aY)aY (Lemma 2.LL(3)) = (detr)ar = a((dety)y) 

= a{{Y X y) X (y X y)), ygZ- 

Let y = XxX, Xe^in the above, then 

*a-^((detX)X) x *a-i((detX)X) = a((detX)X x (detX)X). 

We now consider the following two cases. 

(1) Case detX ^ 0. In this case, we have *a~^X x *a~^X = a{X x X). Hence, 

3det(*a-iX) = {*a-^X,*a-'^X x ^a'^X) 

= {*a-^X,a{X X X)) = (X,X x X) = 3detX, 

hence we have det (*Q!~^X) = det X. Next, if we use instead of a, we can see 
also that det {*aX) = detX. 
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(2) CasedetX = 0. li det a' X) ^ 0, we can use the result of (1). If we put *aX 
instead oi X in det (^a'^X) ^ dctX of (1), then det*a-'^{*aX)) = det {*aX). Hence 
= detX = det*aX) which is a contradiction. Thus we have det (*a~-^X) = 
det (*aX) = 0, so det {*a-'^X) = det (*aX) = detX is also valid. 

Lemma 2.2.4. For a G Isor(3), the following five conditions are equivalent. 

(1) a{X oY) =aX oaY. 

(2) tT{aX, aV, aZ) = tr(X, Y, Z), {aX, oY) = (X, Y). 

(3) det {aX) = det X, {aX, aY) = {X, Y). 

(4) det [aX) = det X, aE = E. 

(5) a{X X y) = X aY . 

Proof. (1) ^ (2) (aX, aY) = tv{aX o aF) = tr(a(X o Y)) = tr(X o Y) (Lemma 

2.2.1) = (X, r). Also tr(aX, aY, aZ) = {aX, aY o aZ) = {aX, a{Y o Z)) = {X,Y o 

Z) = tT{X,Y,Z). 

(2) ^ (1) (aX o aY, aZ) = tr(aX, aY, aZ) = tr(X, F, Z) = {X o Y, Z) = (a(X o 
Y), aZ) holds for all aZ, so we have aX o aY ~ a{X o Y). 

(2) (3) Since we have already shown (2) (1), we can use tr(aX) = tr(X) 
(Lemma 2.2.1.(2)). Now, 

3det(Q;X) = triaX, aX,aX) - ^tv{aX){aX,aX) + ^ti{aX)^ 
= tT{X,X,X) - ^tT{X){X,X) + ^tr(X)3 = 3detX. 

(3) ^ (5) {a{X X Y),aZ) = {X xY,Z) = {X,Y,Z) = {aX,aY,aZ) (Lemma 

2.2.2) = {aX X aY, aZ) holds for aU aZ e 3, so we have aX x aY = a{X x Y). 

(5) (4) (det {aX))aX = {aX x aX) x {aX x aX) (Lemma 2.1.1.(3)) 

= a((X X X) X (X X X)) = (detX)aX (Lemma 2.1.1.(3)) 
and so we have det (aX) = detX. In the relation 

aXoaE = a{X x E) = ^a(tr(X)£; - X), 

if we denote aE = P, then 

aXxP= ^tr(X)P - iaX, X G 3- 

Let X = a-^Ei and P = piEi + P2E2 + P3E3 + Fi{pi) + ^2(^2) + -^3(^3), then 

\{p2E3 + P3E2 - -Fi(pi)) 
1 

= -{X{piEi + P2E2 + P3E3 + Fi(pi) + F2(p2) + Fsips)) - El), 
where A = tr(a~^£^i). By comparing entries of both sides, we have 
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= Api-l, /93 = Ap2, P2 = Ap3, -pi = Xpi, = Xp2, = Xps. 

Consequently we have P2 = Pa = 0. Similarly, by letting X = a~^E2, we also have 
Pi = 0. Again put X = a~^Fi{l), then 

-lpiFi(l) = ^{fx{piE,+p2E2+psEs) - Fi(l)), 

where p. = tr(a~^Fi(l)). By Comparing entries of Fi -parts, we see that pi = 1. 
Similarly p2 = p^ = 1. Therefore we have aE = E. 

(4) ^ (2) tv{aX) = {aX,E,E) = {aX,aE,aE) = {X,E,E) (Lemma 2.2.2.(2)) 
= tr(X). Hence ^(tr(X)tr(F) - {X,Y)) = {X,Y,E) (Lemma 2.1.1) = {aX,aY,aE) 

= {aX,aY,E) = ^(tr(Q!X) tr{aY) - {aX , aY)) = ^{tr{X)ti{Y)-{aX,aY)). There- 
fore we obtain 

{aX,aY) = {X,Y). 

Next, using the relation {X,Y,Z) = tv{X,Y,Z) - ^tr{X){Y,Z) - ^tv{Y){Z,X) - 
^tr(Z)(X,F) + ^tr(X)tr(y)tr(Z) and {aX,aY,aZ) = {X,Y,Z), we obtain 

tr(aX, aY, aZ) = ti{X, Y, Z). 
Theorem 2.2.5. F4 is a compact Lie group. 

Proof. F4 is a compact Lie group as a closed subgroup of the orthogonal group 

0(27) ^ 0{Z) = {a€ IsorO) | iaX,aY) = iX,Y)} (Lemma 2.2.4.(2)). 

The group F4 contains G2 as a subgroup in the following way. For a G G2, we 
consider a mapping a : Z ^ ^, 

X3 ^2 ^■1=1 ^2 axi 

X2 xi ^3 J \ ax2 axT ^3 J 

Then a G F4. So we identify a G G2 with a G F4: G2 C F4. 
2.3. Lie algebra f4 of F4 

In order to investigate the Lie algebra f4 of the group F4, it will be helpful to 
study the Lie algebra e6(_26) of the group 

Ee{-26) = {aG Isor(5) | dot (aX) = detX} 

= {aG Isoh(5) I *a-i(X xY)=aXx aY}. 
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Lemma 2.3.1. The Lie algebra e6(_26) of the group Eq(^_2q) is given by 

e6(-26) = e HomHp) I m,X,X) = 0} 

= {cj>€ Homnp) | {cpX, Y, Z) + {X, cf>Y, Z) + {X, Y, <pZ) = 0} 
= {(pe HomHp) I - xY)=(j)XxY + Xx (f)Y}. 

Proof. It is easy to verify that these conditions in e6(_26) are equivalent (see 
Lemma 2.2.2). Now, if ^ e Homit(5) satisfies {{expt^)X,{ex.pt^)X,{ex.pt^)X) = 
{X, X, X) for all t G R, then wo have; {(pX. X. X) = by putting t = after differen- 
tiating with respect to t. Conversely, if cp G HomH(O) satisfies -~*(f>(X x Y) = (f)X x 
Y+X X (j)Y, then it is easy to verify that a = exp t(j) satisfies ''a^^{X xY) = aX x aY. 

Theorem 2.3.2. The Lie algebra of the group F4 is given by 

f4 = {(5 e HomRp) \ S{X oY) = SX oY + X o 5Y} 

tr((5X, Y, Z) + tr{X, 5Y, Z) + tr(X, Y, 5Z) = Q "i 
{5X,Y) + {X,5Y) = Q J 

= {5e HomRp) I {5X, X, X) = 0, {6X, Y) + (X, SY) = 0} 

= {Se HomR(a) I {SX, X, X) = 0, dE = 0} 

= {Se RomitiZ) \S{X xY) = SX xY + X X SY}. 

Proof. The theorem follows easily from Lemma 2.2.4. 
We define an i2-vector space S!Jl~ by 

m- = {Ae M(3, €)\A* = -A}. 

For X,Ye M(3, £), we define [X, Y] e M(3, €) by 

[X, Y]=XY - YX. 

Lemma 2.3.3. ,Z] C Z, [Z,Z] C 9K". 

Since [971" ,3] C 5, any element A G induces an il-linear mapping A:Z^Z 
defined by 

AX = ^[A,Xl X&Z- 
Lemma 2.3.4. For X G 3, there exists a G €0 such that 

[X,XX] = aE. 

Proof. Let X = {xij^, Xij G £, xij = xji. The (i,j)-entry a^j of [X, XX] = 
X(XX) - (XX)X is given by 

aij = ^^(xikixkixij) - {xikXki)xij) = - ^^{xik,Xki,Xij}, i,j = 1,2,3. 
k,l k,l 
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Since xu is real, if the bracket { , , } contains Xu, then { , , } is 0. If i 7^ j, then 
aij is a sum of a{xa) — {ax)a, a{ax) — {aa)x and so on, so a^- = 0. If i = j, then 

an = -{a;i2,a;23,a;3i} - {a;i3,a;32,a;2i}, 
a22 = -{2:21, a;i3, a;32} - {a;23, 2:31, a;i2}, 
^33 = -{2:31, a;i2, a;23} - {a;32, 2:21, a;i3}, 

however they are equal, that is, an = 022 = a33 ( = a). Hence we have [X, XX] = aE. 
Since X,XX e 5- we have [X.XX] e OJt" (Lemma 2.3.3). Therefore, {aE)* = -aE 
and so aE = —aE, which imply that a = —a. 

To prove the following Proposition 2.3.6, in M(3, £), we define a real valued sym- 
metric inner product {X, Y) by 

{X, Y) = ^tr(Xy + Y*X*). 

Lemma 2.3.5. The inner product {X,Y) o/M(3,£) satisfies 

{XY, Z) = {YZ, X) = {ZX, Y) = {X, YZ) = {Y, ZX) = {Z, XY). 

Proof. Let X = (^Xij^ , Y = (^yij^ , Z = ^Zij^ . Then we have 

{XY,Z) = R{XY,Z) = ^R{ty:{{XY)Z + Z*{Y*X*))) 

i,i,k 
i,j,k 

= ^R{ti{{YZ)X + X*{Z*Y*))) = {YZ,X). 

Proposition 2.3.6. For A e 9Jl~, tr(A) = 0, we have A e f^. 

Proof. Prom the equivalent conditions in Theorem 2.3.2, it is sufficient to show 
the following two formulas: 

{[A,X],Y) + {X,[AY]) = 0, x,Yez, 

tr([A, X],Y, Z) + tr(X, [A, F], Z) + tr(X, F, [A, Z]) = 0, X, F, Z e Z- 

Now, the left side of the first formula = {AX, Y) - {XA, Y) + {X, AY) - {X, Y A) = 
(Lemma 2.3.5). Next, we show that 

{[A,X],XX)=Q, X&Z. 

Certainly, if [X,XX] = aE, a e £0 (Lemma 2.3.4), then 
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{[A, X],XX) = {AX, XX) - {XA, XX) 

= {A, X{XX)) - {A, {XX)X) (Lemma 2.3.5) 

= {A, [X,XX]) = {A,aE) = ^tv{Aa + aA*) 

= ^tr(Aa - aA) = ^(tr(A)a - atr(A)) = 0. 

Now, putting \X + fiX + vZ in the place of X, and comparing the coefficient of Xfii^, 
we obtain 

{[A, X],YZ + ZY) + ([A, YIXZ + ZX) + {[A, Z^XY + YX) = 0, 

which is the required second formula. 

In 9Jt~, we adopt the following notation: 





Ai(a) = I o I , A2{a) = | 
-a 



-a\ / a 

Az{a) =\-a | . 
aOO/ VOOO, 



Then Ai{a) € f4 (Proposition 2.3.6) and the operation of Ai{a) on Z is given by 



Ai{a)Ei = 
Ai{a)Ei+i = 



-^F^ia) 



1 



Ai{a)Ei+2 = :^Fi{a), 



Ai{a)Fi{x) = {a,x){Ei+i - Ei+2) 
Ai{a)Fi+i{x) = -Fi+2{ax) 
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Ai{a)F^+2ix) 
Proposition 2.3.7. The Lie subalgebra O4 ofj^: 

d4 = {SeU\SEi = 0,1=1,2,3} 

is isomorphic to the Lie algebra D4 = so (8): 

©4 = {£> e HomR(£) I {Dx, y) + {x, Dy) = 0} 
under the correspondence 



F^+i{xa). 



2)4 9 -Di — > 5 eV4, 



given by 







X3 


X2\ 










Xi 






\X2 


X\ 







1)3X3 D2X2 " 
Dixi 



D3XS 



,D2X2 DiXi 

where D2,Ds are elements 0/2)4 which are determined by Di from the principle of 
triality : 

{Dix)y x{D2v) = Dzixy), x,y G €. 
(From now on, we identify these Lie algebras 54 and D4). 
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Proof. We define a mapping y>* : 1)4 — > ti4 by = S. We first prove that 

5 € 04 C Indeed, 

{SX,X,X) = iSX,X X X) 

(0 0^x3 D2X2 \ / 66 - xixi x]x^ - 62:3 x^xi - 6^2 \ 
Dacca fia;! , X1X2- 5,^X2, 66 - 2:2^2 ^2^-62:1 M 
£>2a;2 Dxxi / \^3^-62'2 a;2a;3 - 6^1 66-2^3^3/ 
= 2{DiXi,x^ - (,ix\) + 2{D2X2,x^ - (,2x2) + 2{D5Xz,xTx^ - (^r^Xi) 

= 2{{DiXi,XW3) + {D2X2,X^) + {D3X3,XTX^)) 
= 2{{DiXi,X^) + {D2X2,X3Xi) + {D3X3,XiX2)) 

which is equal to 0, if we use the relation 

{Dixi, x^) = -{xi,Di (x^) ) = - {xi, {D2X2)x3 + X2 {Dsxa ) ) 

= -(a;i,3^(r>2a;2) + {D3X3)x^) = -{x3Xi,D2X2) - {xiX2,DsX3). 

Hence 6 G j^. 5Ei = 0, i = 1, 2, 3 are evident, so that 5 G X14. Clearly is injective. 
We shall show that is onto. Let 6 G'd4. We put 

Z^ = {F,{x) I X e £} = {X € a I 2Ei+i o X = 2Ei+2 oX = X). 

Since 5X e 3i for X e 3j, 5 induces i?-linear mappings 5 : Zi Zi and Di : <L ^ <L 
satisfying 

5Fi{x) = Fi{Dix), xgC, 

for i = l,2, 3. Applying 5 on Fi{x) o Fi{y) = {x, y){Ei+i + Ei+2), we have Fi{Dix) o 
Fi{y) + Fi{x) o Fi{Diy) = 0, and hence we have 

{DiX, y) + {x, Diy) = 0, x,yG€. 

Hence Di G D4, i = 1, 2, 3. Moreover, by applying 5 on Fi(x) o F2{y) = ^F^^xy), we 
see that 

{Dix)y + x{D2y) = Ds{xy), x,y G €. 
This shows that is onto. Thus Proposition 2.3.7 is proved. 

Theorem 2.3.8. Any element S f^^ is uniquely expressed by 

6 = D + A, £> e 04,^ e 9Jt",diag^ = 0, 

where diag^ = means that all diagonal elements an of A are 0. In particular, the 
dimension off^ is 

dim f4 = 28 + 24 = 52. 
Proof. Applying 6 G f 4 on Ei o Ei = Ei and Ei o Ej = 0, i ^ j, we have 

25EioEi = 5Ei, 6EioEj+Eio6Ej=0. 
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Prom these relations, we see that each 6Ei is of the form 

/ -03 02 \ / 03 \ / -712 \ 

6Ei= i -as \ ,SE2= [as -ai\,SE3=\ oi , 
V 02 / \ -01 / \ -a2 ai / 

(0 as -02 \ 

—as ai using these elements a^, 

a2 -ai / 
then A G 9Jt~ with diagA = 0, and wc have 

6Ei = AEi, i= 1,2,3. 

If we put D = S — A, then DEi = 0, i = 1,2,3, hence D G D4. Thus, 5 can be 
expressed hy S = D + A, where D <E 04, ^ € dJl~ , diag^ = 0. To show the uniqueness 
of the expression, it is sufficient to prove that 

D + A = 0, D e O4, ^ e aJt", diagA = 0, then D = 0, ^ = 0. 

Certainly, if we apply it on Ei, then AEi = 0, i = 1, 2, 3, hence ^ = and so D = 0. 
Finally, we have dim f4 = 28 + 24 = 52 from the expression above. Thus the theorem 
is proved. 

2.4. Simplicity of 

Let = {Xi + 1X2 \Xi,X2 € 5} be the complexification of the Jordan algebra 

Z- In the same manner as in Z, in Z^ we can also define the multiplications X oY ^ 
X X y, the inner product {X.Y), the trihnear forms tr{X,Y, Z), {X,Y,Z) and the 
determinant deiX. They have the same properties as those of Z- Z'^ is called the 
complex exceptional Jordan algebra. Z has two complex conjugations, namely, 

Xi + iX2 = Xi+ iX2, t{Xi + 1X2) =Xi- 1X2, Xi^^Z. 

The complex conjugation r of Z'" satisfies 

t{XoY) = tXotY, r(X X F) = tX X tF, X,Y ^Z^ ■ 

We define Lie algebras ee*^ and respectively by 

ee^ = {.^ e Homc(a^) | {^X,X,X) = 0} 

= {(^ e Homcp*^) I - Y.Y) = 4>X Y.Y + X Y. 4>Y}, 

f^^ = {S€ Homc(a'^) \6{XoY)=SXoY + XodY} 
= {Se Homc(a'^) \6{X xY)=6X xY + X X 6Y}. 

These are the complexification of the Lie algebras eg(_26) and respectively. Then the 
properties of e6(_26) and stated in Section 2.3 also hold for ee^ and f^'^. Hereafter 
we will describe f^''^, but the statements are also valid for using Z instead of Z'^- 
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For A G , we define a C-linear mapping A : — * 3*^ by 

AX = AoX, X e 5*^. 

Proposition 2.4.1. (1) For A e 3*^, tr(A) = 0, we have A G ee*^. 
(2) For A,B eZ'^\ we have [A, B] e f4'^. 

Proof. (1) {AX, X,X) = {AoX,X X X) = {A, X o {X x X)) 

= {A, {detX)E) = {det X){A,E) = (detX)tr(A) =0, X G . 
Hence A e (q'^ . 

(2) [A,B] = [[A~^tr{A)Ey, [B-^tr{B)E) 

[A, B]E = A{BE) - B{AE) = AoB-BoA = Q. 
Hence [A,B] e (Theorem 2.3.2). 

Lemma 2.4.2. In ^^'^ , we have 

[Ei,Ej] = Q, [Ei,Fi{a)] = Q, 

[Ei,Fi+i{a)] = -^Ai+i{a), [Ei,Fi+2{a)] = ^Ii+2(a), 



ma),F,ib)] e 04^, [F,ia),F,+,ib)] = -il,+2(^), 

[D,Ai{a)] = li(Aa), where D = (D^, 02,03) € , 

[Ai{a),Ai{b)] € 54^, [Ii(a),Ii+i(6)] = -^Ai+2(^), 

[Fi (ei), h {ej )] = Gij . [A (a) , Ai+2 (6)] = ^^i+i (H • 

Lemma 2.4.3. (1) Any non-zero element x G €^ can be transformed to 1 by 
successive actions ofHi-". 

(2) €p is a 'Qi'-' -irreducible C -module. 

(3) 04^e:^ = { DiUi I A e 04^, fli e C^} = ^. 

i 

Proof. (1) Let Q ^ x = Y^l^QXiCi, Xi G C. Suppose Xi =^ (moreover we may 
assume i^O). Then we have 

Gio G JO U¥=i) Xj^^Goj 

X — > ajjCo — XQCi — > XiCj — > eo = i. 

The case a;o ^ is reduced to the above by the action of Gjo- 

(2) Let W ^ {0} be a 04 "^-invariant C-submodule of C*^. If eo = 1 G VK, then 
Gioco = Ci. Therefore W = C'^' . Now, since a non-zero element a; of can be 
transformed to 1 by O4*" from (1) above, W contains 1, so that W = because 
GiQCo = ej. 
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(3) Since D4*"£*" is a c)4'"-invariant C-submodule of C*^, from the irreducibiUty of 

e:^ of (2), we have X)^^^^ = 

Recall that any element 6 € is uniquely expressed by 

5 = D + Ii(ai) + 12(02) + M{as), D e 54'^, a, e <L^ , 
where Ai{ai) e (OT")"^ (Theorem 2.3.8). 

Theorem 2.4.4. T/ie Lie algebra f^'^ is simple and so \^ is also simple. 
Proof. Let denote = {A,{a) | a e C'^} and = © ® ^3 ^ then 

Let p-.f^^'^^ ^4*^ and g : f4'^ ^ 21 be projections of f^^'^ = 04*^ ® 21 . Now, let a be 

a non-zero ideal of f^^^. Then p{a) is an ideal of 04'-^. Indeed, if D G p{a), then there 

3 _ 

exist tti € C*^, i = 1,2, 3, such that Z) + ^^Ai(ai) € 0. For any D' e 54*^, we have 

i=l 



a 9 



D', D + J^Mai)] = [D\ D] + J^MDi'tti) (Lemma 2.4.2), 



hence [D',D] e p{a). 

We show that either 54'^ n ^ {0} or 21 n a ^ {0}. Assume that 54'^ n = {0} 



and 2t fl a = {0}. The mapping p\a : a 04*^ is injective because 21*" n o = {0}. 

Since p{a) is a non-zero ideal of 04'^ and ^4'-^ is simple, we have 13(a) = 04*^. Hence 

dime a = dimcp(a) = Aunc'^i" = 28. On the other hand, since 54'" n a = {0}, 

~C ~C 
(/la : a — > 21 is also injective, we have dime a < dime 21 = 8 x 3 = 24. This leads 

to a contradiction. 

We now consider the following two cases. 

(1) Case 04'^ n a 7^ {0}. From the simplicity of 04*^, we have 'Oi^ fl = 1)4^, hence 
a D 54'". On the other hand, we have 



aD [a,f4^]D [54^',2tr] = 2l,'^, i = l,2,3. 



The last equation follows from [D, Ai{ai)] = A, (Dai) (Lemma 2.4.2) and X)i^(^P = <tP 
(Lemma 2.4.3.(3)). Hence a D 54'^© 2li ©2t2 ©213 =U^- 

Q 

(2) Case 21 fl a ^ {0}. Choose a non-zero element 

Ai{ai) + M{a2) + ^13(03) e n a C a. 
If a\ ^ 0, under the actions of 04*^ of Lemma 2.4.3.(1), we have 

M{1) + A2{b) + Mc) e 0. 



43 



If 6 = c = 0, then Ai{l) e o, hence from Lemma 2.4.2, 

0^ [Ii(l),Ii(ei)] e04^na 

(as for the first inequality, note that [Ai{l), Ai{ei)]F2{l) = — 2^2(61)), so the case is 
reduced to the case (1). If 6 ^ 0, then take the Lie bracket with ^i(l), then 

-^3(6) + A2(c) e a and then ^3(1) + ^2(0') € a 

under some actions of ^4'-^. If c' = 0, then this can be reduced to the case (1) as in 
the above. The case c' 7^ can also bo reduced to the case (1) by the same argument 
as above. Thus we have a = f^'^\ which proves the simplicity of 

Lemma 2.4.5. (1) For 5 e and A,B e 3*^, we have 

[S,[A,B]] = [SA,B] + [A,SB]. 

(2) Any element 6 G f^^ is expressed as 6 = ^^[A^, 5^], A^, Bi e . 

i 

Proof. {1)[6, [I, B]]X ^ S[A, B]X - [A, B]5X 

= 5{Ao{BoX)- Bo{Ao X)) -{Ao{BoSX)-Bo{Ao SX)) 
= SAo{BoX) + Ao{SBoX) + Ao{Bo5X)-SBo{AoX) 
-Bo{SAoX)-Bo{AoSX)~Ao{BoSX) + Bo{Ao 5X) 
= SAo{BoX)- Bo{6AoX) + Ao{SBoX)-6Bo{AoX) 
= [6A,B]X + [A,5B]X, XgZ'^. 

(2) By (1) we see that a = Bi] | Ai, Bi e 5'^} is an ideal of f^'^. Prom the 

simplicity of f4^, we have a = 14*^. 

Proposition 2.4.6. (1) Zo'^ = {X G j'^ |tr(X) = 0} is an f^*^ -irreducible C- 
module. 

(2) U^Zo"^ = {Y,Wk^h'^,BiGZo'] =30^. 

i 

Proof. (1) Evidently 30*^ is an f4'^-C-module (Lemma 2.2.1.(2)). Now, let W be 
a non-zero f4*^-invariant C-submodule oiZo^ ■ 

Case (i) If W contains some Fi{x) ^ (i = 1, 2, 3), then W = Zq'~' ■ Indeed, under 
some actions of 04^, we can assume Fi{l) e W (Lemma 2.4.3.(1)). Next, from 

Fi{'^) ----^ -Ei+l — i?i+2 ' i<',;+2(l) * ■■■ >-Fi+l(l), 

and Ai{a)Fi+2{^) = -Fi+i(a), etc., wc have Ei — Ei+i, Fi{a) € W and hence we have 
W = Zo'" ■ Now, in the general case, choose a non-zero element X from W: 

Oy^X = ^{Ei - E2) + n{E2 - E3) + Fi{xi) + F2{X2) + Fs{xs) e W. 
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Case xi ^ 0. Under the action of 04*^ of Lemma 2.4.3.(1), we have 
Fi{l) + F2{y2) + Faiya) e W. 

If 2/2=2/3= 0, then -Fi(l) G W, hence we can reduce to the case (i). If 1/2 7^ 
0, choose a € €^ , a ^ 0, such that (2/2,0) = 0, and apply ^2(0), then we have 
— -F3(a) + Fi{ay3) G W. Again under the action of 54'^, we have 

F3(l) + Fi(zi) G W. 

If zi = 0, we can reduce to the case (i). If zi ^ 0, choose b € C*^, & 7^ 0, such that 
(zi, 6) = and apply Ai{b), then F2(b) G VF, which is again reduced to the case (i). 
Similarly for a;2 ^ or 0:3 ^ the arguments above hold. 

Case Xi = X2 = X3 = 0. Applying Ai{l) on the non-zero element 

X = ^{Ei - E2) + r]{E2 - E3) G W, 

we have i^i(^ — 277) G W. If ^ — 277 7^ 0, we can reduce to the case (i). If ^ — 2?7 = 0, 
applying ^3(1), we have -^3(377) G W which is again the case (i). We have just proved 
that W = 2o'^. 

(2) Since f^'^^o^ is an f4^-invariant C-submodule of 5o^) we have fi^Zo'^ = 
from (1). 

2.5. Killing form of f/^ 

Lemma 2.5.1. For A,B,C,D G Z^, we have 

{[A,B]C,D) = {[C,D]A,B). 

Proof. {[A,B]C,D) = {Ao{BoC),D) - {Bo{AoC),D) 
= {BoC,AoD)-{AoC,BoD) 
= {Co{Do A), B)-{Do{Co A), B) = {[C, D]A, B). 

Definition. In f4'^, wc define an inner product ((5i,(52)4 by 

{5,[A,B\)^ = {5A,B), 5Gf4^, A,B&Z'^. 

More precisely, we define 

(^1,^2)4 = ^([I„5,]Q,Z),) = Y.{[Cj,b,\A,,B,), 

for 5i = J2i[Ai,Bi], 62 = Ej[Cj,D,], A,B,,Cj,D, G 5^ (Lemma 2.4.5.(2)). Then, 
Lemma 2.5.1 shows that the definition of the inner product (^1,^2)4 is independent 
of the choice of the expressions of 61, 62, and that {61,52)4 is symmetric. 
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Lemma 2.5.2. The inner product (^1,52)4 of^^^ is f^'^ -adjoint invariant: 

i[S, 5i], 62)4 + (^1, [S, 52])i = 0, S, 6i e h^. 
Proof. It is sufficient to show the lemma for di = [A, B], S2 = [C, D], A, B,C,D G 

a. 

{[S, [A^]l [C, D])4_ + ([I, B], [(5, [C,D]]), ^ ^ 

= {[SA,B] + [A,SB], [C,D])4: + {[AB], [5C,D] + [C,dD])4 (Lemma 2.4.5.(1)) 
= {[6A, B]C, D) + ([1, 5B]C, D) + ([I, B]5C, D) + ([I, B]C, SD) 
= {5A o{Bo C), D)-{Bo {5A o C), D) + {Ao {SB o C), D) - {SB o{Ao C), D) 
+{A o{Bo SC), D)-{Bo{Ao SC), D) + {Ao{Bo C), SD) -{Bo{Ao C), SD), 

which is equal to 0, if we use the relation {X o Y, SZ) = -{SX o Y, Z) - {X o SY, Z) 
for the above last two terms. 

Theorem 2.5.3. The Killing form B4 of the Lie algebra \^ is given by 

B4{Si,S2) = 9{Si,S2)4 = 3tr((5i^2), <5i,<52 e . 

Proof. Since f^^^ is simple (Theorem 2.4.4), there exist k,k' € C such that 

54(^1,^2) = ^(^1,^2)4 = k'tv{Si52). 

To determine these k,k', we put 6 = Si = S2 = Ai{l). Since ^i(l) = -2[.E3, Fi(l)] 
(Lemma 2.4.2), we have 

{S,S)4 = (Ii(l),Ii(l))4 = -2(Ii(l),[^3,^^l(l)])4 

= -2(Ii(l)£3,Fi(l)) = -(i^i(l),Fi(l)) = -2. 

On the other hand, (ad^)^ is calculated as follows. 

[Ml), [Ml),Gio]] = -[Ii(l),Ii(eO] = -Gio, i 7^ 
[Ii(l),[Ii(l),Ii(eO]] = [Ii(l),Gio] = -Ii(eO, i 5^ 

[Ii(l),[Ii(l),l2(ei)]] = \[M^),Mei)] = —Mei), 

[Al(l),[Ml),Me^)]]=-l[M^),M^^)]=-lMe^), 

the others = 0. 
Hence we have 

^4(^,5) = tr((adli(l))^) = (-1) x7x2+(^-i)x8 x 2 = -18. 

Therefore fc = 9. Next, we will calculate tr((5(5). 
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Ii(l)Ii(l)£;3 = = ^{E2- Es), 

Ii(l)Ii(l)Fi(l) = M1){E2 - Es) = -Fi(l), 
Ii(l)Ii(l)F2(ei) = ^Ml)F3{el) = -iF2(eO, 
Ml)Ml)Fs{ei) = -ili(l)F3(e-) = -\Fs{ei), 



the others = 0. 

Hence we have 

tr(M) = tr((Ii(l))2) = ( - 1) X 2 - 1 + ( - 1) X 8 X 2 = -6. 
Therefore k' = 3. 

Lemma 2.5.4. For a non-zero element A e Zo^ > there exists B e Zo^ such that 
[A,B]^Q. 

Proof. Assume that [A,B] = for all B e ^o*^- Then = {6,[A,B])4, = 
-{5,[B,A\)i = -(,55, A) for any 5 G ■ Since 14*^50 = ^o*^ (Proposition 2.4.6.(2)), 
we have (^o*" i ^) = 0, so that A = 0. 

2.6. Roots of f4'^ 

Before we obtain the roots of the Lie algebra , we recall the roots of the Lie 
algebra 354*^: 

2)4^ = {D& Homc(e:^) I {Dx, y) + [x, Dy) = 0}. 
If we let H}. = —iGki+k for A; = 0, 1, 2, 3, then 

3 

f) = {// = ^ KHk I Afc e C} 

fc=0 

is a Cartan subalgebra of D^" , and roots of D4,'" relative to f) are given by 

±(Afe-A;), ±(Afe + AO, 0<fc</<3. 
The root vectors associated with these roots are respectively given by 



Afc — A; 

— Afe + A; 
Afc + A; 

— Afc — A; 



(Gm + G4+fc4+i) — i{Gk4+l + Gi4+k), 
i{Gkl + G4+fc4+i) — (Gfc4+i + G;4+fe), 
{Gkl — G4+fc4+;) + i{Gk4+l — G;4+fe), 

i{Gki — G4+k4+i) + (Gfc4+i — Gi4+fe)- 
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The Lie algebra 2)4 is contained in f4 as 



2)4'^ 3 D ^ {D, vD, kttD) e 04"^ C U'^ 

(Theorem 1.3.6, Proposition 2.3.7). Outer automorphisms i/, tt of D^^ induce C- 
linear transformations of I) and the matrices of v, it with respect to the C-basis 
Ho,Hi,H2, H3 of f) are respectively given by 



V = TTK = 



1 11-1 
-1111 
\ 1 -1 1 1/ 



1 



1-11-1 



1 
1 

V-1 



1 1 
1 1 
-1 1 



-1 
1 

1/ 



(Lemma 1.3.1). Note that they are orthogonal matrices. 



Theorem 2.6.1. The rank of the Lie algebra f^'~'' is 4. The roots of relative 
to some Cartan subalgebra of are given by 

±(Afe-AO, ±(Afe + AO , Q<k<l<2,, 



±Ao, ±Ai 


±A2, 


±A3, 




±i(-Ao-Ai + A2-A3), 


4< 


Ao + Ai 


+ A2 - A3), 


±^(-Ao + Ai + A2 + A3), 


4( 


Ao — Ai 


+ A2 + A3), 


±\{ A0-A1 + A2-A3), 


4(- 


Ao + Ai 


+ A2- A3), 


±^( Ao + Ai + A2 + A3), 


4<- 


Aq — Ai 


+ A2 + A3). 


Proof. We use the decomposition in 


Theorem 


2.4.4: 





3 

Let f) = |iJ = AfeiJfc I Afc e c| C 34'" C f4*". Since f) is a Cartan subalgebra of 
fe=o 

54'^ (it will be also a Cartan subalgebra of f4^), the roots of 04*-^: 

±(Afe-A,), ±(Afc + AO, 0<fc<Z<3 

are also roots of f4*". Furthermore, from [H, Ai{a)\ = Ai{Ha) (Lemma 2.4.2), where 

3 

H{ek + ie4+k) = - XkiGjj+j (ck + ie4+k) 

= -iAfe(-e4+fc + icfe) = Afc(efe + isi+k), 

we see that Afe is a root of f^^^ and Ai{ek + iei+k) is an associated root vector for 
< A; < 3. Similarly, — Aj, for < fc < 3 is root of and Ai{ek — ie-i+k) is 
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an associated root vector. Next, by Lemma 2.4.2 we have [H,A2{a)] = A2{{i'H)a), 
where 

3 

k=0 

= ^{Xo{-Ho + H1-H2 + H3) + Xi{-Ho + H1+H2- H3) 

+X2{Ho + H1 + H2 + Hs) + Xai-Ho -H1 + H2 + Hs)) 
— 2^~^o — Ai + A2 — X3)Hq + -^{Xo + Ai + A2 — Xs)Hi 

+^(-Ao + Ai + A2 + A3)F2 + ^(Ao - Ai + A2 + A3)i?3, 

and so we see that coefficients of Hq, Hi, H2, H3 are roots of f^^ and that ^2(6^ + 
i + ie4+k) is associated root vector for < A: < 3. The roots above with negative sign 
are also roots of f^*^ and ^2(e/s — ie4+k) are associated root vectors. Finally, from 
[H,A3{a)] = A3{{KTTH)a) (Lemma 2.4.2), where 

kttH = i(-Ao + Ai - A2 + A3)i?o + i(-Ao + Ai + A2 - Aa)^! 
+^(Ao + Ai + A2 + A3)i?2 + ^(-Ao - Ai + A2 + A3)i?3, 
we obtain the remainders of roots. 

Theorem 2.6.2. In the root system of Theorem 2.6.1, 

Q!i = Ao-Ai, a2 = Ai - A2, Q;3 = A2, 014 = i(-Ao - Ai - A2 + A3) 
is a fundamental root system of the Lie algebra f/" and 

/U = 2ai + 3a2 + 4a3 + 2q4 

is the highest root. The Dynkin diagram and the extended Dynkin diagram of f/" are 
respectively given by 

2 3 4 2 

o a=)o o • o o ]d o 

ai a.2 013 ai —/j, ai a2 0:3 0:4 

Proof. All positive roots of f^^' are expressed by ai, a2, as, a^ as follows. 

Ao = ai + a2 + as 

Ai = a2 + as 

A3 = as 

A3 = ai + 2a2 + 3a3 + 2a4, 
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Ao — A2 


— 


ai 


+ a2 








— Aq + A3 


_ 




a2 


+ 


2a3 


+ 2a4 


Ai — A2 






0.2 








-Ai + A3 




Oil 


+ a.2 


+ 


2a3 


+ 2a4 


— A2 + A3 






+ 2a2 


+ 


2a3 


+ 2a4 


Ao + Ai 




ai 


+ 2a2 


+ 


2a3 




Ao + A2 






+ OL2 


+ 


2a3 




Ao + A3 




2ai 


+ 3a2 


+ 


4a3 


+ 2a4 


Ai + A2 






a.2 


+ 


2a3 




A1 + A3 






+ 3a2 


+ 


4a3 


+ 2a4 


A2 + A3 




ctl 


+ 2a2 


+ 


4a3 


+ 4a4, 



-( A0 + A1+A2 + A3) = ai + 2a2 + 3q!3 + 04 
i(-Ao - Ai - A2 + A3) = a4 

^( Ao + Ai - A2 + A3) = ai + 2a2 + 2a3 + 04 

^( A0-A1 + A2 + A3) = ai + Q!2 + 2a3 + a4 

-(-Aq - Ai + A2 + A3) = as + Q4 

2(~Ao + Ai - A2 + A3) = a2 + Q!3 + a4 

-( Aq - Ai - A2 + A3) = ai + a2 + as + ^4 

^(-Ao + Ai + A2 + A3) = a2 + 2a3 + 04. 

Hence il = {ai, a2, as, a4} is a fundamental root system of 14*" . The real part \)i 
f) is 



l)ii = {^f = I]Afefffe|Afeei2}. 



fe=0 

The Killing form B4 of ]^ is ^4(^1,^2) = 3tr(<5i<52) (Theorem 2.5.3), so that 

3 33 
B4{H, H') = 18^ AfeAfe', H ~ ^ \kHk, H' = ^ Xk'Hk e 

fc=0 fc=0 /c=0 

Indeed, since 

HE,=0, i = 1,2,3, 

HFi{x) = Fi{Hx), HF2{x) = F2{{yH)x), HF^ix) = Fs((K7rff)x), 

we have 
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k,l=o 



3j2MMHkHi) + tv{{uHk){yHi)) + tv{{K-KHk){K'KHi)))) 



k,l 



= 3^AfcAi'(2 + 2 + 2)5ki = 18^ AfcA^'. 



k,l k=0 

Now, the canonical elements € f)jj corresponding to {B4{Ha, H) — a{H), H e 
are determined by 

Has = Ys''^^' "^"^ ~ 36''""^° - Hi - H2 + H3). 

Hence we have 

= B,(H^,.H^,) = 18^^(1 + 1) - ^ 

and the other inner products are similarly calculated. Hence, the inner products 
induced by the Killing form B^ between ai, a2, as, 04 and — /x are given by 

(ai, ai) = (0:2, "2) = ^, ("3, 0:3) = (0:4, 0:4) = 

(ai,a2) = -^, (q!2,Q!3) = (a3,Q!4) = 
(ai, as) = (ai, 0:4) = (a2, 04,) = 0, 

(-/i,-/i) = ^, (-/i,Q!i) = {-ij,,ai)=0, i = 2,3,4, 

using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 
U ■ 

According Borel-Siebenthal theory, the Lie algebra has three subalgebras as 
maximal subalgebras with the maximal rank 4. 

(1) The first one is a subalgebra of type B4 obtained as the fixed points of an 
involution a of f^. 

(2) The second one is a subalgebra of type Ci © C3 obtained as the fixed points 
of an involution 7 of 

(3) The third one is a subalgebra of type A2 ® A2 obtained as the fixed points of 
an automorphism w of order 3 of 

These subalgebras will be realized as subgroups of the group F4 in Theorems 2.9.1, 
2.11.2 and 2.12.2, respectively. 

2.7. Subgroup Spin{9) of F4 
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Theorem 2.7.1. {a e F4 | aEi = Ei, i = 1, 2, 3} ^ Spin{8). 
(Prom now on, we identify these groups). 

Proof. We recall the group Spin{8) of Theorem 1.16.2 and define a mapping 

tp : Spin{S) ^ £'4 = {a e | aEi = Ei, i = 1, 2, 3} by 

0:3X3 ^2 aiXi 





X3 




X3 






\X2 







a2X2 OiiXi ^3 

We first prove that a = (^(ai, a2, 0:3) e -D4. Indeed, the fact that det(aX) = detX 
can be seen by observing that 



i?((Q!ia;i)(Q!2a;2)(a3a;3)) = i?((Q;3(a;ia;2))a3a;3) 

= (03(^1X2), Q!3a;3) = {X^,X3) = R{xiX2X3), 

which together with aE = E, shows that a G F4 and aEi = Ei,i = 1,2,3. Therefore 
a e D4. Certainly y> is a homomorphism. We shall show that (p is onto. Let a G D4. 
We put 

= {Fi{x) I a; e £} = {X e a I 2Ei+i oX = 2Ei+2 oX = X}, i = l,2, 3. 

Since aX G 2i, X G Zi, ct induces il-isomorphisms a : 2i ^ Zi and aj : £ — > £ 
satisfying 

aFi(x) = Fi(aix), x Cz €, 

for i = 1,2,3. Applying a on Ei{x) o Fi{y) — {x,y){Ei+i + Ei+2), since the left side 
becomes Fj(a,a:) o Fi{aiy) = {aiX,aiy){Ei^i + -Ei+2), we have 

{aiX,aiy) = {x,y), x,yG€. 

Hence aj G 0(8), i = 1,2,3. Moreover, by applying a on Fi{x) o ^2(2/) = ^-^3(^)5 
we see that 



{aix){a2y) ^ asixy), x,yG€. 

From Lemma L14.4, we have ai,a2,a3 G SO{8), so that (ai, 0:2, 0:3) G Spin{8) and 
y(ai, 02,013) = a. Therefore if is onto. Evidently Kenp = {(1, 1, 1)}. Consequently 
(f is an isomorphism. 

We shall study the following subgroup (-Fk)^! of F4: 

{F4)E,={aGFi\aE^=E^}. 



We define -R- vector subspaces 3oi > 323 of Z respectively by 










: 




■ 




x 





iGR,xG<L^, 
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Lemma 2.7.2. Suppose that we are given an element A e 3oi such that {A, A) = 
2. Choose any element Xq e Zoi such that {Xo,Xo) = 2, {A,Xo) = 0. Choose any 
element Yq e ^23 such that (Yq, Yq) = 2, 2AoYo = —Yq. Let 

Zq = 2X0 o Yq. 

Choose any element Xi G ^qi such that {Xi,Xi) — 2, {A,Xi) — {Xo,Xi) = 0. 
Choose any element X2 S 3oi such that {X2,X2) = 2, {A,X2) = {Xo,X2) = 
{Xi,X2) = 0. Let 

Yi = -2ZooXi, Z2 = -2X2oYo, = -2yi o Z2. 

Finally, choose any element X4 G -3oi such that {Xi,Xi) = 2, (A, X4) = {Xq,X4) = 
(Xi,X4) = {X2,Xi) = (X3,X4) - 0. Let 

Zi = -2XioYo, Y2=-2ZooX2, Y^ = -2Z^oX^, 
X5 = -2Yi o Z4, Xq = 2Y2 o Z4, Xr = -2Y3 o Z4 

and moreover let 

Yi = -2ZooXi, i = 4,5,6,7, 
Zi = -2XioYo, i = 1,3, 5, 6, 7. 
Then, an R-linear mapping a : 5 — > 5 satisfying 

aE = E, aEi = Ei, a{E2 - E3) = A, 

aFi{ei)=Xi, aF2{ei) = Yi, aFaia) = Zi, i = 0,l,---,7 

belongs to {F4)ei- 

Proof. We have to show that the setting of the lemma is appropriate and prove 
that a satisfies 

a{X oY)^aXo aY, X,Y eZ- 

For this purpose, it is sufficient to show that this holds for generators X,Y — Ei, 
Fj{ek) of Z- We have to check 27^ = 729 times if honestly doing so we reduce the 
number of times after preparing some lemma. However we omit its proof. In details, 
see Yokota [40] . 

Proposition 2.7.3. {F4)eJ Spin{d.) ~ S^. 

In particular, the group (-F4)bi is connected. 

Proof. = {X & 5oi I = 2} is an 8 dimentional sphere. For a G (-F4)ei 

and X & S^, we have aX G S^. Hence the group {F4)e-^ acts on S^. This action is 
transitive. Indeed, for a given A G S^, by constructing a G (-F4)bi of Lemma 2.7.2, 
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we have a{E2 — E3) = A, and which shows the transitivity. We determine the isotropy 
subgroup of {F4)ei at E2 - e S^. Let a e {F4)ei satisfy a{E2 - E^) ^ E2 - E3. 
Since a G (-Fi)^! satisfies aEi = Ei and aE = E, it also satisfies a(i?2 + -£^3) = E2 + 
E3. Therefore we have aE2 = E2 and aEs = Es, so that a G Spin{8). Conversely, 
a S Spin{8) satisfies a{E2 — Es) = E2 — E^. Thus we have the homeomorphism 

Remark. If we know the dimension of the group (-F4) Ei , without using Lemma 
2.7.2, Proposition 2.7.3 can be simply proved as follows. The group {F4) e^ acts on . 
The isotropy subgroup of {F4)ei at E2 — E3 is Spin{8) and diin.{{F4) e^ / Spin{8)) = 
dim{F4)E^ - dim Spin{8) = 36 - 28 = dim 5*. Therefore, we have {F4)eJ Spin{8) ~ 

Theorem 2.7.4. {F4)E^ = Spin{9). 

(From now on, we identify these groups). 

Proof. Let 0(9) = O(aoi) = {«' e Isoit(aoi) | {a'X,a'Y) = {X,Y)}. Consider 
the restriction a' = a\Zoi of a e (-F4)bi to 5oi> then a' G 0{9). Hence we can define 
a homomorphism p : (Ki)^! 0{9) by p{a) = a'. Since p is continuous and {F4)ei 
is connected (Proposition 2.7.3), the mapping p induces a homomorphism 

P : {F4)e, ^ 50(9). 

We shall show p is onto. Let 50(8) = {a' G SO{9) \ a'iE2 - E3) = E2 - E3}. The 

restriction p' oip : {F4)e^ 5*0(9) to Spin(8) = {a e {F4)e, \ a{E2-E-^) = E2-E3} 
coincides with the homomorphism p : Spin{9) 50(8) in Theorem f.16.2. In 
particular, p' : Spin{8) 50(8) is onto. Hence, from the following commutative 
diagram 



Spin{8) — > 


(Fa) El 


58 


ip' 


Ip 


i= 


50(8) — y 


50(9) 


5« 



we sec that p : (F4) Ei — > 50(9) is onto by the five lemma. Kerp = {1, a}, where a = 
(p(l,— 1,— 1) (which corresponds to a defined in the following Section 2.9). Indeed, 
let a G Kerp, then a satisfies aX = X for ah X e Jgi- From a{E2 — E3) = E2 — E3 
follows that a G Spin{8). Let a = (ai, 0:2, as) G Spin{8). Since aFi{x) = Fi{x), 
that is, Fi(aix) = Fi{x), so aix = x for all x G hence we have ai = 1. From the 
principle of triality, we have a = (1, 1, 1) = 1 or a = (1, —1, —1) = a. Hence we have 
Keip = {1, cr}, and so we have the isomorphism 

{F4)eJ{1,ct}^SO{9). 

Therefore (^4)^1 is isomorphic to the group Spin{9) as the universal covering group 
of 50(9). 
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Theorem 2.7.5. Spin{9)/Spin'{7) ~ S^^. 

where Spin' {7) = {a e SO{S,) \ {ax){ay) = a{xy),x,y G €for some a G SO{7)}. 

Proof. Let S^^ = {Y e ^23 I (Y, Y) = 2}. For a G Spin{9) and F e S'l^ we have 
aY e 5^'^. Hence Spin{9) acts on S^^. We shall show that this action is transitive. 
Let Yo e S^^. Choose any element A G Joi such that {A, A) = 2, 2A o Yq = -Yq. 
Using these A and Yq, construct Xj, Yi, Zi and a of Lemma 2.7.2, then a G Spin{9) 
and satisfies aF2(l) = Yq, which shows the transitivity. We determine the isotropy 
subgroup S'pm(9)/?2(i) of Spin{9) at -^2(1) G S^^. Let a G Spin{9) satisfies Q!F2(1) = 
F2{1). Applying a on F2{l)oF2{l) = E1+E3 wc have -F2(l)°^2(l) = Ei+aE^, so we 
get aEs — E3. Since a always satisfies a(i?2 +^^3) = i?2 + -E3, we have ai?2 = E2, and 
so a G Spin{8). Denote a = (ai, 02,0:3), then ^2(0:2(1)) = -^2(1) implies 02! = 1, 
so that 02 S SO{7). Hence a = (01,02,03) G Spin'{7). Conversely o G Spin{7) 
satisfies oJ^2(l) = -^2(1). Therefore Spin{9)p^(^i) = Spin'iJ) is proved. Thus we have 
the homeomorphism Spin(9) / Spin' (7) ~ S^^ . 

{Spin'iJ) and Spin{7) are conjugate in the group 0(7). Indeed, a mapping / : 
Spin' [7) Spin{7), 

f{a') = sa's~^, {ex = x,xg€) 
gives the conjugation. In particular, Spin' {7) = Spin{7)) 

2.8. Connectedness of 

We denote by (i^4)o the connected component of F4 containing the identity 1. 



Lemma 2.8.1. For a G we define a mapping /3i(a) : 3 — > 3 by l3i{a)X{^,x) 
Y{r],y), where 

( VI =^1 



V2 
V3 



6+6,6-6 „| I , {a,xi) . 

— r 1 — cos2|o| H j—j — sm2|a| 

^ ^ \Qj\ 

6 + 6 6 ~ 6 



yi = xi- 



2 2 

(6-6)a„. 



cos2 o — — sm2 a 



2\a\ 



. 2{a,xi)a .211 
sm2a r-TT. — sm a 



II ^3(1.,, 

yi = X2 cos \a\ — j— - sm \a\ 

\a\ 

2/3 = ^3 cos |a| + — sm \a\ 



{if a = 0, then ^IjiM means 1^, iften /3i(a) G (^4)0. 



0' 

Proof. For Ai(a) = | a | , we have Ai{a) G f4 (Proposition 2.3.6) and 
-a 
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Pi{a) = exp Ai(a). Hence /3i(a) e (-F4)o- 

Proposition 2.8.2. Any element X G Z can be transformed to a diagonal form 
by some element a G (.^4)0: 




aX = \ (2 , ^iGR. 



Moreover, ^1,^2,^3 a'^e uniquely determined {up to their permutation) independent of 

the choice o/a G (-^4)0- 

Proof. For a given X e 3, consider a space X — {aX \ a G (F4)o}. Since (-F4)o is 
compact (Theorem 2.2.5), X is also compact. Let +^2^ + ^3^ be the maximal value 
of all r]i^ + 7^2^ + 7?3^ for Y = Y{r], y) G X and let Xq = X{^, x) be an element of X 

which attains its maximal value. Then Xq is of diagonal form. Certainly, suppose Xq 
is not of diagonal form, for example, the 2x3 entry xi of Xq is non-zero: xi 7^ 0. Let 
aCt) = - — -t, t > 0, and construct Pi{a{t)) G (-^4)0 of Lemma 2.8.1. Since \a(t)\ = t 

and ^^f^)'^^^ = \xi\ for Y{'n{t),y{t)) = (3i{a{t))Xo € X, we have 
\a{t)\ 



r]i{t?+m{t?+m{tf 

2 

'6 +6 6-6 



6 +y — ^ 1 ^ — cos2t + |a;i| sm2tj 



cos2t — \x\ \ sin2f^ 



2 2 
'^^T^)' ^ ^(^^T^ ^ kil sin2t)' 

ei' + 2(^ii^)' + 2((^i^)' + |a:i|2) sin2(2f + fo) (for some t^ G R) 

'6-6 





2 


6 


+ 6 




2 


6 


+ 6 


2 



<6^ + 2(^)%2((^)%|..|^) 
= 6'+6' + 6' + 2|a;i|2 



which is the maximal value and attains at some t > 0. This contradicts the maximum 
of +6^ +6^- Hence xi = 0. X2 = x^ = can be similarly proved by constructing 
/?2(a), /33(a) e (-^4)0 analogous to /3i(a) of Lemma 2.8.1. Hence Xq is of diagonal form. 
We now give the proof of the latter half of the proposition. If X e 5 is transformed 

'6 

to a diagonal form aX = I ^2 I by a G (-^4)0, then 




tr(X) = tr(aX) (Lemma 2.2.1.(2)) = J2Li 6, 

{X,X) = {aX,aX) (Lemma 2.2.4) = Ei=l6^ 

tr(X, X, X) = tr(aX, aX, aX) (Lemma 2.2.4) = -=1 6^- 
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Hence, ^1^2, are uniquely determined (up to order) as the solutions of the following 
simultaneous equation: 



' a+6+6 = tr(X) 



The space CP2, called the Cayley projective plane, is defined as 

tP2^{X gZ\X^ = X, tr{X) = 1}. 

Theorem 2.8.3. Fi/Spin{Q) ~ <LP2. 

In particular, the group F4 is connected. 

Proof. For a G F4, and X G £P2, we have aX e CP2- Hence F4 acts on CP^- 

We shall prove that the group (^4)0 acts transitively on CP2. To prove this, it is 
sufficient to show that any element X G €P2 can be transformed to Ei € €P2 by 
some a € (P4)o- Now, X e CP2 C Z can be transformed to a diagonal form by 
a e (P4)o: 

/a 0\ 

aX = I ^2 , ^i€R 

(Proposition 2.8.2). Prom the condition X o X = X, we have aX o aX = aX, that 
is, 

'^1^ 

6' 
6' 

Hence = 6, so that 6 = 1 or ^ = 0, z = 1,2,3. Next, from tr(aX) = tr{X) = 1, 
we have ^ = 1, 6+1 = 6+2 = for some i, that is, — Ei. Moreover. E2, 
E3 are transformed to Ei respectively by (^4)0- Certainly, if we define a mapping 

/O 1 \ 

P : 2 ^ 2, PX = TXT-'^, where T = 1 e 50(3), then p e (P4)o and 

\o -1) 

PE2 = El. Hence PaX = E\. In the case aX = E^, the situation is similar to the 
above. Therefore the transitivity is proved. Since we have €P2 = (P4)o-E'i, £P2 is 
connected. Now, the group P4 acts transitively on CP2 and the isotropy subgroup 
of P4 at El € CP2 is Spin{9) (Theorem 2.7.4). Thus we have the homeomorphism 
F4/ Spin{9) ~ £P2. Finally, the connectedness of P4 follows from the connectedness 
of CPj and Spini9). 

2.9. Involution a and subgroup Spin{9) of P4 










)■(: 


a 









ay 
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Definition. We define an i?-linear transformation cr of 5 by 




Then a G F4 and cr^ = 1. Observe that this a is the same as a = (1,-1,-1) e 
Spin{8) C Spin{9) C F4 of Theorem 2.7.4. 

We shall study the following subgroup (^4)'^ of F4: 

{F^y = {a e F4 I era = aa}. 

For this end, we consider i?-vector subspaces and of 5, which are eigenspaces 
of (7, respectively by 



= {X eZ\c7X = x} = \\ ^2 XI \ ^ieR,xiec\ 

V 6 / 

= {X G2\EioX = 0}®£i (where = {^iJi \^eR}) 

= a(2,c:)eei, 





X3 


a;2\ 


(- 





: 


\X2 








Va;2 y 

= {X & Z\2EioX = X). 

Then, Z ~ Za ® Z-a and Zm Z-a arc invariant under the action of (-F4)'^. 
Theorem 2.9.1. (^4)"^ = {F4)ei = Spin{9). 

Proof. Wc shah show that for a € (F4)'' we have aEi = Ei. Let a e (F4)'". We 
first show that 

aE2,aE3GZi2,€). 

Certainly we have 

aE2 = a(-F2(l) X ^2(1)) = -aF2(l) x aF2(l) 

= -(F2(.T2) + ^3(2:3)) X (^2(2:2) + Fsixa)) (for some X2,X3 € £) 
= (X2,a;2)£;2 + {X3,X3)E3 - Fi{x^) G 5(2, €). 

Similarly aEs e 3(2, £). So aEi = a{E - E2 - E3) = E - aE2 - aEs is of the form 

aEi =Ei+ ^2^2 + + Fi{xi). 

Then we have 

1 = {El, El) = {aEi,aEi) = 1 + 6^ + 6^ + 2|a;l|^ 
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so that ^2=^3=2:1= 0, therefore aEi = Ei, that is, a G {F4)ei- Conversely 
let a G (^4)£;^, that is, a G -F4 satisfies aEi = Ei. Noting that d — Za- ® d-a and 
Za = {X e Z\Ei o X ^ 0} ® €1, Z-a = {X e Z\ '^Ei o X = X} are invariant under 
a, we have 

aaX = aa{Xi + X2) Xi eZa, X2 e Z-a 

= a{Xi — X2) = aXi — aX2 = a{aXi) + a{aX2) 
= aa{Xi + X2) = (TaX, X G 0- 

Thus CHJ = aa, and so a € (-Ki)'^- Therefore we have shown that (.^4)'^ = (-F4)bi — 
5^^71(9) (Theorem 2.7.4). 

2.10. Center z{F4) of F4 

Theorem 2.10.1. The center z{Fi) of the group F4 is trivial: 

Z{F4)={1}. 

Proof. Let a G z^Fi). From the commutativity with cr: aa = arr, wc have 
a G Spin{9) (Theorem 2.9.1) and so a G z{Spin{9)). Since the center z{Spin{9)) of 
Spin{9) is the group of order 2, we have 

a = 1 or a = a. 

However, a ^ ^(^i) (Theorem 2.9.1), which implies that a = 1. 

According to a general theory of compact Lie groups, it is known that the center 
of the simply connected simple Lie group of type F4 is trivial. Hence F4 has to be 
simply connected. Thus we have the following Theorem. 

Theorem 2.10.2. F4 — {a G Isoh(5) | a{XoY) = aXoaY} is a simply connected 
compact Lie group of type F4. 

Remark. If we know that the space £P2 is simply connected, the simply con- 
nectedness of the group F4 follows from F4/ Spin{9) ~ £P2 of Theorem 2.8.3. 

2.11. Involution 7 and subgroup {Sp{l) x S'p(3))/Z2 of F4 
We define an involutive fi-linear transformation 7 of ^ by 

(6 xz X2\ I 6 1x2, 7Xi\ 
X3 ^2 Xi = 7X^ ^2 7^1 ) • 
X2 xi ^3 / \'yx2 ^yxT ^3 / 

This 7 is the same as 7 G G2 C F4. 
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We shall study the following subgroup (F^)'^ of F4: 

(Fi)'^ = {a e F4 1 7a = 07}. 

Any element X S 3 is expressed by 

(6 a;3 / Ci TO3 / 0364 -0264 \ 

^3 6 a;i = m3 ^2 mi + -0364 0164 , 
X2 xi ^3/ \m2 nil ^3 J \ 01264 -0164 / 

where Xi = rrii + aie4 G H (B He^ = €. We associate such element X G Z with the 
element of 5(3, H) H^, 

Ci TO3 rn2 \ 

m3 ^2 mi + (01,02,03). 
m2 TOi ^3 / 

In 3(3, H)Q)H^ , wc define a multiplication x , an inner product ( , ) and an H-linear 
transformation 7 respectively by 

{M + a)x{N + b) = (mxN- ^{a*b + 6* a)) - ^{aN + hM), 
{M + a,N + b) = {M,N) + 2{a,b), 
7(M + a) = M-a. 

(In 5(3, H) the multiplication MxN and the inner product (M, A'') are analogously 

, 1 
defined as in 5, and in H the inner product (a, b) is defined naturally by 2 

b*a)). Since these operations correspond to their respective operations in 5, hereafter, 
we identify 5(3, H) © with 5, that is, 

5(3,i?)©i?3 =5. 

The group F4^ff is defined to be the automorphism group of the Jordan algebra 
5jf = 5(3, H) (in which multiplications o and x are analogously defined as in 5): 

Fi^H = {a e IsoH(5ff) I a{M o N) = aM o aN} 
= {a e IsoR(5ff) I a{M x N) = aM x aN}. 

Proposition 2.11.1. F4^h = S'p(3)/Z2, Z2 = {E,-E}. 
Proof. We define a mapping (fi : Sp{3) F^^h by 

ip{A)M = AM A*, M gZh- 

It is not diflacult to see that (fi is well-defined and is a homomorphism. We shall show 
that (fi is onto. For a given a G -Fk.jj, we consider aEi, i = 1,2, 3. Since aEi satisfies 
aEi o aEi = aEi and tv{aEi) = 1 (that is, aEi e HP2 = {M e 5jf | M o M = 
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M, tr(M) = 1} (the quaternion projective plane)), there exists Ai G Sp{3) such that 

(aii\ 
ai2 I be the i-th column vector of Ai, then we have 
aa ) 

(anHii aiiai2 anaa \ 
cii2Ciii Oi20i2 (ii2(ii3 I- Construct a matrix A = (01,02,03), then we 
flisSji (ii3,ai2 ajsOja / 

have 

aE, = AE,A*, i = 1.2.3. 

Since AA* = A{Ei +E2 + £"3) A* = aEi + aE2 + aEs =aE = E, we have A G Sp{3). 
If we let f} = (p{A)^^a, then (3 G -Ki^fj and satisfies 

PEi = Ei, i= 1,2,3. 

Analogously as in Theorem 2.7.1, /? induces orthogonal transformations /3i,/?2,/93 
: H ^ H satisfying 



(/3im)(/32n) = Paimn), m,ne H. (i) 

Put p = Pil and (7 = /32I, then we have \p\ = \q\ = 1. Letting m = 1 and n = 1 in 
(i), we have p{f32n) = (3sn and {l3im)q = psTn, and hence 



(32m = p{Pim)q, Psm = {(3im)q. 

Substitute C,m = p{Pim) in (i), then we see that ( satisfies 

{(m){(n) = ({mn), m,nGH, 

that is, C is an automorphism of H: ( G Aut(iJ ). Hence, C is expressed by (m = rrrif, 
using r € Sp{l) (Proposition 108 of Yokota [58]). Consequently 

j3im = prmr, p2'm = rmrq, (3^m = qrmrp, m € H. 
/qr 0\ 

Construct a matrix B = ( pr I , then B e Sp{3) and we have 

\ Or/ 

(3M = BMB*, M &2h, 

that is, /3 = ^{B). Hence 

a = ip{A)l3 = ip{A)ip{B) = ip{AB), AB G 5*^(3). 

Therefore Lp is onto. Ker Lp = {E,—E} can be easily obtained. Thus we have the 
isomorphism Sp{3)/ Z2 = F^^h- 

Theorem 2.11.2. (^4)^ ^ {Sp{l) x Sp{3))/Z2, Z2 = {(1, E), (-1, -E)}. 
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Proof. We define a mapping : Sp{l) x Sp{3) — > {Fi)^ by 

ip{p, A){M + a) = AM A* +paA\ M + o e ^fj i?^ = 5- 

We first show tiiat <p{p,A) G {FaV ■ For p G ^^^(l), A G Sp{3), M,N € ^Sh and 
a,b G H^, we have 

AM A* X ANA* = A{M x N)A* , 
ij)aA*)*{pbA*) = Aa*ppbA* = A(a*b)A*, 
{paA*){ANA*) = p{aN)A*, etc. 

Prom which, we see that ip{p, A) satisfies 

ipip,A){{M + a) X {N + b)) = ip{p,A)iM + a) x ip{p,A){N + b), 

hence (f{p,A) G F4. Clearly ^ip{p,A) = (f{p,A)j, so that (f{p,A) G (Fa)^. Certainly 
y is a homomorphism. We shall show that if is onto. Let a G (^^4)'*'. Since the 
restriction a' = a\ZH of <^ to 2h = € Z \ = X} belongs to F^^h, there exists 
A G Sp{3) such that 

aM = AMA*, MeZn 

(Proposition 2.11.1). Let (3 = ip{l,Ay^a, then = 1. Therefore f3 e 6*2. 

Certainly, since (3 G Spin{7), by letting /3 = (/3i, /?, we see that {j3\x){l3y) = 

(3{xy). Now let y = I, then we see /?i = (3. Since /3 G (G2)^ and /J|ff = 1, there 
exists p G ^^(l) such that 

/3(m + ae4) — m + {pa)e4, m + ae^ € H (B He^ = £, 

(Theorem 1.10.1). Hence we have 

P{M + a) = M + pa = ip{p, E){M + a), 

so that /3 = (p{p,E). Hence we have a = (f{l,A)P = (p{l,A)ip{p,E) = ip{p,A). 
Therefore (p is onto. Ker<^ = {{1,E),{—1,—E)} = Z2 can be easily obtained. Thus 
we have the isomorphism {Sp{l) x Sp{3))/Z2 = (^4)^. 

Remark. Since {Fa)^ is connected as fixed points subgroup of F4 by the involution 
7 of the simply connected Lie group F4, the fact that (p : Sp{l) x Sp{3) F4 is onto 
can be proved as follows. The elements 

Gij, < i < j < 3, 4 < i < j < 7, 
Ak{ej), 0< j<3,A; = l,2,3 

forms an H-basis of {f^)-^. So dim((f4)T) = 6x2 + 4x3 = 24 = 3 + 21 = dim(sp(l) 8 
sp(3)). Hence is onto. 
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2.12. Automorphism w of order 3 and subgroup {SU{3) x SU{3))/Z3 of 
We define an i?-linear transformation w of 3 by 

^1 iVXs uJx^ 
U)X2 CJXT ^3 

This w is the same as w G G2 C F4. 

We shall study the following subgroup (F4)'" of ^4: 

(F4)"' = {a G F4 I = aw}. 

We associate an clement 

£,1 X3 X2 \ 

X5 6 xi\ , ^iGR,Xi = ai + miGC®C^ = € 

, X2 Xi ^3 / 

of Z with the element 

Ci as a2\ 

as 6 «i + (mi,m2,ms 
,(12 ai / 

of 5(3, C) e M(3, C). In M(3, C), we define the exterior product M x N by 

(m2 X ns ms x m mi x n2 \ 
+ + + H 
n2 X m3 ns x mi n,i x m2 / 

where M = (mi, Tn2, 7713), TV = (ni,n2,n3) G M(3, C). Then, for P,A £ M(3, C) 
and M,N G M(3, C), we have 

PM X PN = *P{M X N), MAx NA = {M X N)% 

where P and A are the adjoint matrices of P and A, respectively. Further, in M(3, C), 
we define a real valued symmetric product (A/, N) by 

(M,7V) = itr(M*iV + 7V*M) = ^(TOij,ni,), 

where = (mij'j , TV = (^n^J G M(3, C). 

In 3(3, C) © M(3, C), we define the multiplication x , the inner product ( , ) and 
the i?-linear transformation w respectively by 

{X + M)x{Y + N) = {X xY - i(M*iV + N*M)) - ^{MY + NX + M x N), 
{X + M,Y + N) = {X,Y) + 2{M,N), 

1 V3 



w{X + M) = X + ujiM, (wi = -- + — ei). 
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(in 5(3, C), multiplications o and x are defined as in 5). Since these operations 
correspond to their respective operations in Z, we identify 3(3, C) © -M(3, C) with Z, 
that is, 

a(3, C) © M(3, C) = z. 

The group -F4,c is defined to be the automorphism group of the Jordan algebra 
ac=5(3,C): 

Fi,c = {a e Isor(3c) I "(^ o F) = aX o aY} 
= {ae IsoniZc) I Q!(X xY)=aXx aV}. 

The group Z2 = {1, e} acts on the group SU{3) by 

eA = A, AgSU{3), 

and the group SU{3) ■ Z2 be the semi-direct product of groups SU{3) and Z2 under 
this action. 

Proposition 2.12.1. ^4,0 = {SU{3)/Z3) ■ Z2, Z3 = {E,w-iE,u)i'^E}, cui = 
1 Vs 

Proof. We define a mapping ip : SU (3) • Z2 — > ^4,0 by 

ip{A,l)X = AXA*, ip{A,e)X = AXA*, XgZc- 

It is not difficult to see that ip is well-defined and that it is a homomorphism. The 
proof that ip is onto is the same as that of Proposition 2.11.1 (use C, SU{3), instead 
of H, Sp{3)), and we only need to modify a little the last part. Since C G Aut(C) can 
be either = 1 or <J = e (where ex = x,x G C), we have 

Pix = px, P2X = xq, Psx = qxp or Pix = px, P2X = xq, P3X = qxp. 

/qr 0\ 

Now, choose r G C such that = qp and construct a matrix B = I pr I . 

\ Or/ 

Then, B G SU{3) and we have 

/3X = BXB* or PX = BXB*, XeZc- 
The remaining proof is again analogous to that of Proposition 2.11.1. 

Theorem 2.12.2. (F4)"'' = {SU{3) x SU{3))/Z3, Z3 = {{E,E),{ujiE,uJiE), 
{uj^^E,u^^E)},uj, = -]^ + ^e^. 

Proof. We define a mapping ^ : SU{3) x S'C/(3) (^4)™ by 

(/?(P, A)(X + M) = AXA* + PMA*, X + M e 5(3, C) © M(3, C) = Z- 
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We first show that ip{P,A) e (F4)'". For P,A G SU{3) and X + M,Y + N e 
3(3, C) © M(3, C), we have 

^XA* X AY A* = A{X X Y)A*, 
{PMA*)*{PNA*) = AM*P*PNA = A{M*N)A, 
{PMA*){AY A*) = P{MY)A\ 

PMA* X PNA* = tp{M X Nyl* = PM x NA*, etc. 

Using them, we see that ifi{P, A) satisfies 

ip{P,A){{X + M) X {Y + N))=^{P,A){X + M) x ip{P, A){Y + N), 

hence 'f{P,A) e ^4- Clearly wLp{P,A) = Lp{P,A)w, so that ip{P,A) e (F4)"'. Cer- 
tainly </p is a homomorphism. We shall show that <fi is onto. Let a G (-F4)"'. Since the 
restriction a' = a\Zc of a to = € 5 | = X} belongs to F4^c, there exists 
A e Si/ (3) such that 

aX = AX A* or aX = AX A*, X e 

(Proposition 2.12.1). In the former case, let /3 = ip{E, A)~^a, then /3|3c = 1) and so 
/3 e G2. Moreover /3 e (G2)ei = (^2)"' = SU{3) (Theorem 1.9.4), and hence, there 
exists P e SU{3) such that 

f3{X + M)=X + PM = ip{P,E){X+M), X + Me3c®^(3,C) =5. 

Therefore we have 

a = ip{E, A)0 = ip{E, AMP, E) = ^{P, A). 

In the latter case, consider the mapping 71 : Z ^ Z given by 71 (X + M) = X + M, 
X + M gZ and remember that 71 G 62 C F4. Let (3 = a~^ip{E, A)^i. Then (3 G F4 
and (3\Zc = 1, which shows that p G (G2)ei = (02)'^ (Theorem 1.9.4) C (F4)"'. Since 
a,ip{E,A) G (Fa,)'^, we have 71 G (-F4)'", so that 71 G (62)^ which is a contradiction 
(Theorem 1.9.4). Consequently the proof of f is onto is completed. The fact that 
Kerip = {{E,E),{u)iE,u)iE), (wi^iJ, wi^E')} = Z3 can be easily obtained. Thus we 
have the isomorphism {SU{3) x SU{3))/Z3 ^ (^4)^". 

Remark 1. Since (^4)*" is connected as the fixed points subgroup of F4 by an 

automorphism of order 3 of the simply connected group F4 (Rasevskii [32]), that 
if : SU{3) X SU{3) —^ {Fi)^ is onto is proved as follows. The elements 

Goi, G23, G45, Gfij, G26 + G37, — G27 + G36, 
G24 + G35, — G25 + G34, G46 + G57, — G47 + G56, 
Ii(l), 12(1), ^3(1), Ai(ei), Mei), Mei) 
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forms an i?-basis of (14)"'. So dini(f4)"' = 10 + 6= 16 = 8 + 8 = dini(su(3) +su(3)). 

Hence Lp is onto. 

Remark 2. The group has a subgroup which is isomorphic to the group 
{SU{Z) X SU{^))/Z3) ■ Z2, which is the semi-direct product of the groups (5C/(3) x 
SU{2,))/Zz and Z2 (the action of Z^ = {1,71} on the group (S'C/(3) x SU{i)) is 
7i(P,A) = (P,:4)). 

2.13. Complex exceptional Lie group ^"4*^ 

Definition. The group F4*" is defined to be the automorphism group of the 
complex Jordan algebra 3*^: 

F/' = {a G IsociZ^) I a{X oY) = aX o oY} 

= {a G Isoc(a'^) I det {aX) = det X, [aX, aY) = {X, Y)} 
= {a G IsociZ^) I det (aX) = det X, aE = E} 
= {a G Isoc(a'^) I a{X xY) = aXx oY). 

We define a positive definite Hermitian inner product {X, Y) in 5*^ by 

{X,Y) = {tX,Y). 

For a G Home (5*"), we denote the complex conjugate transpose of a with respect to 

{X,Y) by a*: {a*X,Y) = 

Lemma 2.13.1. (1) For a G ^4*^, we have a* = ra'^r G F4'^. 

(2) For any a G F4, iis complexificated mapping a'-^ : J*^ belongs to F^^ : 

oP G ^4*^. Identifying a with a'-^ , we regard F4 as a subgroup 0/F4*": F4 c F4'". 
For a G Fi*^, we have a £ F4 if and only if ra = ar, that is, 

F4 = {a G F4'^ I Ta = ar}. 

Proof. (1) {a*X,Y) = {X,aY) = (rX,aF) = {a-WX,Y) = {Ta-WX,Y) for 
aU X,Y e 3*^. Hence a* = tq-^t G F4'^. 

(2) Let a G F4" satisfy ra = ar. Then, since raX = arX = aX, we have 
aX G 3 for X G 5- Hence a induces an i?-transformation a' of 3 and a' G F4, further 
we have a = (a')'^- 

Theorem 2.13.2. The polar decomposition of the Lie group F/^' is given by 

Fi^ ~ F4 x 

In particular, Fi"" is a simply connected complex Lie group of type F4. 
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Proof. Evidently F4 is an algebraic subgroup of IsocCa*^) = GL{27,C). If 
have 



a € Fi" , then a* € (Lemma 2.13.1.(1)). Hence from Chevalley's lemma, we 



^4*^ ~ (^4*^ n [/(a*^)) X il"^ = F4 X R^, 

where C/(5'^) = {a e ^00(5*^) | {aX.aY) = {X,Y)] and d = dimFi^ - dimF4 = 
2 X 52 — 52 = 52. Since F4 is simply connected (Theorem 2.10.2), F/^ is also simply 
connected. The Lie algebra of the group F4^ is f^*" , so that F4*" is a complex simple 
Lie group of type F4. 

2.14. Non-compact exceptional Lie groups ^^4(4) and i^4(_20) of type F4 
Consider the following two il-vector spaces 

5(3, €') = {X G M(3, £') I X* = X}, 
5(1,2,6:) = {X €M{3,q\hX*h=X}, 

where 7i = diag(— 1, 1, 1) e M(3, R). We define the Jordan multiplication X o F in 
5(3, €') and 5(1, 2, C) respectively by 

XoY = ^{XY + YX). 
Then we have the isomorphisms 

5(3, €') ^ {xe 5(3, (L^) I T7X = X} = (5(3, e:^)),^, 

5(1, 2, £) = {X e 5(3, C^) I TaX = X} = (5(3, C^)) 



as Jordan algebras, therefore we identify them, respectively. We denote by ^4(4) and 
^4(-20) respectively the automorphism groups of the Jordan algebras 5(3, €') and 5(1, 

^4(4) = {aGlsoR{Z{3X'))\a{XoY) = aXoaY}, 
^4(-20) = {a e Isor(5(1, 2, £)) | a(X o F) = aX o aF}. 
They can also be defined by 



i^4(4) = (^4^)"^ F4(-20) = (^4^; 



Tcr 



Theorem 2.14.1. The polar decompositions of the Lie groups -^4(4) and -F4(_20) 
are respectively given by 

F4(4) ^ {Sp{l) X 5p(3))/Z2 X 
i^4(-20) - Spin{9) X 
Proof. These are facts corresponding to Theorems 2.11.2 and 2.9.1. 

Theorem 2.14.2. The centers 21(^4(4)) and 2;(F4(_2o)) are trivial: 

2(F4(4)) = {1}, z(F4(-20)) ={!}• 
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Exceptional Lie group Eq 



3.1. Compact exceptional Lie group Eq 

Let 5^ be the complex exceptional Jordan algebra. 

Definition. We define the groups Eq^ and Eq respectively by 

Ee'^ = {a€ Isoci^'^) I det {aX) = detX} 

= {a e IsocC^*^) i oiY, OiZ) = {X, Y, Z)}, 
Ee = {aG Isoc(3'^) | det {aX) = det X, {aX, aY) = {X, Y)} 

= {a€ Isoc(a'^) I [aX, aY, aZ) = {X, Y, Z), {aX, aY) = (X, Y)} 
= {a G Isoc(a'^) \aXxaY = ^a-'^{X x F), {aX, oY) = {X, Y)} 
= {a e Isoc(5^) \aX-xaY = rariX x Y), {aX, aY) = {X, Y)}. 

If we define an involutive automorphism A of the group Eq'^ by 

A(a)=*a-S aeEe'^ 

(Lemma 2.2.3), then the definition of the group Eq can be also given by 

Ee = {aG Eq^ I T\{a)T = a] = {Eq^Y^. 

Theorem 3.1.1. Eq is a compact Lie group. 

Proof. Eq is a compact Lie group as a closed subgroup of the unitary group 
C/(27) = = {a e Isoc(a^) I {aX,aY) = {X,Y)}. 

3.2. Lie algebra ee of Eq 

Before investigating the Lie algebra ee of the group E^,, we will study the Lie 
algebra ee^ of the group E'e'^- 

Theorem 3.2.1. (1) The Lie algebra z^p of the Lie group E^^ is given by 

ee^ = G Homc(a^) | (<^X, X, X) = 0}. 
(2) Any element <p G te^ is uniquely expressed by 

(1> = S + T, SeU^,Tedo^. 
In particular, the dimension of Ce*^ is 

dimc(e6'^) = 52 + 26 = 78. 
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Proof. (1) is proved as similar way to Lemma 2.3.1. 

(2) For (/) e ca^, by letting T = (t>E, wc obtain T € 3"^, and tr(T) = 0. Certainly 
tr(T) = {T,E,E) = {(j)E,E,E) = 0. If we put (5 = </> - f, then 5 e Cg"^. Moreover 
5 ^ because 5E = (pE - TE = T - T = 0. Hence we have (j) = 5 + f. To prove 
the uniqueness of the expression, it is sufficient to show that 

S + f = 0, SeU^\TedQ^ implies S = 0,T = 0. 

Certainly, let apply it on E, then we have T = 0, so that 5 = 0. Finally, we have 
dimc(e6'^) = 52 + 26 = 78 from the expression above. Therefore the theorem is 
proved. 

Theorem 3.2.2. The Lie bracket [</>!, 02] in ee*" is given by 

[Si + Ti, §2 + T2] = {[6US2] + [Ti, fs]) + {5^2 - S^i), 

where (pi = 6i + 5i e U'^ , e Z(f . 

Proof. It is sufficient to show that [6, f]=5f ion 5 £ ^^'^ , T e ^o*^- Now, 

[5, f]X = 6{ToX)-To6X = 6ToX + ToSX -To5X 
= 6T0X = dfx, X G 3'^. 

We shall investigate the Lie algebra ee of the Lie group Eq. 

Lemma 3.2.3. For(j) = S + f e te^, 6 G 14*^, T e ^o*^, we have 

A(0) = -V = -*(<5 + f) = 6-f. 

In particular. —*cf) G eg*^. 

Proof. Y) = -{X, (j>Y) = -{X. SY + TY) = -{X, 6Y) -{X,To Y) 

= {5X, Y) - (fx, Y) = ((<5 - f)X, Y) X,Y e 3^. 
Therefore -^(p = 6-fG zq^ . 

Theorem 3.2.4. (1) The Lie algebra ee of the Lie group Eq is given by 

eg = {</. e Homc(a^) | {<t>X, X, X) = 0, {<t>X, Y) + {X, 4>Y) = 0}. 

(2) Any element G eg is uniquely expressed by 

(f> = 5 + if, Jef4,Te5o- 
Proof. (1) The proof is evident (cf. Lemma 2.3.1). 

(2) For G eg*^, the condition G eg is equivalent to tA(0)t = (f). Now, if is 
of the form (/) = S + ¥',S € ,T' G Zo^ (Theorem 3.2.1.(2)), then tA(0)t = is 



69 



tSt -tT' = S + T' (Lemma 3.2.3), that is, tSt = 5 and tT' = -T'. Hence 5 € U, 
and T' is of the form T' = iT,T e^o- 

Proposition 3.2.5. The complexification of the Lie algebra tQ is t^p . 

Proof. For e Cg'^, the conjugate transposed mapping </>* of (p with respect to 
the inner product {X,Y) oi Z'^ is (}>* = t*4>t <E eg'^, and for (f> G , (f) belongs to ee 
if and only if tp* = —(f>. Now, any clement € eg*^ can be uniquely expressed as 

+ « — TT- — > — ^ — > — TT- — see- 



2 2i ' 2 ' 2i 

Hence te^ is the complexification of ee- 

3.3. Simplicity of tg^ 

Theorem 3.3.1. The Lie algebra ee*^ is simple and so ee is also simple. 
Proof. We use the decomposition of Zq^ of Theorem 3.2.1.(2): 

Let p : Cf, f4 and q : Ce be projections of ee = f4 ® 3o • Now, let a be 

a non-zero ideal of eg*^. Then p(o) is an ideal of . Indeed, if (5 G ^'(ci), then there 
exists T e Jo*^ such that (5 + T e o. For any (5i e ]/p ^ we have 

a 9 (5 + T] = (5] + ^iT (Theorem 3.2.2), 



hence [^i , 5] e a. 

We shall show that either ]^<r\a ^ {0} or Ha 7^ {0}. Assume that ]^<r\ix = {0} 
~ c p ~ c 

and 5o na = {0}. Then the mapping p|a : a ^ f4 is injective because 3o na = {0}. 

Since p(a) is a non-zero ideal of and is simple, we have p(o) = . Hence 

dime a = dim(7p(a) = dimcf4*" = 52. On the other hand, since ]^ fl = {0}, 

~ c ~ c 

g|a : — > 5o is ^■Iso injective, we have dime a < dimc^o = dimc^g = 26. This 

leads to a contradiction. 

We now consider the following two cases. 

(1) Case f4*^ n a ^ {0}. From the simplicity of , we have fl a = , hence 
a D . On the other hand, we have 

a D [a, ee*^] D [f4'^,3o ] = 14*^50*^ (Lemma 3.2.2) = (Proposition 2.4.6.(2)). 

Consequently D f4*^ ®Zo = ee*^- 

(2) Case n a 7^ {0}. Let A {A G Zo ) be a non-zero element of 5o H C 0. 
Choose B e ^o*^ such that [A,B] (Lemma 2.5.4), then 7^ [A,B] e f^*^ n 0. 
Hence this case is reduced to the case (1). 
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Therefore we have a = t%'~' . 

Proposition 3.3.2. (1) is a simple Jordan algebra. 

(2) is an z^p -irreducible C -module. 

(3) ee^Cr^ = {Y. "^'^^ I ^ ^6^' e 5^} = 5"^. 

i 

Proof. (1) Let a be a non-zero ideal of 3*^ and X = X(^,a;) a non-zero element 
of 0. 

(1) Case 7^ 0. Prom ^1^1 = {2X o Ei - X) o Ei e a, we have Ei e 0. 

Next, from F2{1) = 2Ei o ^2(1) & a and £^1 + Eg = F2(l) o F2(l) € a, we have 
E3 = {El + E3) - El e a. Similarly E2 G a, so that = + + e a. Now, 
for any X e J*^, X = o X G a, and so a = In the case 7^ or ^3 ^ 0, the 
statement is also valid. 

(ii) Case ^1=^2=^3 = 0, xi 7^ 0. We have Fi{xi) = 4{X o E2) o £3 e 0. Choose 
ael^ such that {xi,a) = 1, then Fi(xi) o Fi{a) = {xi,a){E2 + -B3) = -B2 + -B3 S 0. 
Hence this case is reduced to the case (i) and so a = -3*" . 

(2) Let be a non-zero ee '^-invariant C-submodule of Z'" ■ For any ^ e 3*" and 
X G W, we have 

AoX={A- ^tv{A)E^ ^ X + itr(A)X e W. 

Hence, is an ideal of ■ Prom the simplicity of J*" ((1) above), we have W = Z'~' ■ 

(3) ^6*^5'^ is an ee '^-invariant C-submodule of J*^. Hence from the irreducibility 
oiZ'^ ((2) above), we have Z(fz'^ = Z'^ ■ 

3.4. Element AV B oi tfp 

Definition. Por A,B€ Z'^' , we define an element ^ V S G eg*^ by 
AvB=[A,B]-h(^AoB-^{A, B)E^ ^ 
(Proposition 2.4.1, Theorem 3.2.1). 

Lemma 3.4.1. For A,Bg Z^ , we have 

{A\/B)X = ^{B,X)A+^{A,B)X -2B X {AxX), X e 5"^. 

Proof. Consider Hamilton-Cayley formula X o {X x X) = (detX)i!;, X G Z'^ , 
that is, 

Xo{XoX)- ti{X)X oX + lr{ti{Xf - {X, X))X = hx, X, X)E. 
If we put \A -\- iiB -\- vX in place of X, then taking the coefficient of \\iv, we have 
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Ao {B o X) + B o {X o A) + X o {Ao B) - tr(A)B oX- tT{B)A o X 
-tv{X)A oB + ^{tT{A)tv{B)X + tr(B)tr(X)A + tr(X)tr(yl)B) 

B)X + {B, X)A + {X, A)B) = {A, B, X)E. 
Therefore, using the above, we have 

Ub, X)A + \(A, B)X ~2Bx{AxX) + \{A, B)X 

= ^(B, X)A + B)X - 2S o (A X X) + iv{B)A xX + tr(A x X)B 

-(tr(B)tr(A xX)-{B,Ax X))E 
= X)A + B)X - 2S o (A o X) + tr(A)B o X + tv{X)B o A 

-tv{A)tv{X)B + {A, X)B + tr(B)yl o X - ^tv{B)tv{A)X 

-'^iv{B)tv{X)A+h,^{B)t^{A)tv{X)E-^tr{B){A,X)E 

+ ^(tr(A)tr(X) - - itr(S)(tr(A)tr(X) - (A, X))^ + (A -B, 

= tv{A)B oX + tv{B)X oA + tv{X)A o B 
-^{tv{A)tv{B)X +tv{B)tT{X)A + tT{A)tT{X)B) 

+1{{A, B)X + (S, X)A + (A, X)B) + (A, B, -2Bo{AoX) 
= Ao [B o X) + B o {Ao X) + X o {Ao B) - 2B o {Ao X) 
= Ao {B o X) - B o {Ao X) + {Ao B) o X 
= [A, B]X + {Ao B)~X. 

Lemma 3.4.2. (1) E^ \/ E^ = 0, i j. 

(2) EiV El = -{2Ei — E2 — -Es)^, more explicitly, we have 
o 

(^1 X3 X2\ ^ 1 4^1 2:3 X2 \ 

X2 Xi ^3 J \ X2 -2X1 -2^3 / 

For (j) G Homc(3'^), we often denote —*4> by 

((/.'x,r) = -(x,(/.F), x,Fea^. 

Lemma 3.4.3. (1) For (j> € ee*^, we ftaz^e 

X y) = X y + X X x,yea'^. 

(2) For A, B e ^J*^, we /lawe 

{AVB)' = -BvA. 
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Proof. (1) it is evident from Lemma 2.3.1. 

(2) [A ysy ={[A,B] + {AoB-^- {A, B)Ey)' = [A,B]-{AoB-^ [A, B)e) ^ 
(Lemma i.2.i) = -[B,A]- {Ao B -^{A,B)eY = -B\f A. 

Lemma 3.4.4. (1) For 4> G ce*^ and A,Bg 3*^, we have 

[(j),AV B] = (I)AV B + AV (f)'B. 
(2) Any element 4> S z^P is expressed by (j} = ^^(^i V Bi), Ai, Bi e ■ 

i 

Proof. (1) [0, A V B]X = (t>{A V B)X -{Ay B)<j)X 

= (f>{^{B, X)A + ^{A, B)X -2Bx{Ax X)^ - {Ay B)(j)X (Lemma 3.4.1) 

= ]^{B,X)(j)A+'^ {A, B)(j)X - 2(j)'B x {Ax X) - 2B x {(j)Ax X) 

-2Bx {Ax(PX)--{B,4>X)A--{A,B)(PX + 2Bx {Ax(j)X) (Lemma 3.4.3) 
2 6 

= -{B,X)(j)A+- {(PA, B)X -2Bx {4, A x X) 

+^(<^'B, X)A + ^{A, (j)'B)X - 2<i)'B x{AxX) 
= {<j)Ay B)X + {Ay (l)'B)X, X&Z°- 
(2) We can see from (1) that a = | ^(^i V Bi) \ Ai, Bi e is an ideal of te^ . 

i 

Prom the simphcity of (Theorem 3.3.1) we have a = t^-" . 
3.5. Killing form of 

Definition. We define a symmetric inner product (^1,^2)6 in by 

(01,02)6 = (^1,<52)4 + {Ti,T2), 

where (t>i = 5i+ 5i G , Ti G Zo^ . 

Lemma 3.5.1. (1) The inner product (0i,02)6 of iq^ is t^p -adjoint invariant: 

{[(j), 02)6 + (01, [0, 02])6 = 0, 0, 0i e tQ-' . 

(2) For G tQ^ , A,B G 5*^, we have 

{<i>,Ay B)e = {<pA,B). 
Proof. (1) For = 5 + f , 0i = + fi, 5, 5i G , T, Ti G ^o*^, we have 

([0, 0l],02)6 

= {[6 + T,5i+T,],S2 + f2)e 
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= {{[5, Si] + [T, Ti]) + {STi - SiT), 62 + T2)6 (Theorem 3.2.2) 

= {[5, 61], 62)4 + ([f , fi], <52)4 + {STi ~ SiT, T2) 

= -{5i, [5,52])i + (<52T,ri) + ((5Ti,T2) ~ {5iT,T2) (Lemma 2.5.2) 

= -((5i, [(5, 62])i - {5iT,T2) - {Ti,ST2) + (Ti.^aT) 

= -(Ji + fi, [6, S2] + [f, Ta]) + {ST2~ 5^))6 

= -((5l+fi,[(5 + f,(52+T2])6 

= -{<i>l, [(l): </'2])6- 

(2) For = (5 + f , (5 e f4^, T G Jq^, we have 

(<^,AVB)6 = {5 + f,[A,B] + {AoB-'^{A,B)Ey)^ 

= {5,[A,B\)4+{t,AoB-'^{A,B)e) 

= {5 A, B) + [TA, B) = {{5 + f)A, B) = {<j)A, B). 

Lemma 3.5.2. In Zq^ , we have 



[(Ei-Ei+i)-,£»]=0, 



[{Ei - Ei+i)~, {Ej - Ej+i)'^] = 0, 



[{Ei - Ei+i)-,Ai{a)] = -^Fi{a), [{Ei - Ei+i)- , Fi{a)] = -^Ai{a), 

[{Ei - Ei+i)-,Ai+i{a)] = ~Fi+i{a), [{Ei - Ei+i)- , Fi+i{a)] = -^Ii+i(a), 
[{Ei - Ei+i)'-,Ai+2{a)] = Fi+2{a), [{Ei - Ei+i)- , Fi+2{a)] = Ii+2(a). 

Theorem 3.5.3. The Killing form Bq of the Lie algebra ee*" is given by 

B6{(Pl,(j)2) = 12(<^l,(^2)6 

= 12(5i,52)4 + 12(Ti,T2) 
= ^B46uS2) + 12{Ti,T2) 

= 4tT{(l)i(f)2), 

where (j)i = 6i+Ti, Si G f^"", Ti gZo^ '^f^d B4 is the Killing form off^^. 

Proof. Since Ce'" is simple (Theorem 3.3.1), there exist k,k' G C such that 

B(,{(j)\,(j)2) = k{(j)i,(j)2)% = k'tv{(f)l(t)2)- 

To determine these k,k', let = (f)i = <p2 = {E\ — £'2)'". Then we have 

((/., (/.)6 = ((Si - E2r, {El - E2rh = (El - E2, El - E2) = 2. 
On the other hand, (ad^)^ is calculated as follows. 

[(l),[(t>,Mei)]]= [(t>,-\Fi{ei)\ = ^^i(ei), 
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[<f>,[<t>,A2{ei)]]= [</,,-i^^2(e,)] = ^A2{ei), 
[</., [cl>,Mei)]] = [(l>,F3{ei)] = A^iei), 



1 



[0,[0,Fi(ei)]] = 0,--Ai(e,) =-Fi(e,), 



2 



1 



4 



Hence 



[(/.,[0,F2(e,)]] = [0,-1^2(6,)] = \F2{ei), 

[(/., [0,F3(e.)]]-[0,i3(ei)]=i?3(ei), 
the others = 0. 



B(i{<j), (j)) ^ tr((ad0)2) = Q X 4 + 1 X 2 ) X 8 = 24. 



Therefore k = 12. Next, we will calculate tr((/)(/)) as follows. 

<f>^E2 = -cPE2 = E2, Hhiei) = ^<j>F2{ei) = ^^ici), 
#i;3 = <^0 = 0, (j>^F3{e,) = ^0 = 0. 

Hence 



tr{(j)(l)) = 1x2+^x8x2 = 6. 



Therefore k' = 4. 



Lemma 3.5.4. The followings hold in tQ^ . 

(1) Ay {Ax A) ^0, AeZ^, 

^ V (B X C) + B V (C X A) + C V X B) = 0, A,B,C 

(2) For A e 0'^, A 7^ 0, there exists B G 3*^ such that Ay B ^Q. 

Proof. (1) (0, {Ax A)y A)q = {(t){A x A), A) (Lemma 3.5.1.(2)) 

= 2{(t)'A X A, A) (Lemma 3.4.3.(1)) = 2{<P'A, A x A) = -2{A, (t){A x A)) 

= -2(0, {AxA)yA)e. 
Hence (0, {A x A) y A)e = for all (j) e ee*^, so that {A x A) y A = 0, that is, 
A V (A X A) = (Lemma 3.4.3.(2)). If we put XA + ij.B + uC in the place of A, then 
the result follows from the coefficient of A/xz/. 

(2) Assume that Ay B = 0, that is B V A = (Lemma 3.4.3.(2)) for all B € ■ 
Thenfor any (/)€ ee*^, = ((/),BVA)6 = ((/)B,A) (Lemma 3.5.1.(2)). Since Cg'^S'^ = 
(Proposition 3.3.2.(3)), we have (3'^, A) = 0, so that A = 0. 

3.6. Roots of ee^ 

Let 

SOf = {X e M(3, £) I all diagonal elements of X are real}, 
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and let be its complexification. In {9Jf)^, we define a multiplication X oY 

by 

XoY = ^{XY + Y*X*), 

where X* = *X. For 5 ~ ((5i, 82, 5^) G ti^^ satisfying the principle of triality {5ix)y + 
x{S2y) = S3{xy), x,y & we define a C-hnear mapping 6 : (W)*-^ {dJT)'-^ by 



Ci 2^12 2:13 \ / <53a;i2 S2X13' 
S I X21 6 a;23 = S3X21 Jia;23 
,2:31 a;32 6 / \(52a;3i 

Observe that this mapping S is an extension of S : ^ ■ 

Lemma 3.6.1. For S £ 04*", we have 

5{XoY)=6XoY + Xo6Y, X,Y€{mi''f. 

Proof. We use the following notations: 

0'23 = ^1, (^31=^2, CTi2 = i53, 
0-32 = kSi, CTis = K62, (T21 = kSs- 

The {i, i)-element of SX oY + Y o SY (note that this is contained in C) is equal to 

^iJ2k=lii'^ik Xik)yki + Vki {(^ik Xik ) ) + J2l=liXzk{<^kiyki) + {o-kiyki)Xik)) 
= ^R{J2kii'^ikXik)yki + Xik{cTkiyki))) 
= '^J2kii^ikXik,yki) + {Xik,(Tkiyki)) 
= ^T,kii^ik^-(^ikyki) + {Xik,CJikyki)) = 0- 

The (j, j)-element of 5X oY + Y o 5Y [i ^ j) is equal to 

Yl.l=iii^ikXik)ykj +yki{crjkXjk)) + Yfk=i(xik(o-k3ykj) + (Wiyki)xjk) 



= J2ki('^ikXik)yk] + yik{(TkjXkj)) + X]fe {{(^]kXjk)yki + Xjk{okiyki)) 
(If i, J, k are all distinct, from the principle of triality, we obtain 

{<yikXik)ykj + Xik{(Tkjykj) = cnjixikykj)- 

Even ]i i = k ^ j or i ^ k = j, considering the fact that an = 0, we see that the 
formula above is also valid, since xu G C) 



= Efe (^aixikykj) + Efe (^jiixjkyki) 

= Efe (^ij{xikykj) + J2k ^aixjkyki) = (i,i)-element of 6{X o Y). 
For T e M(3, C"^), we define a C-linear mapping f : ^S*^ ^ by 

fx = ^{TX + XT*), where T* = *T. 
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Proposition 3.6.2. For T e M(3, C*^), tr(r) = 0, we have T e zq^ . 

Proof. We decompose T = Ti + T2, Ti = — ^ — > ^2 = — 2 — ' "^^^^ ^ ^^"^ 
(Lemma 2.4.1.(1)) and e \^ (Proposition 2.3.6) C Zff . Therefore f = fi + e 

Lemma 3.6.3. (1) For 5 e t)4*^ and R G {DJV)'^, tr{R) = 0, we have 

[S, R] = SR. 

(2) i^or H e M(3, C), tr(H) = and T e M(3, C*^), tr(r) = 0, we have 

[H,f] = ^[H,Tr. 

Proof. (1) {6R)X = SRo X = S{Ro X) - RoSX (Lemma 3.6.1) = 5{RX) - 

R{SX) = [d,R]X, X e 0^- Hence, dR = [6,R]. 
(2) [H, f]X = HTX - THX 

= ^{H{TX + XT*) - f{HX + XH*)) 

= ^{HTX + XT*H* + iJXT* + TXH* - THX - XH*T* - TXH* - HXT*) 
(since H e M(3,C), products of matrices above are associative) 
= ^{[H,T]X + X[H,T]*) = l[H,TrX, X e . 

Theorem 3.6.4. The rank of the Lie algebra teP is 6. The roots of ee*^ relative 
to some Cartan subalgebra are given by 

±{Xk-Xi), ±(Afc + A;), 0<fc</<3, 

±Afc±i(^2-M3), 0<fc<3, 



±i( 

2 


— Ao — Ai 


+ A2 - A3) ± i(/i3 


- Ml), 


±1( 
2 


Ao + Ai 


+ A2 - A3) ± ^(/i3 


-Ml), 


±i( 
2 


-Ao + Ai 


+ A2 + A3)± i(M3 


- Ml), 


±1( 
2 


Ao — Ai 


+ A2 + A3)±i(/X3 


- Ml), 


±i( 
2 


Ao — Ai 


+ A2 - A3) ± ^(mi 


-M2), 


1 

±2' 


-Ao + Ai 


+ A2 - A3) ± ^(/Lti 


-M2), 


±i( 
2 


Ao + Ai 


+ A2 + A3)±i(Ml 


- M2), 


4' 


— Ao — Ai 


+ A2 + A3)± i(/xi 


-M2), 
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with Ml + /U2 + Ms = 0. 

Proof. We use the decomposition of Theorem 3.3.1.(2): 



c 



Let 



i) = {h = hs + H €t6^ 



hs — "^^XkHk = — ^^AfczG'fc4+fc, Afc G C 



fe=o 

3 



k=0 



H = ^fj.jEj,ij.j e C, Ml + /i2 + Ms = 

3=1 



then [) is an abclian subalgebra of ee*^ (it wiU be a Cartan subalgebra of ee*^). That 
t) is abelian is clear from 

[hs,hs'] = 0, 

[hs, H'] = h^' (Lemma 3.6.3.(1)) =0 = 0, 
[H,H'] = ^[H,H']~ (Lemma 3.6.3.(2)) = 0. 

I The roots ±Afe ± A; of 04*"(c C zq") are also roots of tQ^ . Indeed, let a 
be a root of 04'^ and S e di"" C t^,^ be an associated root vector. Then 

[h, S] = [hs + H,S]^ [hs, S] - [S, H] 

= a{hs)S-SH (Lemma 3.6.3.(1)) 
= a{hs)S = (±Afe ± Xi)S. 



Hence ±Afe ± Aj are roots of Cg*^. 

II We denote aEki G M{3,€^) by Fki{a): Fki{a) = aEki,a G €^,k 
'0 0^ 

a I . Then, we have 



example, ^23(0) 



For 



0, 



[h,F23{a)] = [hs,F23{a)] + [H,F23{a)] 



{hsF23{a)r + ^[H, F23(a)]~ (Lemma 3.6.3) 

F23ihsa) + ^[H,F23ia)r 



(Afc + ^(M2-M3))-F23(a), 



where a = ek + ie^+k (since hsa = hs{ek + ici+k) = X.k{ek + ie^+k) = Xka, and 
[H,F23{a)\ = HF23{a} - F23{a}H = (m2 - M3)-F23(a)). Hence Afe + -(m2 - Ms) is a 
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root of ee*^ and -F23(e/c + ie4+k) is its root vector. Similarly — Afe + ^(/U2 — A*3) is a 
root of and -^23(6^ — ie^+k) is its root vector. Again, from 

[h,F32{a)] = (-Afe + i(/U3-/Z2))F32(a), a = Ck + ie4+k, 

we see that — + ^(Ms — /i2) is a root of Ce^. Similarly Afc + ^(M3 ~ M2) is a root of 
ee*^ and -^32(6)1: — ie4+k) is its root vector. Next, using the relation 

[/i,F3i(a)] = {hsFsiia))- + ^[^,^31 (a)] = hiii'^hs)a) + ^(/X3 - Mi)^3i(a), 
[h,Fi2{a)] = {hsFi2{a))'- + ^ [fl", -F12 (a)] = Fi2{{Knhs)a) + ^(^1 - ^2)^12(0), 
where 

'^hs = ^(-Ao-Ai + A2-A3)i?o + ^(Ao + Ai + A2-A3)i?i 
+ ^(-Ao + Ai + A2 + A3)i?2 + ^(Ao - Ai + A2 + A3)ff3, 
KTThs = ^(-Ao + Ai - A2 + X3)Ho + i(-Ao + Ai + A2 - A3)iJi 
+ ^(Ao + Ai + A2 + A3)i?2 + ^(-Ao - Ai + A2 + A3)i?3 
etc., we can obtain the remainders of roots. 

Theorem 3.6.5. In the root system of Theorem. 3.6.4, 

ai = Ao-Ai, Q!2 = Ai - A2, a3 = A2 - A3, 
a4 = A3 + i(/i2 - Ais), 

Q!5 = ^(-Ao - Ai - A2 + A3) + ^{H3- Ml), 
"6 = ^(Ao + Ai + A2 + A3) + ^(/ii - 112) 

is a fundamental root system of the Lie algebra ee*^ and 

/i = ai + 2a2 + 30:3 + 2ai + + 

is the highest root. The Dynkin diagram and the extended Dynkin diagram of ee*^ are 
respectively given by 

1 2 3 2 1 
O O Q O O O O C? O O 



ai Q!2 



Q!3 as ae Oii a2 



a3 0:5 ae 



O ai 26 0:4 
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Proof. In the following, the notatfon nin2 ■ ■ - ne denotes the root niai + n20i2 + 
• • • + neag. Now, all positive roots of eg*" are represented by 



Ao - 


Ai = 1 Ao + Ai 




1 


2 


2 


1 


1 


Ao- 


A2 = 1 1 Ao + A2 


— 


1 


1 


2 


1 


1 


Ao- 


A3 = 1 1 1 Ao + A3 




1 


1 


1 


1 


1 




\„ — n 1 n n n n x, -1- x„ 

A2 — U ± U U U U Ax A2 




n 
u 


1 
± 





1 

± 


1 
± 


Ai- 


A3 = 1 1 Ai + A3 


= 





1 


1 


1 


1 


A2- 


A3 = 1 A2 + A3 










1 


1 


1 




Ao + ^(m2 - Ma) = 1 1 1 


1 
















Ai + 2(^2-/^3) = 011 


1 
















1 

A2 + -(/U2-M3) = 001 


1 
















1 

A3 +2(^2 -Ms) = 000 


1 
















Ao - - Ma) = 1 1 1 





1 


1 










Ai--(/X2-M3) = 011 





1 


1 










I 

A2--(M2-M3) = 001 





1 


1 










1 

A3 - 2(^2 -Ms) = 000 





1 


1 








1 

2 


-Ao - Ai + A2 - A3) + ^(m3 - Ml) = 








1 





1 





i 

2 


Ao + Ai + A2 - A3) + -(m3 - Ml) = 


1 


2 


3 


1 


2 


1 


\ 
2 


X 

-Ao + Ai + A2 + A3) + -(m3 - Ml) = 





1 


2 


1 


2 


1 


\ 

2 


I 

Ao - Ai + A2 + A3) + -{1J.3 - Hi) = 


1 


1 


2 


1 


2 


1 


1 
2 


Ao + Ai - A2 + A3) + ^(ms - Ml) = 


1 


2 


2 


1 


2 


1 


1 

2 


'-Ao - Ai - A2 + A3) + ^(m3 - Ml) = 














1 





1 
2 


Ao - Ai - A2 - A3) + i(/x3 - Hi) = 


1 


1 


1 





1 





1 
2 


'-Ao + Ai - A2 - A3) + ^(m3 - Ml) = 





1 


1 





1 





1 

2 


Ao - Ai + A2 - A3) - ^(mi - M2) = 


1 


1 


2 


1 


1 





1 
2 


Ao - Ai - A2 + A3) - - 112) = 


1 


1 


1 


1 


1 





1 
2 


[ Ao + Ai + A2 + A3) + i(Mi - M2) = 

















1 
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Ao + Ai — A2 — A3) — 




-/"2) 


= 1 


2 


2 


1 


1 





— Ao + Ai — A2 + A3) — 




- M2) 


= 


1 


1 


1 


1 





— Ao + Ai + A2 — A3) — 


2(^1 


- IJ'2) 


= 


1 


2 


1 


1 





Ao + Ai + A2 + A3) - 


^(m 


- IJ-2) 


= 1 


2 


3 


2 


2 


1 


— Ao — Ai + A2 + A3) — 


^(m 


-M2) 


= 





1 


1 


1 


0. 



Hence 11 = {ai, 0:2, • • • , ct%) is a fundamental root system of ee^- The real part f)jj 
of ^ is 

3 ^ 
f)R = I X^Aftiffc + {^^HjEj^ I Afe,/Xj- G i2, /xi + /Z2 + Ma = o|. 



fc=0 j=l 



The Killing form Bq of ee on f)jj is given by 



B&{h, h') = 12(2^AfcAfe' + ^/XjM/) 
;c=0 j=l 

3 3^3 ^ 

for /i = ^XkHk + {^^HjE,^ , h' = ^Xk'Hk + (^Mi'^^j) e fjj^. Indeed, 



/s=0 j=l 

from Theorem 3.5.3, we have 



k=0 



Be{h,h') = -B4(^Y.XkHk,Y,^k'Hk) +12(^^2 f'kEk^Y.f'j'^j) 



k=0 



k=Q 



-18^ AfeAfe' + uJ^l^jlJ'j' (Theorem 2.6.2) 



k=0 
3 



i=l 



12(2^AfeAfc' + ^/ijAt/). 



fe=0 



Now, the canonical elements e [jjj corresponding to ai {BQ{Ha, H) = a{H), H G 
f)^) are determined as follows. 

— {Hq-Hi), Ha^ = —{" 
1 



ai - -^{Ho - Hi), Ha^ = —{Hi - H2), Has = —{H2 - H3), 



Ha, = -{H, + {E2-E,r), 
Ha, = ^{{-Ho -H1-H2 + Hs) + 2{Es - EiD, 

Hce = j^HHo + H1+H2 + H^) + 2{Ei - E^r)- 



Therefore, we have 



(ai,ai) = Be{Ha„Ha,) = 24^^2 = 1, 
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and the other inner produets are similarly calculated. Hence, the inner product 
induced by the Killing form Bq between ai, a2, • " " ) and —jj, are given by 

{ai,ai) = ^, i = 1,2,3,4,5,6, 

(ai,a2) = (a2,a3) = ("a, 0:4) = (asi^s) = (05,^6) = 
(ai,aj) = 0, otherwise, 

(-M,-m) = Y^, (-Ai,Q^4) = {-n,at)^Q, 2 = 1,2,3,5,6, 
using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 

According to Borel-Siebenthal theory, the Lie algebra Ce has three subalgebras as 
maximal subalgebras with the maximal rank 6. 

(1) The first one is a subalgebra of type T (B D5 which is obtained as the fixed 
points of an involution a of ee- 

(2) The second one is a subalgebra of type Ci ® A5 which is obtained as the fixed 
points of an involution 7 of ee- 

(3) The third one is a subalgebra of type ^2 © ^2 © ^2 which is obtained as the 
fixed points of an automorphism w of order 3 of eg. 

The Lie algebra eg has furthermore two outer involutions r, T7. The subalgebra 
obtained as the fixed points of r is type F4 and the subalgebra obtained as the fixed 
points of T7 is type C4. 

These subalgebras will be realized as subgroups of the group Eq in Theorems 
3.10.7, 3.11.4, 3.13.5, 3.7.1 and 3.12.2, respectively. 

3.7. Involution r and subgroup F4 of Eq 

We shall study the following subgroup {EaY of Eq: 

{EqY = {a e Eelra = ar} 

= {aGEel X{a) = a} = {Eq)^. 

li a G Eq satisfies ra = ar, then (aX, aY) = {raX, aY) = {arX, aY) = {tX, Y) = 
{X,Y) and vice versa. Further, for a G Eq, the conditions {aX,aY) = {X,Y) and 
aE = E are equivalent (Lemma 2.2.4). Hence {EqY can be also defined by 

{EqY = {aeEel {aX, aY) = {X, Y),X,Y € Z^'} 
= {aeEQ\aE = E} = {Eq)e. 

Theorem 3.7.1. {EqY = {Eq)e = F4. 

(Prom now on, we identify these groups). 
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Proof. We shall show {EaY 9i F4. Let a e {EeY. Then, for X e 3 we have 
raX = arX = aX, so that aX E -3. Hence a induces an i2-linear transformation of 
3. Therefore, the restriction of a to 3^ belongs to the group 

F4 = {a e Isoh(3) I det(aX) = dctX, {aX, aY) = {X, Y)} 
= {a€ Isoh(3) I a{X x Y) = aX x aY}. 



Conversely, for a G F4, its complexification : Z ^ Z , a {Xi + 1X2) — aXi + 
iaX2 belongs to (-Ee)^- Therefore the correspondence F4 9 a ^ a*-^ g {EeY gives an 
isomorphism between F4 and (EqY. 

3.8. Connectedness of Eq 

We denote by (£^6)0 the connected component of Ee containing the identity 1. 
Lemma 3.8.1. (1) For t & R, if we define a mapping ai2(i) : 3*^ — > 5^ by 



a;3 X2 

, X2 Xi ^3 




e'*/%2 



X3 

-it/2T, 



Xl 



e-'-i-X2 e -"i-xx 6 
then a 12(1) G {Eq)o- Similarly we can define ai3(t), a23(0 ^ (-^6)0- 

(2) For a G €, if we define a mapping ai(a) : Z'^ —* Z'^ by ai{a)X{^, x) = Y{ri, y), 
where 



V2 



^6 

6-6 



,6 + 6 I I , .(a,a:i) . 
H — cos a + I — — — sm a 



% = - 



6-6,6 + 6 I I , ■('^'^i) • I I 

— 1 — cos a + 1 . . sm \a\. 



\a\ 

2(a, Xi)a 



sm 



^ . (6+6)a . I I 

yi^xi+t — sm|a| 

2\a\ \a\^ 2 

\a\ , -x^ . \a\ 
y2 = X2 cos — + 1-— sm — 
2 \a\ 2 

\a\ .0X2 . \a\ 
ys = X3 cos — + 1-— sm — 
2 \a\ 2 

(j'f a = 0, t/ien ^^j^ means ij, then ai{a) e (-B6)o- 

Proof. (1) For Ei - E2 € Zo, we have i{Ei - E2)~ G Ce (Theorem 3.2.4.(2)) and 
ai2{t) = ex.pit{Ei - E2)'^ . Hence ai2(t) G (£^6)o- 

(2) For Fi{a) G 5o, we have iFi(a) G ee (Theorem 3.2.4.(2)) and ai(a) = 
expiFi(a). Hence ai(a) G (-E'6)o- 

Proposition 3.8.2. ^ny element X &Z^ can he transformed to a diagonal form 
by some element a G {Ee)o: 
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aX = \ ^2 I , ^iGC. 

Moreover, we can choose a G {Eq)o so that two 0/^1,^2,^3 d^e non-negative real 
numbers. 




Proof. (Hereafter, we use the notation |^| instead of a/^(t^) for ^ e -R*" = C). 
For a given X e 3*", consider a space X = {aX \ a G {Ee)^}. Since (£^6)0 is compact 
(Theorem 3.1.1), X is also compact. Let + |^2p + |^3|^ be the maximal value of 
all + |7?2p + |%|^ for Y = Y{j],y) € X and let Xq = X{i,x) be an element of 
X which attains its maximal value. Then X{) is of diagonal form. Certainly, suppose 
that Xq is not of diagonal form, for example, the 2x3 entry xi of Xq is non-zero: 

Q ^ x\ = p + iq, p,q e 

It is sufficient to prove in the case that ^2,^8 are real numbers (otherwise we can 
apply some Q;i2(ii) and ai3(f2) of Lemma 3.8.1.(1)). 

(1) Case q ^ 0. Let a{t) = y-^t, t > and construct ai{a{t)) G {Eq)o of 

Lemma 3.8.1.(2). Since \a(t)\ = t and i ^^^^^'^^"^ — _ \„\ ^jigj-e v = (t-:,p\, 
for Y{ri{t),y{t)) = ai{a{t))XQ e X, we have 



\m{t)\' + \mit)\' + \v3itW 



= 1? 



6-6 , 6+6 



2 2 



cost — |g| sint + iusuit 



2 



+ 



6 , 6 + 6 



cost — \q\ sint + wsint 



2 



= |2 + 2 (^^) ' + 2 cos t - |9| sin i) ' + sin^ t 

= l6P + 2(^)%2((^)V|#)sin^(t + to)+2.^sin^t 
< |6P + l6P + l6P + 2|gp + 2i^2^os2to (for some to e R) 

which is the maximal value and attains at some t > 0. This contradicts the maximum 

of I6P + I6P + I6I'- Hence (7 = 0. 

P 

(2) Case p ^ 0. Let a{t) = —^t, t > and construct Pi{a{t)) e F4 c {Eq)o of 

Lemma 2.8.1. For Y{r]{t),y{t)) = (3i{a{t))Xo G X, the maximal value of |?7i(t)p + 
|^2(i)P + h3(i)|^ is 16 P + I6P + I6P + 2|p|^ (the calculation is the same as Propo- 
sition 2.8.2) which contradicts the maximum of |6P + 16 P + 16 P- Hence p = 0. 
Consequently, we have xi = 0. X2 = = can be similarly proved constructing 
a2{a), a3{a) G (.^6)0 analogous to ai(a) of Lemma 3.8.1.(2). Hence Xq is of diagonal 
form. 
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The space EIV, called the symmetric space of type EIV, is defined by 

EIV = {X e 5*^ I detX = 1, {X, X) = 3}. 

Theorem 3.8.3. Ee/F4 ~ EIV. 

In particular, Eq is connected. 

Proof. For a € Eq and X G EIV, we have aX G EIV. Hence Eq acts on EIV. 
We shall prove that the group (£^6)0 acts transitively on EIV. To prove this, it is 
sufficient to show that any element X e EIV can be transformed to E G EIV by 
some a G (-B6)o- Now, X G EIV C 5*^ can be transformed to a diagonal form by 
a G {Ee)o- 

(ii 0\ 

ax= 6 , ae(7,6>o,6>o 

(Proposition 3.8.2). From the condition X G EIV, we have 

= det (aX) = det X = 1, (hence 6 > 0, i = 1, 2, 3), 
6' + 6' + 6' = {aX, oY) = {X, Y) = 3. 

This implies that 6=6=6 = 1- Certainly, from < (6-6)^ = 6^+6^-266 = 

„ ^2 2 6' -36+2 (6 - l)'(Ci + 2) ^ „ , ^ 1 Q- -1 1 
3 — 6 — 7^ = = — ^ < 0) we have 6 = 1- Similarly 

6 6 6 

6 = 6 = 1 are obtained. Hence aX = E, which shows the transitivity of (-B6)o- 

Since wo have EIV = {Eq)oE, EIV is connected. Now, the group Eg acts transitively 
on EIV and the isotropy subgroup of Eq at E £ EIV is _F4 (Theorem 3.7.1). Thus 
we have the homeomorphism Eq/F^ ~ EIV . Finally, the connectedness of Eq follows 
from the connectedness of EIV and F4. 

3.9. Center z{Eq) of Eg 

Theorem 3.9.1. The center z{Eq) of the group Eq is isomorphic to the cyclic 
group of order 3: 

1 /3 

z{E^) = {l,ul,uH}, uj = -- + ^i€C. 

Proof. Let a G z{E(i). From the commutativity with /S E F4 C Eq, we have 
l3aE = a(3E = aE. Let denote aE = Y = Y{r], y) G 3*^, then we have 

pY = Y, for aU (3 G F4. 

We choose p G F4 such that 

PX = TXT-\ X G Z'^, 
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/I \ /-I \ /O l\ 

where T = -1 0,0 1 and 1 G SO{3). Then we 

VO -1/ \ 1/ \0 1 0/ 

have 2/1=2/2=2/3 = and rji = r)2 = m (= '^)) that is, 

ai; = F = wE, w e C, 

and u}^ = det(a£^) = detE = 1. Since it is easy to verify that col G z{Ee), we 
have u}"^a G z{Eq) and a;~-^a_E = E, and so a;~-^a S z(-f4) (Theorem 3.7.1). Since 
z{F4) — {1} (Theorem 2.10.1), we have ui~^a = 1, that is, a = ivl. This completes 
the proof. 

According to the general theory of compact Lie groups, it is known that the center 
of the simply connected compact simple Lie group of type Eq is the cyclic group of 
order 3. Hence the group Eq has to be simply connected. Thus we have the following 
theorem. 

Theorem 3.9.2. Eg = {a e Isoc(5'^) | det (aX) = detX, {aX, aY) = {X, Y)} is 
a simply connected compact Lie group of type E% . 

3.10. Involution a and subgroup {U{1) x Spin{\0))/Zi of Eq 

Let the C-linear mapping a : ^ he the complexification of a G F4 of 
Section 2.9. Then a e -Be and ct^ = 1. 

We shall study the following subgroup {EqY of Eq: 

[EqY ^ {a E(i\aa = aa}. 

To this end, we consider the C-subspaces {Z'~^)cr and (5'")-o- of 5*", which are the 
eigenspaces of a: 

(5^)a = {X e I aX = X} 

= {X G I 4£;i X [Ex x X) = X} © d^, 
(a^)-a = {X G kX - -X} 

= {X G 5^ I £;i X X = 0, (-El, X) = 0}, 

where iSi'^ = {S^Ei | ^ G C}. Then = (which is the complexification 

of 3 = 3ct ffi in Section 2.9), and (3'")cr, {Z'")-a are invariant under the action of 

Lemma 3.10.1. For a G {EqY , there exists ^ G C such that 

aEi=iEu (rOe^l. 
Proof. By the analogous proof to that of Theorem 2.9.1, we see that 

aE.2, aE3€Z{2,(t'^). 
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Indeed, we have 

aE2 = a{-F2{l) x F2(l)) = -TaTF2{l) x rarFsCl) 

= -{F2{X2) + Fsixa)) X (^2(0:2) + ^3(3:3)) (for some a;2,a;3 e C"^) 
= (a;2, 2:2)^2 + {X3,X3)E3 - Fi{x^) e 5(2,(2:^). 

Next, we shall show 

aE, ^a(2,e:^). 

Suppose that aEi e 3(2, Then ai; = aiJi + aE2 + aE^ e 3(2, C*-^), so we can 
put aE = ^2-^2 + ^3^3 + Fi{xi), 6,6 e C, a;i e CT^. Hence 

+ C3^^3 + Fi{xi) =aE = a{E x E) = rarE x rarE 

= t{^2E2 + ^3E3 + Fi{xi)) X r(6-B2 + ^3E3 + Fi{xi)) 
= {t^2T^3 - {tXi,TXi))E-i. 

This implies that ^2 = ^3 = xi = 0. Hence aE = 0, which is a contradiction. 
Therefore aEi is of the form 

aEi = ^Ei + 6^2 + 6^3 + Fi{xi), ^^0. 

From aEi x aEi = TaT{Ei x Ei) = 0, we have 

= {^Ei + ^2E2 + ^3E3 + Fi{xi)) X {^Ei + 6-B2 + ^3E3 + F^{xi)) 

= (66 - {xuXi))Ei + C^3E2 + ^6^3 - Wxi)- 
This implies that 6 = 6 = 2:1 = and so 

aEi=^Eu ^^0. 

Finally, from 

1 = {EuE^) = {aE,,aE^) = {^E,,^E,) = {rmEuE,) = (r^C, 
we have (r^)^ = 1. 

In order to investigate the group {E^y , we consider the following subgroup {Eq)ei 
oiEe: 

{Eq)e^ = {a e £^6 I aEi = Ex}. 

Lemma 3.10.2. {Eq)ei is a subgroup ofiEe)": {Ee)Ei C (Ee)" . 

Proof. Since (3^)^ = {X € d'^' \4Ei x {Ei x X) = X} ® and (3^)-^ = 
{X e 5*^ I -El X X = 0, {El, X) = 0}, these spaces are seen to be invariant under the 
action of {Eq)ei- Hence for a G {Eq)ei, we have aa = aa (the proof is the same as 
that of Theorem 2.9.1). Thus we have a € (-Be)'"- 
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We define a 10 dimensional i?- vector space V^^ by 

V^° = {X€Z'^'\2EixX = -tX} = \ io C X ^gC,xg€\. 

Proposition 3.10.3. {Ee)EjSpin{9) ~ S^. 

In particular, the group {Eq)ei is connected. 

Proof. = {X e I {X,X) = 2} is a 9 dimensional sphere. For a G (£;6)i3i 
and X G S^, we have aX e S^. Indeed, 

2Ei xaX = 2aEi x aX = 2TaT{Ei x X) = TaT{-TX) = -T{aX), 
{aX,aX) = {X,X)=2. 

Hence the group {Eq)ei acts on S^. We shall prove that the action is transitive. To 
prove this, it is sufficient to show that any element X G can be transformed to 
i{E2 + E^) £ by some a G {Ee)Ei- Now, for a given X G S^, we can choose a23(to) 
of Lemma 3.8.1.(1) such that 

a23ito)X eS^ = {XeV^\ {X,X) = 2} 

where = {X G V'^^ \ tX = X). (Note that Q!23(to) e (i^e)^! because a2i{to)Ei = 
El). Since the group Spin{9) = {F4)ei C {Eq)ei acts transitively on (Proposition 
2.7.3), there exists (3 G Spin{9) such that 

pa23{to)X = E2-E3eS^. 

By applying 0:23(77/2) G {Eq)ei of Lemma 3.8.1.(1), we get 

Q;23(7r/2)/3a23(to)^ = i{E2 + E3). 

This shows the transitivity. The isotropy subgroup of {Eq)ei at i{E2 + i^a) G S'-^ is 
Spin{9). Indeed, if a G (-Be)^! satisfies a{i{E2+E3)) = i{E2 + E3), then aE = aEi + 
a{E2 + E3) = E-1 + {E2 + E3) = E, so that a G F4 and hence a G (^4)^1 = Spin{9). 
Conversely a G Spin{9) satisfies a{i{E2 + E^j) = i(E2 + £^3). Thus we have the 
homeomorphism {Eq)ei/ Spin{9) ~ S^. 

Theorem 3.10.4. {E6)E^ = Spin{W). 

(From now on, we identify these groups). 

Proof. Analogously to Theorem 2.7.4, we can define a homomorphism 

p : {Ee)E, ^ 50(10) = 50(^1°) 

by p{a) = a|y^°. The restriction p' oi p : (i?6)£;i S'O(IO) to (-F4)_Ei coincides 
with the homomorphism p' : Spin{9) — > 50(9) of Theorem 2.7.4. In particular, 
p' : Spin{9) — > 50(9) is onto. Hence, from the following commutative diagram 
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Spin(9) 




59 


ip' 


IP 


i= 


SO{9) 


— > 50(10) 





we see that p : {Eq)ei 5*0(10) is onto by the five lemma. We also have Kerp = 
{1, a}. Indeed, a G Kerp leaves E2 — E3 and i{E2 + E3) invariant, so that aEi = Ei 
for i ~ 1,2, 3. Hence we have a G Spin{8) and so a e Kerp'. Therefore a = 1 or cr 
by Theorem 2.7.4. Hence we have the isomorphism 

(£;6)b,/{1,c7}^ 50(10). 

Therefore the group {Ee)Ei is isomorphic to the group 5pm(10) as the universal 
covering group of 50(10). 

For 6 € C, 6 ^ 0, we define a O-linear mapping (f>{0) : — > 3^ by 

/a ^3 2^2 \ fe% 9X3 9X2 \ 

m \x3 6 ^1 = ^"'6 . 

\X2 XI 6/ \0x2 9-^xi ^-2^3/ 
Theorem 3.10.5. The group Eq contains a subgroup 

U{1) = {ai2(t)ai3(i) = e^vit{2E^ - E2 - Es^ \t e R} 

= {<i>{e) \eGC, {T6)e = i} 

{where ai2{t) , ctisit) are mappings defined in Lemma 3.8.1) which is isomorphic to 
the usual unitary group U{1) = {9 £ C \ {t9)9 = 1}. 

Note that U{1) is a subgroup of [E^Y . Prom now on, we identify these two groups 
U{1). 

Lemma 3.10.6. Two subgroups U{1) and Spin{10) of {E^y are elementwise 
commutative. 

Proof. We consider the decomposition CJ'^ = (Si*^ 5(2, {^'^)-a, where 

<^i^ = {^Ei \^eC}, 3(2, €f = {X G I AEi X (Si X X) = X}, 
(a^)_<, = {X e 5^ I Si X X = 0, (iJi, X) = 0}. 

The restrictions of (j)(9) E U{1) to these spaces are all constant mappings: 

m\^i'' = o% m\^{^,'^f =o-\ <^(0)i(a^)_. = ^i. 

On the other hand, (3 G Spin{10) also induces O-linear transformations of these 
spaces. Prom this, the commutativity of (j){9) and f3: (l){9)(3 = P(j>{9) follows. 

Theorem 3.10.7. {EqY ^ (Z7(l) x 5pm(10))/Z4, Z4, = {(1, 0(1)), (-1, 0(-l)), 
{i,^{-i)),{-i,(f>m. 
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Proof. We define a mapping : U{1) x Spin{10) — > {Eq)"' by 

Since (p{6) e U{1) and /3 G S'pin(lO) are commutative (Lemma 3.10.6), we see tliat (p 
is a homomorphism. We shall show that <p is onto. For a G {Eey , there exists 9 G C, 
{t6)6 = 1 satisfying 

aEi = 0^Ei = (t){0)Ei 

(Lemma 3.10.1). Let (3 = 4>{9)-^a, then (3Ei = Ei, so /? G Spin{lO) (Theorem 
3.10.4). Hence, we have a = 4>{0)f3 = ip{0,(3) and therefore cp is onto. It is easily seen 
that 

Keicp = {{0, <t>{0)~^) \0gC,0^ = l} = {{0, (p{0-^)) \0 = ±1, ±i} = Z4. 
Thus we have the isomorphism (C/(l) x 5pm(10))/Z4 ^ {Eey. 

3.11. Involution 7 and subgroup (5p(l) x SU{6))/Z2 of Ee 

Let the C-linear mapping 7 : 3'" — * 5*" be the complexification of 7 G G2 C F4. 
Then j & Eq and 7^ = 1. 

We shall study the following subgroup {Eq)^ of Eg: 
(Ee)^ = {q G Eg I 7a = a'j}. 
As in Section 2.11, we use the decomposition 

which is the complexification of the decomposition ^ — 3(3, H) © . As usual we 
denote 5(3, H) and {A G 3(3, if) | tr(A) = 0} by Zh and {Zh)o, respectively. 

We consider the embedding C = {x + yei \x,y G R} C £ and, for an element 
a = x + yei G C, we denote by a' the element x + yi G C. Now, we define an ii-linear 
mapping k : H ^ M(2, C) by 

fc(a + 662) = ^ ^, ^ , a, 6 G C. 

The mapping is naturally extended to il-linear mappings 

k:M{3,H)^M{6,C) and k : ^ M{2,6,C). 
We adopt the following notations. 



J 

J = I J I G M(6,C), J = 
J 



1 
-1 
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and M* = *M, M e M(3, H). Then the following four properties hold. 

(1) k{MN) = k{M)k{N), 

M,N e M{3,H),ae H'''. 



(2) T*(fc(M)) = k{M%, _ 



(3) J(fe(M)) = (T(fc(M)))J, 

(4) k{aM) = k{a)k{M), 

The il-linear mappings k : M(3, iJ) M(6, C) and k : ^ M(2, 6, C) are ex- 
tended to C-linear mappings k : M(3, H)'^ M(6, C) and A; : (i?^)^ ^ M(2, 6, C) 
respectively by 

k{Mi + iM2) = k{Mx) + ifc(M2), Ml, Ma e M(3, iJ), 
fc(ai+ia2) = fc(ai) + ifc(a2), 01,026 iJ^. 

It is not difficult to see that they satisfy the four properties (1) ~ (4) above. 
We define a (7- vector space 6(6, C) by 

e(6, C) = {S& M(6, C)\*S= -S] 
and a C-linear mapping kj : 3(3, i?)*^ S(6, C) by 

kj{M) = k{M)J. 

Then kj is well-defined. Indeed, for M = Mi -|- iM2 e 5(3, -H')'^, we have 

\kj{M)) = \{k{M))J) = -j\k{M)) = ~J*(fc(Mi) +^fc(M2)) 

= -(r *(fc(Mi)) + iT\k{M2)))J = -{k{Mi*) + ik{M2*))J 
= -{k{Mi) + ik{M2))J = -{k{M))J = -kj{M). 

Finally, we define Hermitian inner products (5*, T) in 6(6, C) and (F, Q) in M(2, 6, 
C) respectively by 

(5,T) = tr((T*5)r), (P,g) = tr((T*P)Q). 

Lemma 3.11.1. (1) k : M{2,,H)^ M{6,C), k : {H^f M(2,6,C) and 
kj : 3(3, J?)*^ 6(6, C) are C-linear isomorphisms. 

(2) {kj{M),kj{N)) =2{M,N), M,NeSi3,Hf, 
{k{a),k{b)) = 2{a,b), a,b & {H^)'=' . 

(3) det(fcj(M)) = (detM)2, M e 5(3, H)*^ . 

Proof. (1) The mapping k is injective. Indeed, if 

A:((a + 662) + i{c + ^62)) = 0, a, b,c,dG C, 

then 

a' V Y C d'\_^ 

-Tb' ra' j V -rd' re' j ~ 
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Prom which, we have a' = b' 



= d' = and so a = b = c = d = 0. Now. A; is a 



C-linear isomorphism, because dimc{M(3, H)'-^) = 36 = dimc(M(6, C)). The other 
mapping can be treated analogously. 

(2) For TOfe = Ofc + 6^62 and Uk — Ck + dke2, ak, bk, Ck,dk € C,k = 1, 2, we have, 
after some calculations, 

{k{mi + mi), k{m2 + in2)) = 2{mi + ini, TO2 + ^2). 

(3) Note that det(fcj(M)) = det(fc(M)) and detM G C. Since we know that detS' 
of a skew-symmetric matrix S is expressed in terms of the square of a polynomial 
with entries Sij in S, we can easily see that 



det 



= (S12S34S56 - S12S35S46 + S12S36S45 - S13S24S56 + S13S25S46 - S13S26S45 

+S14S23S56 - 514525536 + 514526535 - 5i5S23546 + 515524536 - 515S26535 
+516523545 - 516524535 + 516525534)^. 

Now, since kj{M) is skew-symmetric, using the above result, we have 








512 


513 


514 


515 


516 \ 




-Sl2 





523 


524 


525 


526 




-Sl3 


-523 





534 


535 


536 




-514 


-524 


-534 





545 


546 


v 


-Sl5 


-525 


-535 


-545 





556 

/ 


-Sl6 


-526 


-536 


-546 


-556 



/ 





6 


-713 


7773 


n2 


r(7772) \ 


-a 





-T(7n3) 


-t(713) 


-7712 


t(772) 






T{mz) 





6 


-Til 


7771 




-ms 


T(n3) 


-6 





-r(777i) 


-r(77i) 


V 


-n2 


m2 


ni 


r(777i) 







-r(m2) 


-r(n2) 


— 7711 


t(71i) 


-6 


/ 



det(A;7(M)) = det 



= (666 - 6"l'r("l) - 6™lT(77ii) - 7i3T(7t3)6 - 7l377l2r(ni) - 713t(772)t(777i ) 

-m3r(m3)6 + mzm2m\ - m3r(n2)ni - n2T(r7i3)T(ni) - n2T(n3)7ni - n2T(n2)6 
+r(m2)r(m3)T(r7ii) - T(77i2)T(n3)ni - T(7n2)m26)^- 

On the other hand, we have 

(6 7713 + 71362 r(m2 +71262)' 

r(7773 + 77362) 6 mi + nie2 

7772 + 77262 r(777i + 77162) 6 
= 666 + {"mi + nie2)(77l2 + 7l262)(7773 + 77362) 



+t((771i +nie2)(77l2 +7l2e2)(TO3 +71362)) - ^6(™i + nie2)T{mi +77^62) 
= the contents of in the parenthesis above. 



i=l 



We now consider a group Eq^h defined by replacing £ by i? in the definition of 
the group Eq: 
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Ee,H = {a e IsocHZh) ) \ det(aM) = detM, {aM,aN) = {M,N)}. 
Lemma 3.11.2. Eq^h is a connected group of dimension 35. 
Proof. As in the case Eq, the group Eq^h contains a subgroup 
F4,H = {ae Eq^h I ceE = E}, 

which is also defined by 

FiM = {ae Isofi(3ff) I a(M o N) = aM o aN} 

(sec Lemma 2.2 A). Moreover, it is isomorphic to the group Sp{3)/Z2 (Proposition 
2.11.1). The Lie algebra Cg.ff of the group Eq^h is given by 

t6,H = {0 e Bomcii^Hf) I (0M, M, M) = 0, {(j)M, N) + (M, cj)N) = 0} 

= {<5 + if |5ef4,«,Te (3ff)o}, 
(see Theorem 3.2.1), so that 

ee.jf = f4,ff ®«(5jf)o- 

Where ^^ jj — {5 ^ Zq^h \ 5E = 0} is the Lie algebra of the group F^^h and is 
isomorphic to the Lie algebra sp(3) by the mapping <p* : sp(3) — > f 4 jj given by 

(C)M = CM + MC* = [C, M] , M e Zh 

(Proposition 2.11.1) and we see that dimee.jj = 21 + 15 = 35. As in Theorem 3.8.3, 
we have a homeomorphism 

Ee,H/F4,H ^ EIVh = {Xg {ZHf \ detM = 1, (M, M) = 3} 

and so we see that the group Eq^h is connected. 

Proposition 3.11.3. E6,h = SU{Q)/Z2, Z2 = {E, -E). 

Proof. Let SU{Q) = {A & M{Q,C)\{t* A)A = E,detA = 1} and define a 
mapping (fi : SU (6) — > Eq^h by 

^{A)M = kj-\A{kj{M)) 'A), M e iZHf- 

We first have to prove that ip{A) e Eq^h- Indeed, we have (det(i^(A)M))^ = 
det{kj{<fi{A) M)) (Lemma 3.11.1) = det{A{kj{M)f A) = det{kj{M)) = {detMf 
(Lemma 3.11.1), and so det(<^(^)M) = ±detM. On the other hand, since Eg tj is 
connected (Lemma 3.11.2), the sign of det(i^(A)M) is constant, that is, independent 
of A (assuming that detM ^ 0). Therefore 

det((p(yl)M) =detM. 
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Next, again we have 

2{ip{A)M,ip{A)N) = {kj{(p{A)M),kj{(p{A)N)) (Lemma 3.11.1) 
= {A{kj{M))*A,A{kj{N))'^A) = {kj{M),kj{N)) (because ^ e SU{Q)) 

= 2{M,N), 

so <f{A) e Eq^h- Consequently the mapping f : SU{6) Eq^h is well-defined. 
Evidently is a homomorphism. That Keicp = {E, —E} = Z2 can be easily obtained. 
Since the group Eq^h is connected and dimSU{6) = 35 = dim Eq^h (Lemma 3.11.2), 
if is onto. Thus we have the isomorphism SU{6)/Z2 = Eq^h- 

Theorem 3.11.4. {Eq)^ ^ {Sp{l) x SU{6))/Z2, Z2 = {(1, E), (-1, -E)}. 
Proof. We define a mapping ip : Sp{l) x SU{6) (E^)^ by 

<p{p,A){M + a) = kj-\A{kj{M)yA) +pak-^T*A), 

M + ae (Sff)^ e {H^f = a^. 

We first need to prove that (fi{p, A) e {Eq)'^. 

Claim 1. = tV>{p,A)t. 

Proof, we have 

2{T*ip{p,A)T{M + a),N + b) M + a,N + bGd^ 
= 2{M + a, ip{p,A){N + b)) 

= 2{M + a,kj-\A{kj{N))*A) +pbk-^{T*A)) 
= 2{M, kj-\AikjiN)) *A)) + 4(a,pbfc-i(r *A)) 
= (fcjM, A{kj{N)) *A) + 2{k{pa), {kb)T ^A) 
= {T'Aikj{M))TA, fcj(iV)) + 2{k{pa)A, kb) 
= 2{kj-\T*A{kj{M))TA),N) +4:{pak-\A),b) 
= 2{kj-\T*A{kj{M))TA+pak-\A)), N + b) 
= 2{ip{p,T'A){M + a),N + b), 

and so we have T*ip{p, A)t = ip{p,T*A), which implies that *^ip{p, A)~^ = Tip{p, A)t. 

Claim 2. ip{p, A) G {Ee)^ . 

Proof. We will first show that a = ip{p, A) satisfies 

aX xaY = *a-^{X xY), X,Yg^'^. 

Recall the equality 

{M + a)x{N + b) = (MxN- ^{a*b + 6* a)) - ^{aN + bM). 

The equality aM x aN = *a~^ (M x A'') is evident from det(aM) = detM (Proposition 
3.11.3). Now, using the equalities 

kj-\M) = -k-\MJ) = -k-^{J{TM)), Tk-\M) = -k'^JUJ), 
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we have 



{aa)*{ab) = {pak-\T*A))*{pbk-\T*A)) 

= k-\A)a*bk-\T*A), 
TaT{a*b) = T{kj-'^{A{kjT{a*b)yA)) 

= -Tk-\jT{A{k{T{a*b)))J*A)) 

= -Tk-^{JT{AJTk{a*bYA)) 

= -Tk-\jTAJk{a*b)T*A) 

= -k-\ATk{a*b)J*AJ) =k-^{A)a*bk-^{T*A), 
{aa){aN) = {pak-^iT*A))kj-\A{kj{N))'A) 

= ■~pak-^{T'A)k'\A{k{N))j'AJ) 

= -paNk-^{J*AJ) = paNrk-^ir^A), 
TariaN) = T{pT{aN)k~^{T*A))^paNTk-\T^A). 



We have therefore shown that ip{p,A) £ Eq, Clearly, ^(fi{p,A) = (^{pjA)^, so that 



We will return to the proof of Theorem 3.11.4. Evidently (p is a homomorphism. 
We shall now show that ip is onto. Let a G (Eq)'^. Since the restriction a' = 
ct\{dH)'^ of a to {Zh)'^ belongs to Eq^h, there exists A e SU{6) such that a' = <fi{A) 
(Proposition 3.11.3). If we put /? = 'p{l,A)~^a, then /3|(3ff)'^ = 1- Hence, by the 
same argument as in Theorem 2.11.2, there exists p € Sp{l) such that /? = ip{p,E), 
and we obtain 

a = (^(1, A)P = (^(1, AMp, E) = ^{p, A). 

Therefore ip is onto. Ker<^ = {(1, E), (—1, —E)} = can be easily obtained. Thus 
we have the isomorphism (S'p(l) x SU{6))/Z2 = {E^y. 

3.12. Involution T7 and subgroup Sp{4)/Z2 of Eq 

We consider an involutive complex conjugate linear transformation tj of ^'^ , and 
we shall study the following subgroup (EaY^ of Eq: 



For this end, wc consider i?- vector subspaces (-3 )t7 and (3 )-r7 of 3 , which are 

cigcnspaccs of tj, respectively by 



^{p,A)e{Eer. 



[E^y^ = {a e i?6 I T^a = ar^} 

= {a € Ee\ 7A(a)7 = a} = (Eq) 



(a'')r7 = {X&^^\tjX = X} 




-0364 
0264 








Hi e R 

rrii, tti G H 



95 



{M + iF{aei) \ M e 5(3, H), a e H^} 



(a^)-r7 = {Xe I TjX = -X} 

{/ jJLi 1713 W2~ 
ilrna fj,2 rni 
\ 1712 rni Us 



0364 —0264 
—0364 0164 
0264 —0164 



fii e R 

rui, tti G H 



= {iM + F{aei) \ M e 5(3, H), a e H^} 

= iZn e i^^ 

The spaces (5*^)r7 and (5'^)-r7 ai"© invariant under the action of {E^Y^ and we have 
the decomposition of CJ*^: 

tJ*^ = (5^)t7 ® (tJ*^)— T7 = (5^)r7 ® ^(5^)r7- 



In particular, Z'" is the complexification of (5'")t7: 3^ = ((3^)t7)'^'- 
In the J?-vector space 

Z{^,H) = {P & M{A,H)\P* = P}, 

we define the Jordan multiphcation P o Q and an inner product (P, Q) respectively 
by 

PoQ = i(PQ + QP), (P,Q) =tr(PoO). 

The group Sp{A) acts on 3(4, if) by the mapping ji : 5^(4) x 3(4, i?) 3(4, i?), 
/z(y4, P) = APA*. Then we have 



A{P o g)A* = APA* o AQA* 



Ae5p(4),P,Qea(4,-ff). 



{APA*,AQA*) = (P,Q), 
The quaternion projective space iJPa is defined by 

HPs = {P e 3(4, if) I P2 = P, tr(P) = 1} 

= \^AE^A*\A& Sp{A),Et = diag(l, 0,0,0) e M(4,ff)}. 

Finally, in the complexification 3(4, ff)*^ of 3(4, if), we extend naturally the Jordan 
multiplication P o Q and the inner product (P, Q) and further define a Hermitian 
inner product (P, Q) by 

(P,Q) = (rP,Q). 

The action of 5'p(4) on 3(4, H) is also naturally extended to 3(4, ff )*" : 

A(Xi + iX2)A* = AXiA* + iAX2A*, A e 5p(4), Xi, X2 e 3(4, H). 
Then we have 

{APA*,AQA*) = {P,Q), P,QGZ{^,Hf. 
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We denote by 5(4, H)o the space {P e 3(4, H) \ tr(P) = 0} and by 5(4, H)o'^ its 
complexification. 

Definition. We define a C-linear mapping 5 : — > 5(4, H)o^ by 

/ -tT{M) ia \ 

5(M + a)- 2 1 M + ae{ZHf(B{H^f=2''. 

\ ia* M - -tr(M)£; j 

The restriction of g to (5'")t7 is given by 

g{M + ia) = ^ ^ - ^tr(M)^, M + m e 5ff iff' = (3^)r7- 

Note that the mapping g in the above definition is the complexification of this 
restriction. 

Lemma 3.12.1. The mapping g : ^ 3(4, -H')o'" is a C-linear isomorphism 
and satisfies 

gXogY = g{^{X x Y)) + \{^X, Y)E, ^ 
{gX,gY) = i^X,Y), 

Moreover, g is an isometry with respect to the inner product {X, Y) : 

{gX,gY) = {X,Y), X,Fe5^. 

The restriction of g to (3'^)t7 induces an R-lincar isomorphism g : (3'^)t7 3(4, J?)o- 

Proof. It is not difficult to sec that g is well-defined and that it is injective. Since 
dime 3*^ = 27 = dime 3(4, H)q" , 5 is a C-linear isomorphism. Now, for X = M + a, 
Y = N + be {Zh)^ e {H^)^ = 3'^, we have 

g{^{X X Y)) = g{j{iM + a) x (N + b))) 
= g{{M -a)x{N- 6)) 

= g{{M xN- ^{a*b + b*a)) + ^{aN + bM)) 

itr(Mx7V)-^(a,6) '-{aN + bM) 

|(aiV + 6M)* M X TV - i(a*6+6*a) - ^(tr(M x TV) - {a,b))E ^ 

= g{M + a) o g{N + 6) - (i(M, N) - ^{a, b)) E 
= g{M + a) o g{N + b) - i(7(M + a), {N + b))E 
= gXogY-\{^X,Y)E. 
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Thus the first equaUty gX o gY = g{'y{X x Y)) + - {'yX,Y)E is proved. Taking the 
traces of the both sides, we have 

{gX,gY) = {'yX,Y), X,YgZ''. (i) 

It is easily seen that the restriction g : (3'^)t7 3(4, H)o of g is an i?-isomorphism. 
Finally, if we note that {jX, Y) = {X, Y) for X,Y G {^^)^^, then we can easily show 
that 

{g{Xi + iX2),g{Yi + iY^)) = {Xi + iX-,, Fi + iY-,), Xi, Yi e (C?^)^^ 

from (i). Thus Lemma 3.12.1 is proved. 

Theorem 3.12.2. (Eg)^^ = Sp{4:)/Z2, = {E, -E}. 

Proof. We define a mapping tp : Sp{4:) — > {EqY^ by 

^{A)X =g-\A{gX)A*), Xg^"". 

We first have to prove that (p{A) e {E^y. Let Z = (f{A)X and use Lemma 3.12.1, 
then we have 

3det{ip{A)X) = 3detZ ={Z xZ,Z) = {g{-f{Z x Z)),gZ) 
= (gZogZ--^{^Z,Z)E,gZ) 

= [gZogZ-h^gZ,gZ)E,gZ) 

= (^A{gX)A* o Ai9X)A* - ^iA{gX)A*,A{gX)A*)E,A{gX)A*) 

= {gXogX-^{gX,gX)E,gX) 

= {gXogX-^{-fX,X)E,gX) 

= {g{y{X X X)),gX) = {XxX,X)= 3detX, 

and 

{ip{A)X,^iA)Y) = {g^iA)X,gip{A)Y) 

= {A{gX)A*,A{gY)A*) = {gX,gY) = {X,Y). 

Hence ip{A) e Eq. To prove (p{A) e {E%y^ , namely, T^ip{A) = ip{A)T'y, it is sufficient 
to show that 

TJ^{A}tjX = ^{A)X, X e 

since 3*" = ((3'")t7)'"- However this is evident. Indeed, if X e (J'")t7, then gX G 
3(4,jy)o, so that ip{A)X e (5'^)r7- Hence Tjif{A)T-fX = T-fip{A)X = ip{A)X. 
Evidently <p is a homomorphism. We shall show that (p is onto. For a G [E^Y^ , we 
have 

{g{aE)f = g{aE) + -^E. 



98 



Certainly, 

{g{aE))'^ = g{aE) o g{aE) = g{'y{aE x aE)) + ^(■yaE,aE)E (Lemma 3.12.1) 

= g{jTaTE) + ^{rjaE, aE)E = g{aT"fE) + ^{ar^jE, aE)E 
= g{aE) + ^{aE, aE)E = g{aE) + ^{E, E)E = g{aE) + ^E. 
Now, let 

P=^{2giaE) + E), 
then we have P G 3(4, H) and = P, tr(P) = 1, that is, P G HP^. Indeed, 

P2 = l(4(5(a£;))2 + Ag{aE) + E) ^ ]i2giaE) + E) = P, 
lb 4 

tr(P) = h,r{2g{aE)) + ^iv{E) = + 1 = 1. 
Hence there exists A e Sp{A) such that 

P = AExA*. 

Since gE = 2Ei — ^ii^, we have 

viA)E = g-\A{gE)A*) = g-'(^A(2E, - ^E^A*) = g-'(2AE,A* - ^e) 
= g-\g{aE)) = aE. 

Putting /? = ip{A)-'^a, we have PE = E, and so /3 € P4 (Theorem 3.7.1). Also /? 
satisfies t7/3 = /3t7 and t/3 = /3t (Theorem 3.7.1), hence 7/3 = f3'y, and therefore 
/? e {Fi)"/. From Theorem 2.11.2, there exist p e S'p(l) and D e 5p(3) such that 

I3{M + a) = DMD* +paD*, M + aG^H^H^ 

Let -B = ' ^^^^ ^ ^ 'S'p(4) and we have 

Certainly, for M + a e {^Hf ® {H^)^ = , 

<p{B){M + a) = g-\Bg{M + a)B 

2 



ia* M - ^ti{M)E ' V £>* 



. / itr(M) ipaD* 

^ \ iDa*p DMD* - -ir:{M)E ^ 
= DMD* + paD* = f3{M + a). 



99 



Hence we have 

a = ip{A)/3 = <fi{A)<fi{B) = >fi{AB), AB e Sp{A), 

so that f is onto. Ker(/5 = {E, — i?} — Z2 can be easily obtained. Thus we have the 
isomorphism Sp{A)/Z2 = {Eq)""^ . 

3.13. Automorphism w of order 3 and subgroup {SU{^)xSU{2,)xSU{^))/ Z3. 
of Eg 

Let the C-hnear mapping w : 3'" ^ 3*" be the complexification of w G G2 C F4 
of Section 2.12. Then w & Eq and w'^ = I. 

We shall study the following subgroup {Eq)^ of -Eg: 

{Eq)"^ = {a e EQ\wa = aw). 

As in Section 2.12, we identify 

3:(3,C)^®M(3,C)^ =5^. 

For convenience, we denote 3(3, C) and {X G 3(3, C) \ tr(X) = 0} by Zc and (3c)o, 
respectively. 

The group i?6,c is defined to be obtained by replacing with {Zc)^ in the 
definition of the group E%: 

Ee,c = {a& Isoc((ac)^) I det (aX) = detX, {aX, aY) = {X, Y)}. 

As in the case Eq, the group Eq^c contains a subgroup 

F4,c = {aG Eq^c \aE = E}, 

which is also defined by the group ^4,0 = {a € Isojt(3c) i oY) = aX o aY}, 
moreover, it is isomorphic to the group {SU{3)/Zs) ■ Z2 (Proposition 2.12.1). The 
Lie algebra ee.c of the group E'e.c is 

ee.c = e RomciiZcf) \ {cj>X, X, X) = 0, {cl>X, Y) + {X, cj>Y) = 0} 
= {d + if\SGh^c,TG{Zc)o} 

(Theorem 3.2.4), where f^c — ^ ^6,c \6E = 0} is the Lie algebra of the group 
-F4,c- In particular, the dimension of e6,c is 

dim(e6,c) = 8 + 8 = 16. 

As in Theorem 3.8.3, we see that the space 

EIVc = {Xe {Zcf I detX = 1, {X, X) = 3} 
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is connected and we have the homeomorphism 

Ee,c/F4:,c — EIVc- 

Lemma 3.13.1. Eq,c has at most two connected components (in reality has two 
connected components (Proposition 3.13.4)). 

Proof. From the exact sequence 7ro(-F4,c) T^o{Ee,c) t^o{EIVc), that is, 
Z2 — * T^o{E6,c) — * (Proposition 2.12.1), we see that 7ro(-B6,c) is or Z2. 

We define mappings h : C ® C ^ C*^ and h : M(3, C) ® M(3, C) ^ Af(3, C)^ 
respectively by 

,, a + b ,a-b 

H"'yO) = — \-i——ei^M + Lb, 

^ 2. _ 1 + lei 

-I- 'Q 'Q ^ 2* 

/i(^, B) = — h i — - — ei = lA + IB, 

Lemma 3.13.2. The mappings h : C ® C ^ and h : M(3, C) © M(3, C) 
M(3, C)*^ satisfy the following four conditions. 

(1) Both are C-linear isomorphisms, that is, they are injective and satisfy 
h{a, b) + h{a', b') = h{a + a',b + 6'), h{ca, cb) = ch{a, b), c€C, 

h{A, B) + h{A', B') = h{A + A',B + B'), h{cA, cB) = h{A, B), c&C. 

(2) h{a, b)h{a', b') = h{aa' , bb'), h{A, B)h{A', B') = h{AA', BB'). 

(3) Th{a,b) = h{b,a), h{a,b) = h(b,a). 

Th{A,B) = h{B,A), h{A,B) = h(B,A), h{A,By = h{B*,A*). 

(4) det {h{A, B)) = h{det A, det B). 

Proof. It is easy to prove, noting that = = t,L + I= 1. 
Lemma 3.13.3. ee.c - su{3) © su(3). 

Proof. The mapping (j)c ■ su(3) su(3) ia.c, 

(i)c{C, D)X = h{C, D)X + Xh{C, D)*, Xg {Zcf 

gives an isomorphism as Lie algebras. This is the direct consequence of the following 
Proposition 3.13.4, so we will omit its proof here. 

We define an action of the group Z2 = {1, e} on SU{3) x SU{3) by 

e{A,B) = (B,A), 

and let {SU{3) x SU{3)) ■ Z2 be the semi-direct product of the groups SU{3) x SU{3) 
and Z2 under this action. 
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Proposition 3.13.4. Eq^c = {{SU{3) x SU{3))/Z3) ■ Z2, Zs = {{E,E),{u)iE, 

1 \/k 

(JiE),{(Ji'^E,uJi'^E)},(Ji = "2 + ^ei. 

Proof. We define a mapping cp : {SU{3) x SU{S)) ■ Z2 Eq^c by 

^{{A,B),l)X = h{A,B)Xh{A,Br, 

^((A, B),e)X = B)Xh{A, B)*, ^ 

First wc liavc to show that a = (f{{A,B),l) e Ee,c- Using dct{h{A, B)) = h(dctA, 
detB) (Lemma 3.13.2.(4)) = h{l,l) = 1 and Th{A, B)* h{A, B) = h{A*,B*) h{A,B) 
(Lemma 3.13.2.(3)) = hiA*A,B*B) = h{E,E) = E, we have 

dot (aX) = (dot ih{A,B))){dctX){dct ih{A,B)*)) =detX, 
{aX, aY) = {h{A, B)Xh{A, B)*,h{A, B)Yh{A, B)*) 

= {Th{A, B)TXTh{A, B)*, h{A, B)Yh{A, B)*) 

= {tX,Y) = {X,Y). 

Hence a e Eq^c- Since ip{{E,E),€) = e e G2,c (= Aut(C)) C F^^c C -Be.c, we also 
have (p{{A, B), e) = ip{{A, B), l)(p{{E, E), e) e Eq^c- Next, we shall show that <p is a 
homomorphism. Indeed, for instance, 

ip{{A,B),eM{C,D),l)X 

= ^iiA,B),e){h{C,D)Xh{C,Dr) 

= h{A, B)h(C,D)Xh{C\D)*h(A, B)* 

= h{A,B)h{D,C)Xh(D,Cyh{A,B)* (Lemma 3.13.3.(3)) 

= h{AD, BC)Xh{AD, BC)* = ^{{AD, BC),e)X 

= ^{{A,B)e{C,D),e)X, X G (fc)^. 

That Ker^ = {{E,E), {loiE,loiE), {loi'^ E , loi"^ E)} x 1 = Z3 x 1 can be easily ob- 
tained. In particular, Keriy? is discrete. Hence induces an injective homomorphism 

: 5u(3) ©su(3) e6,c- 

In particular, dim(su(3) ©su(3)) = dim(e6,c), so 1,5, is an isomorphism ((/3* coincides 
with (j)c of Lemma 3.13.3). Hence, (p induces the surjection ip : SU{3) x SU{3) 
(£■6,0)0 (which denotes the connected component of Eq^c containing the identity 1). 
However e = ip{{E, E), e) ^ (-B6,c)o- Certainly, for any A, B e SU{3), 

h{A,B)Xh{A,B)* =X, XGiZcf 

does not hold. Therefore -Be.c has just two connected components (Lemma 3.13.1). 
Consequently, (p : {SU{3) x SU{3)) ■ Z2 Eq^c is onto and we have the isomorphism 
{{SU{3) X SU{3))/Z3) ■ Z2 = Eq^c- 
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Theorem 3.13.5. {Ee)"^ ^ {SU{3) x S'?7(3) x SU{3))/Z3, Z3 = {{E,E,E), 

1 

{LJiE,LJiE,iOiE),{LJi'^E,ui'^E,LOi'^E)},iJi = --^ + -^ei. 

Proof. We define a mapping cp : SU{3) x 5f/(3) x SU{3) (iJe)"' by 
<p{P, A, B){X + M) = h{A, B)Xh{A, B)* + PMTh{A, B)*, 

x + Me {Zc)^ e M(3, C)^ = 5^. 

We first have to show that a = <fi{P, A, B) e (-Eg)"', that is, a leaves 

{X + M)x{Y + N) = [XxY - ^{M*N + N*M)) - ^{MY + NX + M x N), 
{X + M,Y + N) = {X, Y) + 2{M, N) 

invariant, namely, a satisfies 

rariiX + M) x {Y + N)) = a(X + M) x a{Y + N), 
{a{X + M),a{Y + N)) = {X + M,Y + M). 

Now, {01 X + M,Y + N e i^cf e M(3, C)'=' = 5'^, the relations 

TaT{X xY)=aXx aY, {aX, aY) = {X, Y) 

are already shown in Proposition 3.13.4. Next, 

{PMTh{A,B)*)*{PNTh{A,B)*) = Th{A,B)M*P*PNTh{A,B)* 

= T{h{A, B)T{M*N)h{A, B)*), 
{PMTh{A, B)*){h{A, B)Yh{A, B)*) = T{PT{MY)Th{A, B)*), 

{PMTh{A,B)*) X {PNTh{A,B)*) = tp{M x N)T\h{A,B)*)~ 
= P{M X N)h{A, B)* = t{P{M x N)Th{A, B)*). 

Furthermore, we have 

{aX,aM) = = {X,M), 

{aM,aN) = [raM^aN) = {PTMh{A, B)* , PNTh{A, B)*) 
= {tM,N) = {M,N), 

and so a G Eq. Clearly, wa = aw, so that a G (Eq)''^ . Evidently is a homomor- 
phism. We shall now show that (p is onto. Let a G {Eq)^. The restriction a' of a 
to {2'^)w = {X eZ^ \ wX = X} = [Zc)'^ belongs to Eq^c- ct' e Eq^c- Hence, there 
exist A,B € SU (3) such that 

aX = h{A, B)Xh{A, B)* or aX = h{A, B)Xh{A, B)*, Xe {Zcf 

(Proposition 3.13.4). In the former case, let /? = ^p{E,A,B)-'^a, then /3|(5c)*^ = 1- 
Hence P e G2, moreover G (G2)ei = (^2)"' = SU{3) (Theorem 1.9.4). Thus there 
exists P G SU{3) such that 

(3{X + M)=X + PM = ip{P, E, E){X + M), X + Mg {Zcf ® M{3, Cf = Z^ ■ 
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Therefore we have 



a = <p{E, A, B)(3 = ^{E, A, B)^{P, E, E) = ^{P, A, B). 

In the latter case, consider the mapping 71 : 3*" — * ,li{X + M) = X + M,X + 
M e (Zc)'-^ © M(3,C)*^ = and remember that 71 G G2 C ^4 C Eq. Let 
/3 = a-'^<fi{E,A,B)-fi, then /? e £5 and l3\{Zcf = 1- Hence /? e (G2)ei = (^2)"' 
(Theorem 1.9.4) C (Eq)'^ . Since a and (p{E,A,B) G (E'e)"', wc have 71 G (-Ef,)"", so 
that 7i G (G2)^' which is a contradiction (Theorem 1.9.4). Therefor wc sec that ip 
is onto. That Kenp = {{E,E,E), {loiE,loiE,ujiE),{loi^E,uji^E,lui^E)} = Z3 can 
be easily obtained. Thus we have the isomorphism {SU{3) x SU{3) x SU{Z))/Z^ = 

Remark 1. Since (Ee)^ is connected as the fixed points subgroup of Eq by 
an automorphism w of order 3 of the simply connected group Eq, the fact that (fi : 
SU{3) X SU{3) X SU{3) (Ee)"' is onto can be proved as follows. The elements 

Goi, G23, G45, Gey, G2e + G37, — G27 + G3e, 

G24 + G35, — G25 + G34, G46 + G57, — G47 + G56, 
Ii(l), 12(1), 13(1), Ii(ei), Mei), Mei), 
(Ei-E^r, Fi(l), hd), 
[E2-E3)-', hiei), F2(ei), i?3(ei) 

forms an H-basis of (eg)"". So dim((ee)'") = 16 + 8 = 24 = 8 + 8 + 8 = dim(su(3) ® 
0u(3) ® su(3)), Hence (p is onto. 

Remark 2. The group Eq has a subgroup which is isomorphic to the group 
{{SU{3) X SU{3) X SU{3))/Z3) ■ Z2 which is the semi-direct product of the groups 
{SU{3) X SU{3) X SU{3))/Z3 and Z2 (the action of Z2 = {l,7i} on the group 
SU{3) X SU{3) X SU{3) is -fi{P,A,B) = (P,B, A)). 

3.14. Complex exceptional Lie group E'g'^ 

Theorem 3.14.1. The polar decomposition of the Lie group Eq'" is given by 

Eq^ ':^EeX BJ^. 

In particular, Eq^ is a simply connected complex Lie group of type Eq. 

Proof. Evidently Eq is an algebraic subgroup oilsociZ^) = GL(27,G). The 
conjugate transposed mapping a* of a G Eq'~' with respect to the inner product 
{X,Y) is a* = T*aT G Eq"". Hence, from Chevalley's lemma, we have 

Eq'^ ~ {Eq^ n U{Z^)) xR^ = EqxR^, d= 78. 
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Since Eq is simply connected (Theorem 3.9.2), Eq'-^ is also simply connected. The Lie 
algebra of the group -Be*^ is ^e^, so -Be*^ is a complex simple Lie group of type £^6- 

3.15. Non-compact exceptional Lie groups £^6(6)) ^6(2)) ^'6(-i4) £6(-26) 
of type Ee 

We define Hermitian inner products {X, Y)^ and {X, F)^ in 5(3, respectively 

by 

{X, Y)^ = {jX, Y) , {X, y)„ = {aX, Y) . 
Now, we define groups £6(6)) -£^6(2), -S6(-i4) and -E6(-26) respectively by 
£6(6) = {a e Isoh(5(3, £')) I det (aX) = det X}, 

E(i(2) = {a& Isoc(3(3, C*^)) I det [aX) = det X, {aX, aY)^ = {X, Y)^}, 
E^i-u) = {a e Isoc(a(3, (^P)) I det {aX) = det X, {aX, aY)^ = {X, Y)^}, 
Eq(-26) = {a& Isoh(5(3, £)) I det [aX) = det X}. 

These groups can also be defined by 

-£'6(6) — {Ee'-'y'^, £5(2) — (£6'^)^'^''^> £6(-14) — (£6'^)^'^'^5 £6(-26) — {Ee'^Y ■ 

Theorem 3.15.1. The polar decompositions of the Lie groups £5(6) , -£'6(2) ) -£'6(-i4) 
and £6(-26) '"''c respectively given by 

£6(6) ^ Sp{A)/Z2 X 

Eei2) ^ {Sp{l) X SU{6))/Z2 x R^°, 
Ee(-i4) iU{l) X Spin{10))/Z4 x R^"^, 
£6(_26) ^ £4 X R"^. 

Proof. These are the facts corresponding to Theorems 3.12.2, 3.11.4, 3.10.7 and 
3.7.1. 

Theorem 3.15.2. The centers of the groups £6(6)) -£-6(2), £6(-i4) (i^d £6(-26) ore 
given by 

Z(£6(6)) = {1}, z(£6(2)) = -^3) Z(£6(_14)) = ^3) z(£6(_26)) = {I}- 
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4. Exceptional Lie group Ej 



4.1. Preudenthal vector space ^ 



Definition. We define a C-vector space called the Preudenthal C- vector 
space, by 



is a 56 dimensional C-vector space. An element 




of ^P*^ is often denoted by 



{X, Y, ^, r]) or sometimes by X + Y+^+rj. In ^ , we define an inner product (P, Q), a 
positive definite Hermitian inner product {P, Q) and a skew-symmetric inner product 
{P, Q} respectively by 

(P,Q) = (x,z) + (y,T4^)+ec + w, 

(P, Q) = {X, Z) + (y, W) + (rOC + (Tr/)a;, 
{P,0} = (X,W^)-(Z,r)+^a;-Cr?, 

where P = (X, ??), = (2, W, (, a;) e qj^. 

For (/) e ee^, e 5*^, z/ S C, we define a C-linear mapping ^{(p, A, B, v) : 

'^^ -> by 



2P 



a\ 



2A B 





V B 



A 




V 



{ (f)X- \vX + 2BxY + r]A\ 

2A X X -^(j)Y +^vY + (^B 

{A,Y) + v£, 
V {B,X)-iyr] J 

Definition. For P = {X,Y,^,r]), Q = {Z,W,C,u)) e ^3*^, we define a C-linear 



mapping P x Q : ^ by 



P xQ = ^{(j,,A,B,u), < 



(f) = --{XVW + ZVY) 

A = -J(2F xW -^Z -(X) 
B = ^{2X X Z -r]W -u}Y) 
v= i((X,W^) + (Z,F)-3(Cu^ + C7?)). 
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Lemma 4.1.1. For P,Q,R G^i , we have 

(1) PxQ = QxP. 

(2) {PxQ)P-{PxP)Q+^{P,Q}P = 0. 

(3) (P X R)Q - (Q X R)P + ^{Q, R}P - ^{P, R}Q - ^{P, Q}R = 0. 
Proof. (1) is evident. 

(2) For P = {X, Y, e, 7]), Q = {Z, W, (, uj) e , we have 
(P X Q)P 

= - i(X VW/' + Z V r), -^(2r X W -iZ - CX), i(2X X Z - - wF), 

W^) + (Z, Y) - 3(^0; + Cr?))) (X, F, ^) 
= • • • (using the formula X\lYol Lemma 3.4.1), etc.) • • • 

= #(-Xvy,-l(yxy - ^X), \{XxX- rjY), Y) - 3^ry)) (Z, W, C, a;), 

-^{{X,W)- {Z, Y)+Cu;- Cv) [X, Y, ^, rf) 
= (PxP)Q-^{P,Q]P 

(3) In the equahty (2), put P + i? in the place of P, then we have 

2(P X R)Q - (P X Q)R - (P X Q)P + R}P - |{P, Q}R = 0. (i) 

o o 

Exchanging P with Q, we see that 

2(Q X P)P - (Q X P)P - (P X P)Q + |{P, P}Q - P}P = 0. (ii) 

o o 

Taking ((i) — (ii))H-3, wc have 

(P X R)Q - (g X R)P + \{Q, R}P - 1{P, R}Q - ^{P, Q}R = 0. 

o o 4 

We define a space 9Jl*^, called the complex Preudenthal manifold, by 



{P G qj*^ I P X P = 0, P ^ 0} 



p = (x,y,e,r,)Gr 

P / 



xvr = o,(x,y) = 3^r;, 

X X X = 'nY,Y xY = ^X 



Lemma 4.1.2. T/ie following elements {assuming ^ 7^ 0,77 7^ 0) o/^P 



(1. ^ .\ /^^(^^^)^ 

y 

y \ 4dety 



-(X X X) 
V 

^detX 




1 
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belong to OJt . 

Proof. This is clear from X V {X x X) = (Lemma 3.5.4.(1)) and {X x X) x 
{X xX) = {detX)X (Lemma 2.1.1.(3)). 

4.2. Compact exceptional Lie group E-^ 

Definition. We define the groups E^'~'' and Ei respectively by 

Er'^ = {a e Isoc(^5^) | a{P x Q)a-^ = aP x aQ}, 
Er = {a€ Isoc(?}'^) | a{P x Q)a-^ = aP x aQ, {aP, aQ) = {P, Q)}. 

E-j is a subgroup oi E-j^ . 

Theorem 4.2.1. Ej is a compact Lie group. 

Proof. E^ is a compact Lie group as a closed subgroup of the unitary group 
i7(56) = i7(q3^) = {a e Isoc(^^) | {aP,aQ) = {P,Q)}. 

Proposition 4.2.2. For a e £'7'^ {and so, for a e E^), we have 

(1) am'^ = Tt'^. 

(2) {aP,aQ} = {P,Q}, P,Qe?J^. 

Proof. (1) It is sufficient to prove that aM^ C 971'^. Now, for P e Tt'^ , we have 
aPxaP = a{P x P)a-^ = aOa''^ = 0. Hence aP G Tf^ . 

(2) {aP, aQ)aP = \{{aP x aP)aQ - {aP x aQ)aP) (Lemma 4.1.1.(2)) 

= \{a{P X P)Q - a{P X Q)P) = {P, Q}aP. 
It follows {aP, aQ} = {P, Q}. 

4.3. Lie algebra ey of E^ 

Before we investigate the Lie algebra 67 of the group Er, we shall first study the 
Lie algebra cr"-^ of the group Ej'^ . 

Theorem 4.3.1. The Lie algebra er of the group Ej is given by 

t^c = {^(^^ B, u) e Homc(^^) I </> e ee^, A,B&Z^,y& C}. 

The Lie bracket [^'i.^'a] in Cy*^ is given by 

[#(<^i, Ai, Bi, z^i), f (<^2, A2, B2, V2)] = ^{<l>, A, B, v), 

where 
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[01 >2] + 2Ai V B2 - 2A2 V Bi 



A = (^(1)1 + 31^1)^2 - ((/>2 + gi'z)^! 



[ = {Ai,B2)-{Bi,A2). 
In particular, the dimension of ey'-' is 

dimcCer'^) = 78 + 27x2 + 1 = 133. 

Proof. Before we show that 67*-^ is the Lie algebra of the group we first 

check the form of the Lie bracket in ey*^. For e ey'-' and P e we have 

= ■ ■ ■ (using the formula of ^ V B (Lemma 3.4.1) etc.) • • • 
= ^P. 

This is that of the theorem. 

We now determine the Lie algebra tr''^ of the group -£7*^. Since a e -£7*^ satisfies 

j aPxaP^O, P eM^ 

\ {aP, aQ} = {P, Q}, P, Q e (Proposition 4.2.2.(2)), 



if # e Homc(^}'~^) belongs to e7*^, then # satisfies 

j ^Px P = o, Pedjf 
[ {^P,Q} + {P,^Q} = 0, P,Qe^^. 



(i) 
(ii) 



Since e 67*^ is a C-Unear mapping of <P = 5 ® C5 ® C ® C, ^ is of the form 



fg I C A' 

k h B D 

c a V \ 

\h d K fj, , 



g,h,k,l& Homc(a'^), 
a, b,c,d€: Homc(C5'-', C), 

A,B,C,DeZ'^, 



V, fi, K, A G C. 

For 7^ r e C, we define a C-linear isomorphism fr : ^P*" ^ by 

/,(X,F,^,r?) = (X,ry,r2c,r-S), 
then it is easy to sec that fr satisfies 

rfr{P X Q)fr-' = frP X /.Q, P, Q € qj^. 

Hence we see that for a G E'j'-' we have frOifr~^ G -£'7^. Therefore, for $ e 67*^, we 
have 
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( 9 

rk 



rA \ 



h 

ra 



r^D 



\r r '^d r 



for any ^ r e C. Hence # is decomposed as 



where 



































Vo 





K 


0/ 







c 


On 













(: 













d 





0> 




I 





ON 







B 
























oy 



^0 



(9 




\o 




h 





#3 



^1 ^ 































A 

























D 


























A 











a 


















The relation ^>_3(0, 0, 1, 0) x (0, 0, 1, 0) = implies k = 0, hence '^>_3 = 0. Similarly 
#3 = 0. The relation ^>_2(0, 0, 1, 0) x (0,0,1,0) = implies C = 0. Moreover, the 
relation ^_2P x P = for P = (F x y, y, l,dety) e m'^ , that is, (0,0,0,d(y)) x 
(y X y, y, l, det y) = O Imphes d = 0. Hence = 0. Similarly #2 = 0. The relation 

#_iP X p = for p = (y X y,y,i,dety) e m'^, that is, (z(y),p,o,6(y x y)) x 

(y X y, y, 1, det y) = O implies 

1{Y) = 2BxY, Y€ a*^. 
Next, the relation ^_iP x P = for P = x X,detX,l) e OJl'^ 



that is, 

0, (from the 4-th condition) 



{1{X X X),{detX)B,0,b{X)) x {X,X x X,detX,l) 
we have 

2{B X {X X X),X X X) + {dctX){X,B) = 3(detX)6(X), 
hence, 3{detX){B,X) = 3{detX)b{X), and so we have 

b{X) = {B,X), X€Z^. 

(Since b is continuous, the above is also valid for X € Z'^ such that detX = 0). 
Similarly, using #1, we have 
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k{X) ^2Ax X, a{Y) = {A, Y), X,Y . 

The relation <PoP x P = for P ^ {X,X x X, det X, that is, {g{X), h{X x 

X),{detX)iy,i^) x {X,X x XdetX, 1) = implies 

2g{X)x X ^X X X + h{X X X), (i) 
2h{X X X)x {X X X) = {dctX){vX + giX)), (ii) 
igiX),Xx X) + {h{X X X),X) = 3{t^ + ii)detX. (iii) 

Putting (l) = g — -^(f + 2/i)l, then, using (i) and (iii), we have 

3(0X, X, X) = 3(<?(X), X, X)-{v + 2fi){X, X, X) 

= [ijlX X X + h{X X X),X) + {g{X),X X X) - + 2n)AetX 
= 3/idet X + 3(z/ + /x)det X - 3(i/ + 2/i)det X = 0. 

Therefore 

Similarly ip = h — ^(2i/ + /u)l € ee*^. Furthermore, from (ii), we have 

2(^iIj{X X X) + i(2!/ + /i)(X X X)) X (X X X) 

= (detX) (uX + ^X + ^{iy + 2/i)x) , 

so 2tp{X X X) X {X X X) = (det X)(j)X, and so (for a while, instead of — V) we use V'' 
again) V'((^ x X) x (X x X)) = (detX).^X (Lemma 3.4.3.(1)), hence {detX)ip'X = 
{detX)(l)X. Therefore, we have ip'X = (j)X,X e , (even if for X e Z'^ such that 
detX = 0), that is. 

Finally, the relation {<Z>(0, 0, 1, 0), (0, 0, 0, 1)} + {(0, 0, 1, 0), 3>(0, 0, 0, 1)} = implies 
+ /X = 0. Thus we see that <1> G t^'" is of the form 

(6--U 2B a\ 
^ 3 

^= 2A (l)' + -y B Q 

A V Q 

\ B -ul 

= ^(l),A,B,u), (t)€c6^,A,B€Z^,i^€C. 

Conversely, we shall show that <1> = <l>{(j), A,B,v), cf) & Zq^ , A,B & Z^ , u G C belongs 
to ey*^, that is, expf<2^ e E^'" for all t € C. For this purpose, we prove the following 
proposition. 
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Proposition 4.3.2. For $ = ^{(f>,A,B,v), (j) e Zq-' , A,B & , v & C and 



P,Q € we have 



[<P,PxQ]=<PPxQ + Px<PQ. 



Proof. It is sufficient to show that P x P] = 2<PP x P. For P = {X, Y, ^, rj) G 
we have 

PxP] 

= <i>(0, A, t.), <p( - X V y, X y - ^x), \{Xxx- rjY), ^{{x, y) - a^r?)) 

= • • • (using (j){X xY) ^ (j)'X xY + X X (l)'Y (Lemma 3.4.3.(1)), [0, AV B] 
= 4iAV B + AV 4>'B (Lemma 3.4.4.(1)), the formula about >1V B (Lemma 
3.4.1) etc.)--- 

= 2$P X P. 

We will now return to the proof of Theorem 4.3.1. For ^ = <1>{4), A, B, v), 4> e cq'^ , 
A,B G^*^, u gC and t e C, we have 

(expt#)(P X (5)(expi^)-i 

= (expt(ad#))(P X Q) ((ad^)^i = ^i], #i e er"^) 

oo ^ 

= ^-(t(ad<?))"(PxQ) 

n=0 

= ES( ^ m'^'^''^'^) (P^POsition 4.3.2) 

oo -f-k-i-l 

n=0 k+l=n 

= (E^(*^)'=^)x(E^(*^)'q) 

/c=0 1=0 

= (expt#)P X (expf<?)(5. 
Hence expt^ e i??*^, so that <P € e-/'^ . Thus the proof of Theorem 4.3.1 is completed. 
Definition. We define a C-linear transformation A of ^P*" by 

X{X,Y,trj) = {Y,-X,r],-0- 

For a e Homc(*p'"), we also denote by the transpose of a with respect to the 
inner product {P,Q): CaP,Q) = {P,aQ). 

Lemma 4.3.3. (1) \ G E-j and satisfies = — 1. 
(2) ForP.Qe we have 

(P, Q) = {AP, 0} = -{P, AQ}, (P, Q) = {rAP, Q}. 
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(3) For a e £'7'^, we have 

(4) For a € -Er*^, we have 



a G E-j if and only if rXa = arX. 
(5) For${(p,A,B,iy) e , we have 

A#((/), A, B, p)X-^ = V, -B, -A, -v). 
Proof. (1) and (2) are evident. 

(3) {P,XQ) = {P,Q] = {aP,aQ] (Proposition 4.2.2.(2)) = {aP,XaQ) (Lemma 
4.3.3) = (P, ^aXaQ) implies A — ^aXa, hence 'a^^ = XaX^^ . 

(4) If a G £'7'^ satisfies rXa ~ arA, then (aP, aQ) — {rXaP, aQ} = {arAP, aQ} 
= {rAP,Q} (Proposition 4.2.2.(2)) = (P, Q) (Lemma 4.3.3), P, Q G ^3*^. Hence, 
a G Ej. The converse imphcation can also be easily proved. 

(5) is easily checked by direct calculations. 

Theorem 4.3.4. The Lie algebra tj of the group Ej is given by 
tr = {^{(p, A, -tA, I/) I ^ g ee, a g 3'^, G iR], 

where 



^{<i), A, -tA, v) = ^ 



V -tA 

The Lie bracket , #2] in tr is given by 



-2tA 
1 



a\ 



1 
—u 
3 



2A T(f>T + -V -tA 
3 



A 




f 
-u/ 



where 



[^{(f)i,Ai, -tAi,i/i),^{(1)2, A2, -TA2, 1/2)] = ^(0, A, -tA, u), 
(A = - 2^1 V TA2 + 2A2 V tAi 

A = + ^J^l)^2 - ((f>2 + ^^^2)^1 

^ u = {Ai,A2) - {A2,Ai). 
In particular, the dimension of tr is 

dim(e7) = 78 + 54 + 1 = 133. 

Proof. For ^ G 67"^, 

$ € tr if and only if rA^A~^T = 
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Therefore the theorem foUows from Theorem 4.3.1, Lemma 4.3.3.(5) and t^{(I),A, 
B, v)t = ${t(I)t, tA, tB, tv). 

Proposition 4.3.5. The complexification of the Lie algebra tr is z-j^ . 

Proof. For <!> G ey*-^, the conjugate transposed mapping ^* of «P with respect to 
the inner product (P, Q) of is ^* = t\<P\t G ey'^, and for <P e , # belongs to 
er if and only if <P* = —<I>. Now, any clement <P E Cy*^ is represented as 

^ — ^* ^ _|_ (p* ^ — (p* -J- ^* 



Hence 67 is the complexification of ey. 
4.4. Simplicity of ey*-^ 

Theorem 4.4.1. The Lie algebra z-j'-" is simple and so is also simple. 
Proof. We use the decomposition of tj^ of Theorem 4.3.1 

where Cg^ = {<?(<?!), 0, 0, 0) € ey^ | € t^f} and ^Tl^ = {'5(0, A, B, u) e t7^\A,B & 
, V G C}. Let p : er'^ ^ Ce*^ and g : ey'^ 01'^ be projections of ey'^ = Ce^ ® ^t*^. 
Now, let be a non-zero ideal of ey*^. Then p{a) is an ideal of ee*^. Indeed, if </> G p{a), 
then there exists #(0, A, B, u) e OT'"' such that ^((ji, ^, B, v) € 0. For any ^1 € ee , 
we have 

a9 [^'(0i,O,O,O),<?(0,Ai3,J^)] =^([0i,<^],'/'iA</'i'B,O) 

(Theorem 4.3.1), hence [(^i,;/)] € p(a)- 

We shall show that either ee'^ n a 7^ {0} or 9^1'^ n a 7^ {0}. Assume that ee*^ n a = 
{0} and or*" fl a = {0}. Then the mapping p|a : o ^ eg*" is injective because 01*" fl a = 
{0}. Since p{a) is a non-zero ideal of eg*" and eg*" is simple, we have p{a) = eg*" . Hence 
dimc(o) = dimc(p(a)) — dimc(e6'") = 78. On the other hand, since eg*" ("10 = {0}, 
g|a : a ^ is also injective. Hence we have dimc(a) < dimc<(Ol'") = 27-1-27+1 = 55. 
This leads to a contradiction. 

We now consider the following two cases. 

(1) Case ee*" fl a 7^ {0}. From the simplicity of ee*", we have eg*" fl a = eg*" , hence 
a D ee*". On the other hand, we have 

aD [a,er^] D [<l'(e6^, 0, 0, 0), ^'(0,3^, 0, 0)] 

= ^(0, ee'^a'^, 0, 0) = ^(0, CJ*^, 0, 0) (Proposition 3.3.2.(3)). 

Similarly we have <P{0,0,Z'" ,0) C a. Moreover, from 

9 [^{0,EuO,0),^{0,0,Ei,0)]=^{2EiVEuO,0,l), 
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we have ^(0, 0, 0, 1) e o, and so a D 0^*^. Hence a D ee*^ Ot'^ = t^^. 

(2) Case 91*^ n a 7^ {0}. Let <?(0, A, B, u) be a non-zero element of n a. 

(i) Case <P{0,A,B,i^),A =^ 0. Choose Bi € 3"^ such that A V Si 7^ (Lemma 
3.5.4.(2)), and choose (p G ee*" such that [A V i?!,*/)] ^ (since ee*" is simple, such a 
exists because the center of ee*^ is zero). Now, we have 

as [^'(0,A,B,t.),<Z>(o,0,0,-^)] = ${0,A,-B,0), 

a 9 [<l'(0, A, -B, 0), <?(0, 0, Bi, 0)] = ${2A V Bi, 0, 0, (A, Bi)), 

a 9 [<?(2A V Bi, 0, 0, (A, Bi)), <l>(0, 0, 0, 0)] = <P{2[A V B,.(j>],0, 0, 0), 

Hence this case is reduced to the case (1). 

(ii) Case (l>{0,A,B,i/),B ^ 0. This case is also reduced to the case (1) in a 
similar way to (i). 

(iii) Case <?(0, 0,0, i'), 1^ 0. If we choose 7^ A e 3*^, then we have 

9 [^(0, 0, 0, u), ^{0, A, 0, 0)] = #(0, ^uA, 0, 0) . 

Hence this case is also reduced to the case (1). 
Thus we have = 67*^. 

Proposition 4.4.2. (1) is an tr'^ -irreducible C-module. 
(2) er^^p*^ = { J2 ^kPk I e er^, e } - . 

k 

Proof. (1) Let be a non-zero er'^-invariant C-submodule of . We first prove 
that if (0, 0, 0, 1) e W, then we have W = ^3'^. Indeed, 

W 9 ^^(0, X, 0, 0) (0, 0, 0, 1) = {X, 0, 0, 0), 
W 9 <P{0, E2,0, 0)(S3, 0, 0, 0) = (0, Si, 0, 0), 
W 9 <l>(0. El, 0, 0)(0, £;i, 0, 0) = (0, 0, 1, 0), 
W 9 ^(0, 0, Y, 0)(0, 0, 1, 0) = (0, Y, 0, 0). 

Hence we have W = ^^. Now, let P = {X, Y, ^, jj) be a non-zero element of W. 

(i) Case W 3 P = {X,Y,^,r]),X 0. Then we have (a) 
W 9 <?(0, 0, 0, 3)(X, Y, t V) = (-^, Y, 3C, -3r;), (b) 
W 9 #(0, 0, 0, 3)(-X, Y, 3^, -3ry) = (X, Y, 9^, Qt?). (c) 



Taking ((a)-(b))H-2, ((a)-(c))H-8, we have {X,0,-^,2r]) e W, (0,0,^,7?) e W", re- 
spectively. Consequently {X, 0, 0, 3??) e Next, if we choose Xi e 3*^ such that 
(Xi,X) 7^ 0, from 

W 9 ^(0, 0, XuO){X, 0, 0, 37?) = (0, 0, 0, (Xi, X)), 



115 



we have (0, 0, 0, 1) e W. Hence this case is reduced to the first case. 

(ii) Case P = (0, Y,^,r]),Y 0. If we choose B G^'^ such that B x F ^ 0, from 

W B ^(0, 0, B, 0) (0, Y, ^ , r?) = {2B x Y, ^B, 0, 0). 

Hence this case is reduced to the case (i) . 

(iii) Case P = (0, 0, ^, r/), ^ ^ 0. For ^ B e , we have 

W 3 <P{0, 0, B, 0)(0, 0, 77) = (0, ^B, 0, 0). 

Hence this case is also reduced to the case (ii). 

Thus we have W ^ . 

(2) Since er'^^'^ is an ey'^-invariant C-submodule of er'^^P'^ = ^P*^ fohows 
from the irreducibility of (above (1)). 

Lemma 4.4.3. Any element G 07*^ is expressed by <P = ^^(-Pi x Qi), Pi, Qi € 



Proof. 



■. Since [$,P x Q] = ^P x Q + P x $Q (Proposition 4.3.2), a = | ^(Pj x 

i 

Qi) I Pi, Qi G ^'^1 is an ideal of 67^. From the simphcity of 67*^ (Theorem 4.4.1), we 
have a = 07*^. 

4.5. Killing form of 67*-^ 

Definition. We define a symmetric inner product (#1,^2)7 in by 
(^1, ^2)7 = -2{(f>uh)6 - 4(Ai, B2) - 4(^2, Bi) - ^uiU2, 
where ^i = ^{(pi,Ai, B„i^i) e . 

Lemma 4.5.1. (1) The inner product (^1,^2)7 of z-j^ is -adjoint invariant: 

([#,#i],^2)7 + (^1, [^,^2])7 = 0, ^,^i e e7^. 
(2) For ^ e 67*^, P, Q e we have 

{<P,PxQ)t = {^P,Q). 



Proof. (1) ([<?,<l>i],<Z'2)7 

/ [(l),4>i]+2Ay Bi-2Ai\J B \ 



1 + 3^^1)5 



(A-Bi)-(B,Ai) 



/02\ 
Vi^2/ 
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= • • • (using {[(t),AvB]=(t)AvB + AV (j)'B (Lemma 3.4.4) etc.) • • • 

(2) For P = {X, Y, ^, rj), Q = {Z, W, (, lo) € , we have 

/ -hx-VW + ZwY) \ 



= {(l),X V W + Z V Y)e - {A,2X X Z - r]W - toY) + {2Y x W - ^Z - (X, B) 

~^v{{X, W) + {Z,Y)-i{^u + Cv)) 
= {(j)X, W) + {(t)Z, Y) - 2{A, X, Z) + ri{A, W) + lu{A, Y) + 2{Y, W, B) 

-^{Z, B) - C(X, B) - ^u{X, W) - \v{Z, Y) + v{iuj + Cr/) 



V {B,X)-urj ) 

Theorem 4.5.2. The Killing form B-j of the Lie algebra t-j'-' is given by 

Br{^i,$2) = -9(<l'i,^2)7 

= 18(</>i, 02)6 + 36(Ai, B2) + 36(^2, Bi) + 24z/i!/2 



= 3tr(^i^'2), 

where <l>i = 'l>{(f)i, Ai, Bi, Vi) G and Bq is the Killing form, of t(p . 

Proof. Since 67*-^ is simple (Theorem 4.4.1), there exist k,k' & C such that 

Bf{^l,^2) = k{$i,^2)7 = fc'tr(<?i^2)- 
To determine these k, k', let <?o = ^1 = = ??(0, 0, 0, 1). Then we have 






(^0,^*0)7 



8 
3 



On the other hand, we have 



A,B,u)]] = [^o,^(0,^A-^B,0)] =f(0,^A^S,0). 



Hence 



£7(^0,^0) =tr((ad^o)') = g 



X 27 X 2 = 24. 
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Therefore k = —9. Next, from 
we have 

ti{%^) = ix27x2 + l + l = 8. 

Therefore A:' = 3. 

Lemma 4.5.3. For P e qj*^, Py^O, there exists Qe^i'^ such that PxQj^O. 

Proof. Asummc that P x Q = for all Q e ''^^ . Then for any <P e tj^ , 
= (<P,P X Q)7 = (<Z>,Q X P)-! = {<PQ,P} (Lomma 4.5.1.(2)). Since er'^^'^ = 
(Proposition 4.4.2.(2)), we have = 0, so that P = 0. 

4.6. Roots of tr'-' 

Theorem 4.6.1 The rank of the Lie algebra is 7. The roots of tj'-" relative to 
some Cartan subalgebra i) are given by 



±{Xk-Xi), ±{Xk + Xi), 0<k<l<3, 
±Xk ± ^{H2 - Ms), < fc < 3, 



±i( 

2 


-Ao - Ai + A2 - A3) ± ^(m3 


- Ml), 


±1( 
2 


Ao + Ai + A2 - A3) ± ^(/i3 


-Ml), 


±1( 
2 


-Ao + Ai + A2 + A3) ± ^(/Lt3 


-Ml), 


1 

±2< 


Ao - Ai + A2 + A3) ± -(/Z3 


- Ml), 


±1( 
2 


Ao - Ai + A2 - A3) ± ^{m 


-M2), 


±1( 
2 


-Ao + Ai + A2 - A3) ± ^(/ui 


-M2), 


±i( 
2 


Ao + Ai + A2 + A3)±i(Mi 


- M2), 


1 

±2< 


-Ao - Ai + A2 + A3) ± i(Mi 
±(M, + ^i^), 0<i<3, 


-M2), 



±Afc±(-Mi--;^), 0<fc<3, 
±^(--^0 - Ai + A2 - A3) ± (^M2 - ^z^) , 
±^( Ao + Ai + A2-A3)± Qm2-^i^), 
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±1 

2 

4 
4 
4 
4 

2 



/I 2 \ 

-Ao + Ai + A2 + A3) ± {^-iJ.2 - -lyj , 

(\ 2 
Ao - Ai + A2 + A3) ± -/i2 - -V 



/I 2 \ 
Ao - Ai + A2 - A3) ± (^-/X3 - -i^j , 

/I 2 \ 

-Ao + Ai + A2 - A3) ± (^-/U3 - g'^j ' 

/I 2 \ 
Ao + Ai + A2 + A3) ± (^-/X3 - gZ^j , 

/I 2 \ 
-Ao - Ai A2 A3) ± (^-/X3 - -i/j 

wit/i /^i + /i2 + Ms = 0. 

Proof. We use the decomposition of of er*-^ in Theorem 4.3.1 



zi'^ = ©f' ®G. 



Let 



fe=0 



Afe,:/ e C 

/Uj e C, /ii -I- /U2 -I- At3 



= } 



(where iJfe = — zGfe4+fe), then f) is an abehan subalgebra of er*-^ (it wih be a Cartan sub- 

3 3 

algebra of er*^). In the following calculations, we put = ^ \k^k, H = ^y^HjEj. 

k=0 j=l 

I The roots of eg'" arc also roots of . Indeed, let a be a root of ee*^ and 
S e ee*^ C 67*^ be a root vector belonging to a. Then 

[h,S] = [${hs+H,0,0,u),^{S,0,0,0)] 

= ${[hs + H, S], 0, 0, 0) = ${a{hs + H)S, 0, 0, 0) = a{h)S. 

Hence a is a root of tr'^. 

II [^{hs + H,0,0,u),^{0,Ej,0,0)] 

= <?(0, (hs + H+'^ujEj, 0,0^ = (^i, + ^J^)^(0,i;j,0,0), 

+ H, 0, 0, u), f (0, 0, E,,0)] = ^>(0, 0, (^{hs + H)' - ^j/) Ej,0^ 
= ^(0,0, (hs-H-^u)Ej,o) = (^-txj-^u)${0,0,Ej,0). 

Hence ±^Mj + ^i^^ , < j < 3, are roots of 67^. 

HI [<P{hs+H, 0,0, iy),^{0,Fi{a), 0,0)] a = ± ie4+fc 



= ^[0, [^h,s + H+-iyjFiia),0,0 
= $(o,Fi{hsa) + i(M2 + M3)Fi(a) + |z.Fi(o), 0, o) 
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= (±Afe-i/xi + ^iy)^(0,Fi(a),0,0). 



12 

Hence ±Afe — -/Ui + -i/, < fc < 3, are roots of e^^ . The remainders of roots can be 
similarly found {vkg, Kirhg in Theorem 3.6.4 will be used). 

Theorem 4.6.2. In the root system of Theorem 4.6.1, 

q;i = Ao-Ai, a2 = Ai-A2, = ^2 ^ A3, 

Q!4 = ^(-'^o - Ai - A2 + A3) + i(/U3 - A*i), 

1 1 
"5 = 2('^o + Ai + A2 + A3) + -(/ii - IJ.2), 

3 3 
a6= IJ.2 + -^v, a7 = -/X3 - -z^ 

is a fundamental root system of the Lie algebra ey*^ and 

^j, = ai + 2a2 + 3a3 + 4a4 + 3a5 + 2a6 + 2a7 

«s f/ie highest root. The Dynkin diagram and the extended Dynkin diagram of t'j'-' are 
respectively given by 



O- 



1 

O- 



-O- 

a.2 



2 

-o- 

0.2 



-o— 

Q!3 



3 

-O- 



-O 



-O— 

Q!4 a5 



6 0:7 
4 

-O 



2 Oa7 



3 

-o- 



-O 
Q!6 



2 

-O— 



Proof. In the following, the notation n\n2 ■ ■ - nj denotes the root niai + n2a2 + 
+ njai. Now, all positive roots of t-j'~^ arc represented by 



Ao 


-Ai 


= 1 
















Ao + Ai = 


1 


2 


2 


2 


2 


1 


1 


Ao 


-A2 


= 1 


1 













Ao + A2 = 


1 


1 


2 


2 


2 


1 


1 


Ao 


-A3 


= 1 


1 1 













Ao + A3 = 


1 


1 


1 


2 


2 


1 


1 


Ai 


-A2 


= 


1 













Ai + A2 = 





1 


2 


2 


2 


1 


1 


Ai 


-A3 


= 


1 1 













Ai + A3 = 





1 


1 


2 


2 


1 


1 


A2 


-A3 


= 


1 













A2 + A3 = 








1 


2 


2 


1 


1 








Ao + 


^(M2- 


Ms) 




1 


1 1 1 


1 


1 


1 
















Ai + 


^(M2- 


Ms) 







1 1 1 


1 


1 


1 
















A2 + 


\{l^2- 


Ms) 







1 1 


1 


1 


1 
















A3 + 


^(M2- 


Ms) 







1 


1 


1 


1 
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Ao - 2(^2 - M3) = 1 
Ai - ^(/X2 - Ms) = 
A2 - ^(m2 - Ms) = 
A3 - ^(m2 - /xa) = 



1 

2' 


— Ao — Ai + A2 — As^ 


+ 


1, 

2(^3 


1 

2 


Ao + Ai + A2 — A3 


+ 


1, 

2 (MS 


1 
2 


\ 1 \ t \ 1 \ \ 

— Aq + Ai + A2 + A3^ 


+ 


2(^3 


1 

2' 


Ao — Ai + A2 + A3 J 


+ 


2(^3 


1 
2 


Ao + Ai — A2 + A3 


+ 


1, 

2 (MS 


1 
2 


— Ao — Ai — A2 + A3) 


+ 


1, 

2(M3 


1 
2 


Ao — Ai — A2 — A3 


+ 


2(M3 


1 

2' 


— Ao + Ai — A2 — As^ 


+ 


^(M3 


1 


Ao — Ai + A2 — A3 




^(Mi 


1 
2 


Ao — Ai — A2 + A3 




^(Mi 


1 
2 


Ao + Ai + A2 + A3 


+ 


^(Mi 


1 

2 


Ao + Ai — A2 — A3 




^(Mi 


1 

2* 


— Ao + Ai — A2 + Aa^ 




2(Mi 


1 
2 


— Ao + Ai + A2 — As^ 




^(Mi 


1 
2 


Ao + Ai + A2 + A3 




^(Mi 


1 
2 


— Ao — Ai + A2 + As^ 




^(Mi 



-Ml - = 1 2 
2 

M2+ 31^ = 

-Ms- ^1^ = 



11110 

11110 

1110 

110 

Ml) = 1 1 

■Mi) = l 2 3 3 2 1 1 

Ml) = 1 2 3 2 1 1 

/xi) = 1 1 2 3 2 1 1 

■Mi) = l 2 2 3 2 1 1 

/ii)= 1 

-Mi) = l 1 1 1 

Ml) =0 1 1 1 

/X2) = 1 1 2 2 1 1 1 

■ /X2) = 1 1 1 2 1 1 1 
■M2) = 0000100 

■ M2) = 1 2 2 2 1 1 1 

M2)=0 1 1 2 1 1 1 

M2) = 1 2 2 1 1 1 
■M2) = 1234322 

M2) = 1 2 1 1 1 

3 4 2 1 2 
1 
1 
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1 2 
Ao - + 

Z 6 


= 1 


1 


1 1 


1 


1 





1 2 
Ai - + -^v 

I 6 


= 


1 


1 1 


1 


1 





1 2 

A2 - T^Ml + 


= 





1 1 


1 


1 





1 2 
A3 - 2/^1 + 3^^ 


= 





1 


1 


1 





1 2 
Ao+2m-3i^ 


= 1 


1 


1 1 


1 





1 


1 2 

Ai + 2^1 - 3^ 


= 


1 


1 1 


1 





1 


1 2 


= 





1 1 


1 





1 


1 2 
A3+2Mi-3^^ 


= 





1 


1 





1 


Ai + A2 - A3) + 


1 

2^2 


2 

~ 3 


1/ = 





1 


1 



1 2 
Ao + Ai + A2 - A3) + -/i2 



= 1 



1 



-Ao + Ai + A2 + A3) + -/i2 ~ = 

1 2 
Ao - Ai + A2 + A3) + -/X2 



— V 

3 



Ao + Ai - A2 + A3) + ^/i2 
-Ao - Ai - A2 + A3) + ^/U2 



Ao — Ai — A2 — A3) 



-Ao + Ai - A2 - A3) + -/Ll2 

Ao - Ai + A2 - A3) + ^/i3 



Ao — Ai — A2 + 



A3) + 2^3 



Ao + Ai + A2 + A3) - -/X3 
Ao + Ai - A2 - A3) + ^/i3 
-Ao + Ai - A2 + A3) + i/i3 
-Ao + Ai + A2 - A3) + 

Ao + Ai + A2 + A3) + ^/i3 
-Ao - Ai + A2 + A3) + ^/i3 



= 1 



3 

2 

V 

3 

-r- 

3 

3 
2 

u ■■ 

3 



- -z/ = 1 



2 3 3 2 1 2 

1 2 3 2 1 2 

1 2 3 2 1 2 

2 2 3 2 1 2 
1 1 
1110 1 
1110 1 

12 2 10 1 

112 10 1 

1 1 

2 2 2 1 1 

112 10 1 

12 2 10 1 

2 3 4 3 1 2 

12 10 1. 
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Hence 11 = {ai,a2, ■ ■ ■ , a?} is a fundamental root system of er*^. The real part fjjj 
of f) is 



fe=0 j=l 

and the Killing form Bj of t-r^ on f)jj is given by 

3 3 

Brih, h') = 6(6 ^ XkXk + 3 ^ ^lj^J^j' + ^vv'^ 

k=0 j=l 

3 3^ 3 3 ^ 

for h = ^(j^^kHk + ( 5^ ~, 0,0, 1/), h' = $(^^k'Hk + (^m,%)'^,0, 

fe=0 j = l fe=0 j=l 

0, v'^ e f)jj. Indeed, from Theorem 4.5.2, we have 

„ 3 3^3 3 ^ 

/s=0 j=l fe=0 j=l 

„ 3 3 

= -12(2^AfcAfc' + ^/ZjA</) +2W (Theorem 3.6.5) 



fc=0 3=1 

3 3 



6 (e ^ AfeAfe' + 3 ^ AijMi' + "^^^0 • 



Now, the canonical elements Hon ^ corresponding to a, {B-y{Ho:, H) = a{H), H e 
I)) are determined as follows. 

= i.'Z'Ci^o-i^i, 0,0,0), 
36 

if„, = -L^(Fi-iJ2, 0,0,0), 

if„3 = -L^(F2-^?3, 0,0,0), 

^fa4 = ^m-Ho -H1-H2 + H3) + 2(^3 - i^i)'^, 0,0,0), 

Ha, = ^HiHQ + H,+H2+H:i)+2iE,-E2r, 0,0,0), 



Hae = ^'P[{-E, + 2E2-Esr,0,0,^), 
Ha, = ^^{{Ei +E2- 2Esr, 0, 0, . 



Thus we have 



(ai,ai) = Br{Ho,„Ho,J = 36^-^2 = ^ 



and the other inner products are similarly calculated. Consequently, the inner product 
induced by the Killing form Br between ai, 0:2, • • • , a? and —fi are given by 
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iauo:i) = ^, z = 1,2,3,4,5,6,7, 

(ai,a2) = {a2,a3) = (a3,a4) = (04, as) = (a4,Q;7) = (a5,a6) = --r-, 
(ai.aj) = 0, otherwise, 

(-/^,-/^) = ^> (-/"^cte) = (-M,ai)=0, i= 1,2, 3, 5, 7, 
using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 

According to Borel-Siebenthal theory, the Lie algebra ey has four subalgebras as 
maximal subalgebras with the maximal rank 7. 

(1) The first one is a subalgebra of type T (B Eq which is obtained as the fixed 
points of an involution t of tr- 

(2) The second one is a subalgebra of type Ai ® Dq which is obtained as the fixed 
points of an involution a of tj. 

(3) The third one is a subalgebra of type which is obtained as the fixed points 
of an involution A7 of ey. 

(4) The fourth one is a subalgebra of type A2 © A5 which is obtained as the fixed 
points of an automorphism w of order 3 of 67. 

These subalgebras will be realized as subgroups of the group in Theorems 
4.10.2, 4.11.15, 4.12.5 and 4.13.5, respectively. 

4.7. Subgroups Eq and U{1) of E7 

We shall study the following subgroup (-E7)(o,o,i,o) of Efi 

{E7)io,o,m ={aeEr\ a(0, 0, 1, 0) = (0, 0, 1, 0)}. 

Lemma 4.7.1. If a € E^ satisfies a(0, 0,1,0) = (0,0,1,0), then a also satisfies 
a(0, 0, 0, 1) = (0, 0, 0, 1), and conversely. 

Proof. If a e -B7 satisfies a(0, 0, 1, 0) = (0, 0, 1, 0), then we have 
a(0, 0, 0, 1) = a(-TA(0, 0, 1, 0)) = -TAa(0, 0, 1, 0) = -tA(0, 0, 1, 0) = (0, 0, 0, 1). 
The converse can be similarly proved. 

Theorem 4.7.2. (-E7)(o,o,i,o) - -^6- 

Proof. We associate an element a € Eq = {a € Isoc(5*" ) | det (aX) = det X, {aX, 
oY) = {X,Y)} with the element 
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a = 



ja 0^ 

rar I . . 

1 I '■^^-'(O'O'i'O) ^ 

\0 1, 



We first have to prove that a € £7- For P = (X, y, ^, r/), Q = (Z, W, (, lo) G , we 
have 

aP X 5(5 = (aX, rarY, ^, rj) x (aZ, rarW, (, ui) 

= ■■■ (using a{X V y)a-^ = aX V rarF, (at^ia"^)' = (rar)?!>'(ra-V) etc.) • • • 
= a{P X Q)a-^ 

and (3P, 3Q) = (P, Q) is evident. Hence 5 e Sy, moreover 5 e (i^7)(o,o,i,o)- 

Conversely, suppose that a & E-j satisfies a(0, 0, 1, 0) = (0, 0, 1, 0) and a(0, 0, 0, 1) = 
(0, 0, 0, 1) (Lemma 4.7.1). Then a is of the form 



'/3 e 0^ 

(5 /3i 

10 

,0 1. 



, /?,/?i,^,eeHomc(5^). 



Indeed, the fact that the left bottom parts are follows from 

{aX, i) = {aX, ai) = {X, 1) = 0, 
{aX, 1) = {aX, al) = {X, 1) = 0. 



Now, since 



( ^ \ 

-X X X 
?? 

^rdetX 
If 

\ V I 



f (iX + -e(X X X) \ 

■q 

5X+-l3xiX X X) 
^detX 



we can see that 



[pX + ^e(X X X)) X (pX + ie(X x X)) = ri(5X + ^Pi{X x X) 

holds for all ^ ry e C. Comparing the coefficients of 77 of both sides, we have (5 = 0. 
Similarly, from a(^{Y x Y), Y, ^, ^det Y^ e OJl*", we have e = 0. Furthermore, since 



m'^ 9 a(X,X X X,detX,l) = (/3X,/3i(X x X),detX,l), 



we have 



PX X PX = j3i{X X X), (/3X,/3i(X x X)) = 3detX. 
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and so 

det(/3X) = h(}X,pX X (}X) = hpx,l3i{X x Xj) = detX, 
o o 

which implies that (3 € Eq^ . The equahty (aX.aY) = {X,Y) impUes {I3X,PY) = 

{X, Y) and therefore (3 & Eq. Moreover from the relation 

(3i{X xX) = (3Xx(3X = t(3t{X x X), 

we obtain /3i = r/3r. Indeed, putting X x X instead of X, we have 

(detX)/3iX = (det X)r/3rX 

If detX ^ 0, then we have PiX = t(5tX, Since /3i and r/3r are linear mappings (of 
course are continuous mappings), we have (3\X = t(3tX even if det X = Q. Thus, the 
proof of Theorem 4.7.2 is completed. 

For 6 € C, 6 ^ 0, we define a C-linear transformation ipi{9) : — > by 



ipi{0){x,Y,^,r,) = {9-^x,eY,e^i,e-\). 



Then ipi{6) e Ej^. 



Theorem 4.7.3. The group E^ contains 

u{i) = {ipi{e)\eGC,{re)e = i} 

as a subargroup. This subgroup is isomorphic to the usual unitary group U{1) = {6 G 
C\{re)9 = l}. 

Proof. It is easy to check that ipi{6) G E-j. 
4.8. Connectedness of Ej 

We denote by (-^7)0 the connected component of Ej containing the identity 1. 
Lemma 4.8.1. For a e C, if we define a mapping ai{a) : — > i = 1,2,3 



by 



/, . , I ,N ^ sin lal „ „ sin lal „ \ 

' l + (cos|a|-l)pi 2a— ^Ei -Ta—-\^E.;^ 



ai{a) 



\a\ 



sm al , , , , , , sm a „ 

-2Ta—\-^Ei 1 + (cos a - l)pi a—\-^Ei 
\a\ \a\ 

sin lal , , 

—TO , , Ei cos a 

\a\ 

sin lal ^ „ „ , , 

, a , , Ei cos a , 

\ \a\ I 

{if a = 0, then ^^j^ means 1^, f/ien oiiia) e (-£7)05 where Pi : ^ 5^ «s ^/le 
C-linear mapping defined by 
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X3 6 ^1 = '^^3^3 6 SiiXi 

xi £_3 J \ Si2X2 Siixi 
where Sij is the Kroneeker delta symble. The mappings ai(ai), 02(02), 0(03), (oj € C) 
are commutative for each other. 

Proof. For 






2aEi 





-TaE, 


2TaEi 





aEi 








—TaEi 








aEi 












1>M)=m-raE,,TaE,,Q)=\ Ir? a n ^ 07 



(Theorem 4.3.4), we have ai{a) — exp<?i(a). Hence ai{a) G (-^7)0- The relation 
[^i{ai),^j{aj)\ = shows that ai{ai) and cxj{aj) are commutative. 

Proposition 4.8.2. Any element P e OJft'" , P 7^ can be transformed to a 
diagonal form by some element a G {Er)o: 

aP = {X, y, ^, 77), X,Y are diagonal, ^ > 0. 

Proof. Let P = {X, Y, ^, t]) e Tl^ . We shall first show that P can be transformed 
to a diagonal form with ^ ^ 0. 

(1) Case P = {X,Y,^,T]), ^ ^ 0. In this case, X = ^{Y x Y). Choose /S € Eq 
such that tI3tY is diagonal (Proposition 3.8.2), then 

PX = jl3{Y xY) = jtPtY X tPtY 

is also diagonal. 

(2) Case P = {X, Y,0,r]),Y 0. Choose /3 e Eg so that 

TpTY = r?2 , riiGC 

V mj 

(Proposition 3.8.2). Since t(3tY ^ 0, some 77, is non-zero: ry, ^ 0. Applying 
ai(— 7r/2) e (£'7)0 of Lemma 4.8.1 on /3P, we get 



ai(-7r/2)/3P: 






/ /3X X 






tI3tY 




1 








\ I ) 





so that this case is reduced to the case (1). 

(3) Case P = (X, 0, 0, rf), X ^Q. Choose (3 e Eq so that = ^1-^1+6-52+6^^3, 
6 € C (Proposition 3.8.2). Since (3X ^ 0, some 6 is non-zero: 6 7^ 0- Then 

ai+i{-n/2)pP = {*,^iEi+2+^i+2Ei,0,*), ^ 0, 
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so that this case is reduced to the case (2). 
(4) Case P = (0, 0, 0, ry), ?7 ^ 0. Then 

ai(-7r/2)P = (77i;i, 0,0,0), r? 7^ 0, 

so that this case is also reduced to the case (3). 

Consequently, any element P can be transformed to a diagonal form with ^ ^ 0. 
Furthermore, by applying some € U{1) C (£'7)0 of Theorem 4.7.3 on it, then ^ 

becomes ^ > 0. Thus the proof of Proposition 4.8.2 is completed. 

Remark. In Proposition 4.8.2, the condition P e 9Jl^ does not need. That is, 
any element P G can be transformed to a diagonal form by some a & E-j. (See 
Miyasaka, Yasukura and Yokota [23]). 

We define a space 9Jti , called the compact Freudenthal manifold, by 

OTi = {P e qj*^ I P X P = 0, (P, P) = 1}. 

Theorem 4.8.3. Et/Eq ~ OTi. 

In particular, the group Ej is connected. 

Proof. For a G Ej and P G 9Jti, we have aP G 9Jti. Hence Ej acts on We 
shall prove that the group {E'j)q acts transitively on dK\. To prove this, it is sufficient 
to show that any element P e can be transformed to (0,0, 1,0) e by some 
a e (-£^7)0. Now, P e 9Jli can be transformed to a diagonal form by a e {E-j)o: 

,1 (mm \ /771 \ ^ 

aP=(- 773m , 7^2 -2 771772%), C>0 

Ho "nim / V 773 y ^ 

(Proposition 4.8.2). From the condition {aP,aP) = {P,P) = 1, we have 

^{\V2V3f + ImVil'' + lm??2p) + (|r?iP + |r?2|^ + 1%!') +<e^ + ^\mV2V3\'' = 1, 
that is, 

TT 

Choose ri,r2,r3 e .R, < r, < — , such that 

tanri = 7 = 1,2,3, 

then (i) becomes 

(, = cosri cosr2 cosr3. 
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By letting 



(if r}i = Q, then aj means 0), we have 



An, i = 1,2,3 



1 ?7i h^L Oi , 
1 — r 1 — -Ji—^ = - — r tan rj cos n cos r2 cos . 



Therefore, we see that aP is of the form 



/ / . , sin|a2| sinjasl 
' ' cos ai a2— i — j — 03 



\a2\ 






sm |ai| 



sin \ ai 



I I sm as 
ai— i — i— cos a2 as— j — j— 
ai as 













sm ai sm 02 , , 
ai— — ; — a2—, — j — cos as 



«2 



«1 



■ COS a2 cos as 



I I sm 02 I I 
cos ai a2 — j — T— cos as 



^2 



cos ai cos a2 as- 



sm as 



1«3| 



V 



COS |ai| cos |a2| cos |as| 

sinlail sin|a2| sinlasl 
a-i I I a2 — — ^as - 



ai 



"2 



«3 



= a3(a3)a2(a2)Q!i(ai)(0,0, 1,0), 
hence we have 

Q!i(ai)-^a2(a2)-^Q!3(as)-^aP = (0, 0, 1, 0). 

This shows the transitivity of (-^7)0- Since we have OTi = (-^7)0(0, 0, 1, 0), 3Jli is 
connected. Now, the group E-^ acts transitively on and the isotropy subgroup of 
Er at (0, 0, 1, 0) € 9Jti is Eq (Theorem 4.7.2). Therefore we have the homeomorphism 
E-j/Eq ~ 9Jli. Finally, the connectedness of E-j follows from the connectedness of OJti 
and £^6- 

4.9. Center 2(^7) of Ej 

Theorem 4.9.1. The center z{Er) of the group -E7 is the cyclic group of order 2: 

z{Er) = {1,-1}. 

Proof. Let a G z{E-j). From the commutativity with (3 & Eq c E-j, we have 
/3a(0, 0,1,0) = a/?(0, 0,1,0) = a(0, 0,1,0). If wc denote a(0, 0,1,0) = (X,F,^,r?) e 
then from {pX,TPTY,C,r]) = {X,Y,^,r]), we have 

(3X = X, TprY = Y for all & Eq. 
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Hence X = Y = 0. Therefore, a(0, 0, 1, 0) is of the form 

a(0,0,l,0) = (0,0,^,7?). 

From the condition a(0, 0,1,0) € OJl*^, we have ^ij = 0. Suppose ^ = 0, then 
a(0, 0, 1, 0) = (0, 0, 0, r]), r/ 7^ 0. Also from the commutativity with <^i(6') e U{1) C Er 
(Theorem 4.7.3), we have 

(0,0,0, e-^Tj) = {6) (0, 0, 0, r?) = ^1 (^)a(0, 0, 1, 0) 

= aMGM 0, 1, 0) = a(0, 0, 6^ 0) = (0, 0, 0, 6^7]), 

and so 6~^r] = 6^r] for all 6. But this is a contradiction. Hence ^ ^ 0, r] = 0, 

that is, Q!(0, 0,1,0) = (0,0,^,0). Similarly wc have q:(0, 0,0,1) = (0,0, 0,C). Since 
{a(0, 0, 1, 0), a(0, 0, 1, 0)} = 1, we have ^( = 1, and therefore 

a(0, 0, 1, 0) = (0, 0, 0), a(0, 0, 0, 1) = (0, 0, 0, C^). 

Moreover, from the commutativity with X G E^, 

(0, 0, 0, -0 = A(0, 0, 0) = Aa(0, 0, 1, 0) 

= aA(0, 0, 1, 0) = a(0, 0, 0, -1) = (0, 0, 0, -^-^). 

Hence ^ = that is, ^ = ±1. In the case ^ = 1, we have a & Eq (Theorem 4.7.2), 
so that a e z{Eq) = {l,a;l,a;^l} (Theorem 3.9.1), that is, 

/u'l 

_ I oj'^h 

"~ 10 

V 1 

Again from the commutativity with A, 

(0, w'X, 0, 0) = -X{JX, 0, 0, 0) = -Xa{X, 0, 0, 0) 

= -aA(X, 0,0,0) = a(0,X,0,0) = (0,w'"^X,0,0), 

for all X G 3*^5 which shows that uo' — oj'~^ , hence ui' = 1. Therefore a = 1. In the 
case (, = —1, we have —aG z{Eq), so that by the similar argument as above we have 
-a = 1. Thus we have z{Er) = {1,-1}. 

According to a general theory of compact Lie groups, it is known that the center 
of the simply connected compact simple Lie group of type Ej is the cyclic group of 
order 2. Hence the group E^ has to be simply connected. Thus we have the following 
theorem. 

Theorem 4.9.2. Er ^ {a e Isoc(^?'^) | a{P x Q)a-^ = aP x aQ, (aP,aQ} = 
{P, Q)} is a simply connected compact Lie group of type E7. 

4.10. Involution i and subgroup (f/(l) x E&)/Zz of E-j 



' = 1, 



a; or a; 
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Definition. We define a C-linear transformation t of^i by 
i{X,Y,^,r]) = {-iX,iY,-i^,irj). 
Then, l = (pi{i) G U{1) C Er, = -1 e z{Er) (Theorem 4.9.1) and so l"^ = 1. 
Lemma 4.10.1. t is conjugate to A in E-j. 

X/ ^ vX/ ^vl"/ 4.8.1), we have l = 5~^XS. 

i induces an involutive automorphism T: E^ ^ E^ hy 

We shall now study the following subgroup (£^7)'' of E^: 

(ErY = {ae ET\La = at} 

^ {aeEr\Xa = aX} = (Er)^. 

Theorem 4.10.2 {Erf ^ {U{1) x Ee)/Z3, Z3 = {{l,l),{u;,u;l),iu;^ioH)}, 

1 Vs. ^ 



Proof. We define a mapping ip : U {!) x Ee —^ {ErY by 





6*1 










61-3 


















r/?T 














1 














1 



Evidently ip{0,(5) e {ErY- Since ipi{0) and /? are commutaive, <^ is a homomorphism. 
We shall prove that ip is onto. Let a G {ErY- F^om i,a = at, a is seen to be of the 
form 

/3,(5eHomcp^), 



a = 



//3 M 0\ 

' 6 

a ^i 

Vo & vj 



a,6e Homc(a ,C), 
IJ,,i/ G C. 



The condition a{0, 0, 1, 0), a(0, 0, 0, 1) € implies that 

lj,M = 0, uN = 0. 

We shall first show that M = N = 0. Suppose that M 7^ 0, = 0. Then, the 
condition {a(0, 0, 1, 0), a{0, 0, 0, 1)} = {(0, 0, 1, 0), (0, 0, 0, 1)} = 1 implies that 



{M,N) = 1. 



(i) 



Hence we have N 0, v = 0. From 
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-X X X 
V 

^detX 



px- 



:{detX)M 



-Six xX)+r]N 



1 

V 



a{X) 
b{X X X) 



we have 



(^^5{X X X)+r]N^ X (^^S{X X X) + T]N^ = a(X)(/3X + -^(detX)M), 
+ -^(detX)M, ^5{X x X) + rjN^ = 3a{X)h{X x X) 

hold for all 7^ 77 e C. Comparing the coefficients of 77, we have 

2SiX X X) X N ^ a{X)l3X (ii) 
< 6{X xX)x S{X xX)= a{X){detX)M (iii) 
ipX, S{X X X)) + det X = 3a{X)b{X x X) (use (i)). (iv) 

Therfore, using (i) ^ (iv), wc have 

a(X)detX = a{X){detX){M,N) = {d{X x X) x d{X x X),N) 

= {S{X X X),S{X xX)xN) = ^a{X){5{X x X),j3X) 

= ^a{X){3a{X)b{X x X) - detX). 

Hence we have a{X)d(itX = a{X)'^b{X x X). Furthermore we have 

detX = a{X)b{X X X). (v) 

Indeed, from /i = 0, we deduce that a 7^ 0. Since a : ^ C is a linear form, the 
set {X e 3*" I ci{X) ^ 0} is dense in Z'" and the correspondence detX and b{X x X) 
is continuous with respect to X, (v) is also valid for X e 3^ such that a(X) = 0. 
Now, since a 7^ and 6 ^ 0, (v) contradicts the irreducibility of the determinant 
det X with respect to the variables of its components. Consequently wc have shown 
that M = 0. Similarly we can prove that TV = 0. Therefore q;(0, 0, 1,0) = (0, 0, ^, 0), 
a(0, 0,0,1) = (0,0,0,1^). From the condition {al,Q;l} = 1, (q;1,q;1) = 1, we deduce 
that 

a(0, 0, 1, 0) = (0, 0, 0), a(0, 0, 0, 1) = (0, 0, 0, m"'), M e C, irp^ii = 1. 

If we choose 6 £ C such that 6^ = /i and let (i = ipi{9)~^a, then /3(0, 0,1,0) = 
(0, 0, 1, 0), /3(0, 0, 0, 1) = (0, 0, 0, 1). Hence, 13 & Eq (Theorem 4.7.2) and we have 



a = ^i(^)/3, e&U{l),l3&E(i. 
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This shows is onto. That Kenp = {(1, 1), (w, wl), (w^, w^l)} = Z3 is easily ob- 
tained. Thus we have the isomorphism {U{1) x Eq)/Zs = {E-jY. 

Remark. {ErY is connected as a fixed points subgroup under the involution t of 
the simply connected Lie group Et. Hence, to show that cp : U(l) x E^ ^ (Ee)^ is 
onto, it is sufficient to show that (p^ : u(l) © ee ^ {trY is onto, which is easily shown. 

4.11. Involution a and subgroup {SU{2) x Spin{12))/Z2 of Er 
We define an involutive C-linear transformation a of by 

which is the extension of the C-lincar transformation a of Z*^' ■ This is the same as 
a & F4 regarding a,s a e F4 <Z Eq C Ej. 

We shall now study the following subgroup (E^)'^ of E-j: 
[EyY = {a& ET\aa = aa]. 
To this end, we define two C-linear mappings k, jj, : —^ by 

K = ${-2Et WEuO, 0, -1), n = ^(0, El, El, 0). 
The explicit forms of k and /i arc given by 



















Ci) 









KlY 

V 

2EixY + rjEi \ 
2EiX X + ^Ei 
{Ei,Y) 
{Ei,X) I 

More precisely, k and \i are of the form 

K{X,Y,^,r]) = kM ^3 ^2 xi 

\ X2 Xi ^3 

-a 

6 xi 

7? 

M(X,y,$,r,) = ( 7?3 -yi 



KiX = {Ei,X) - AEi X {El X X), 



m 2/3 2/2 

2/3 »?2 2/1 

, 2/2 f 1 T73 
?/i 



-?72 -2/1 , -a r?) , 

-yi -r/3 ' 







Lemma 4.11.1. (1) 



2/1 ??2 
K/Z = /UK, 



? 
6 
-xi 




6 



( Ka = (TK ( 
\ /U(T = (7/U, \ 



kA = — Ak 
/uA = — A/U. 
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(2) If a G E-j satisfies Ka = an, then a also satisfies ua = aa. 

Proof. (1) These are checked by direct calculations. 

(2) Since a = expTrm, we have aa = (exp7ri«;)a = a(exp7ri«;) = aa. 

We shall first study the following subgroups (E-j)'^''^ and ((-E7)'*''')(o,Bi,o,i) of Et. 

(Ej)" '^ — {a G Et \ Ka = aK, (la = a/it}, 
{{E^Yn(OMi) = {ae {E^Y'^\a{Q,E^,Q,l) = {0,E^,Q,l)}. 

Proposition 4.11.2. The Lie algebras (ct)^, {tiT'^, {{t7T'^){o,EuO,i) of the 
groups {E-jY ,{E'jY''^ , {{E7Y'^){o,Ei,q,i) o-f^ respectively given by 

(1) {e^Y = {$€er\a$ = ^a} 

= {^{cj>, A, -tA, v) e erl </> e (e6)^ A e {^%}. 

(2) (67)'^''' = e er I = $K, fj,$ = $11} 

<PeizeY,A€{Z^)a,{Ei,A) = 0, ] 



= < ^{(p.A, -tA, u) e ct 



u = ~{cl>EuEi) 



(3) {{trY''')io,E„o,i) = e {zrY'^ \ ^((0, E^O, 1)) = 0} 

Proof. (1) It is not difficult to prove and so is omitted here. 

(2) Suppose that <P = '^{(f), A, -tA, v) G z-j satisfies = and /x^ = ^/U. 
Comparing the ^-term of k^P = ^kP, P = (X, Y, ^, 77) G ^P*^, we have 

{A,Y) = -{A,KiY), YeZ^. 

Let Y = El, then we have {A, E\) = 0. Next, comparing the ry-term of ii$ = ^fj,, we 
have 

{Ei,cf>X)-^iy{EuX) = -iy{EuX). (i) 

Since ^ e (ee)'^, we can set ^E'l = kEi,k G iR (Lemma 3.10.1). Hence let X = Ei'm 
2 

(i), then we have k = — -i^- Conversely, if = A, —tA, v) e ey has the condition 
above, then from the following Lemma 4.11.3, we can see that ^ satisfies k$ = $k 
and /Lt<? = 

Lemma 4.11.3. In , the following hold. 

(1) For A e {Z'^)a, we have ki(A x X) = kiA x kiX, X e 3*^. 

(2) For (j) G i^eY J ™s have Ki(f) = (pm. 

(3) For A G {El, A) = 0, we have kiA = -A and 

-At A X {El xX) + {Ei,X)A = AEi x{AxX)- {A,X)Ei, X G CJ*^. 
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We shall now return to the proof of (3) of Proposition 4.11.2. 
If ^ = ^{(j), A, -tA, v) e {zrY'f' satisfies ^((0, Ei,Q, 1)) = 0, then 






X3. 


X2 \ 




- 

2:3 




Xl 




\X2 


Xl 


6/ 





so that V = TV. Together with tv = — z^, we have 1/ = and <^E\ = 0, furthermore, 
we have 2Ax Ei = tA (in this case, A e (G'^)cr and {Ei,A) = automatically hold). 

For 1/ e iR, we define a C-linear mapping <f){u) : — > 5*^ by 



that is, 



(Lemma 3.4.2.(2)). Then G (ee)" . 

Proposition 4.11.4. (1) ai = {<P((j){v), aEi, -raEi, u) \ ae C,iy € iR} 
is a Lie subalgebra of (67)*^ and isomorphic to the Lie algebra su(2). 

(2) The Lie algebra {(7^ is isomorphic to the direct sum of Lie algebras tti and 

{trV = ai e (er)'^'''. 

Proof. (1) The mapping cp* : ai ^ su(2) = {D G M(2, C) | r(*Z)) = -D} defined 

by 

ip4^{^{iy), aEi,-TaEi,iy)) = 
gives an isomorphism as Lie algebras. Indeed, this is clear from 



V a 
-ra —y 



P b 
-rb —p 



_ f h{Ta) — airh) 2{bv — ap) 

-2T[hv - ap) a{Tb) - bija) ) ' 



and 



•^{(jiiv) , aEi , -TaEi , u) , <P{<P{p) , bE^ , -rbE^ , p) 
= <P{(j){bTa) - a{Tb)), 2(bu - ap)Ei, -2T{biy - ap)Ei, {Ta)b - airb)). 

(2) Using (1) above and Proposition 4.11.2.(2), the following decomposition of 
(e7)^ 




A-aEi 
-tA + raEi 
V — v' 



where f' = + \-{Ei,(j)Ei), a = [Ex, A), gives an isomorphism as Lie algebras. 
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Lemma 4.11.5. For a € C, we have 



Q!23(a) = Q!2(a)a3(ra) e {{E7T'^')^o,E^fi,l) 



where ai{a) G £7,?' = 2,3 are defined in Lemma 4.8.1. 

Proof. Since <P{0, -raEt, aEi,0) e (ct)'*^^, wc have a.i{a) = cxp <^(0, -rai^j 
aEi,0) e (i^r)'*^'^, j = 2, 3. Since 012(0) and a3(Ta) are commutative, we have 



Since ^(0, -Tai?2 - aE^,aE2 +TaE^,Q) g ((e7)'''^)(o,Bi,o,i)' "^^ ^^^^^ 0:23(0) G 



(Lemma 3.10.4). The group 5pm(10) acts transitively on the 9 dimensional sphere 



Lemma 4.11.6. For a € ((-E7)'*''')(o,Bi,o,i); we have 

a(0,-i;i,0, 1) = (0,-£;i,0, 1) if and only if a(0, 0, 1, 0) = (0, 0, 1, 0). 

In particular, we have 

{a e {{E7fn{0Mi) I a(0, -Eu 0, 1) = (0, -E^ 0, 1)} = Spin{lQ). 

Proof. If a e {E-jY^i^ satisfies Q!(0, iJi, 0, 1) = (0,i;i,0,l) and a{Q,-Ei,Q,l) = 
{0, -El, 0,1), then we have a(0, 0,0,1) = (0,0,0,1) and a(0,£;i,0,0) = (0,£;i,0,0), 
which imply that a(0, 0,1,0) = aij{0, Ei,Q,0) = /za(0, £^1, 0, 0) = ii{0,Ei,0,0) = 
(0,0, 1,0). The converse can be similarly proved. If a € i?7 satisfies a(0,0, 1,0) = 
(0, 0, 1, 0), then a G E^ (Theorem 4.7.2), and from the condition aEi = E\, we obtain 
a e Spin{lQi), (Theorem 3.10.4). The converse also holds. 

We define an 11 dimensional -R- vector space V^^ by 

V^^ = {Pg^^\kP = P, htXP = P,Px (0, Ei,0, 1, 0) = 0} 



"23 (a) = Q!2 (0)0:3 (™) 

= exp^(0, -TaE2 - aE^, ai?2 + toe's, 0). 



{{E7r'nio,E,,o,i)- 



We recall the group 



Spin{10) = {a&Ee\ aEi = Ex} 

= {a € Ee\(Ta = aa, aEi = Ei} c E7 







^ X 

X -T^ 




7] 
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with the norm (P, P)^ given by 

(P, P)^ = l{f^P, P} = xx+ (rOe + irv)V- 

Proposition 4.11.7. ((S7)«'^)(o,iji,o,i)/Spm(10) ~ S^°. 

In particular, the group ((-E7)'*''')(o,£;i,o.i) '■^ connected. 

Proof. 5*1° = {P V"" I (P, P)^ 1} is a 10 dimensional sphere. For a G 
{{E7^■'^)(o,E^,o,l) and P G 51°, we have aP G 5^° (Proposition 4.2.2, Lemma 4.3.3). 
Hence the group {{Er)'^'^)(^Q^Ei,o,i) ^^^^ '^^ shall prove that this action is 

transitive. To prove this, it is sufficient to show that any element P £ S^^ can be 
transformed to {0,-iEi,0,i) e 5^° by some a € {{E^)'^'^) (^o^Ei,o,i) ■ Now, for a given 

/O \ /?] 0\ 
P=( 0^ a; , ,0,Tr,)€S'°, 

\o X -T^y \o 0/ 

choose a € R, < a < —, such that 

2?7 

tan 2a = — — - . 

(if T^-^ = 0, then we choose <^ = ^) • Applying 023(0) of Lemma 4.11.5 on P, then 
the 7?-part of 023 (a) P becomes 

2sin^ a{E2, E3 x X) + sin a cos a — {E3, Y) sin a cos a — r?cos^ a 
= rj siv? a + (r^ — ^) sin a cos a — rj cos^ a 

= ^ (r^ — ^) sin 2a — T] cos 2a = 0. 

Hence we have 

a23(a)P e 5^ 

Since the group 5pm(10) acts transitively on (Proposition 3.10.3), there exists 
/3 e Spin{l<d) = {Ee)E, C {{Er)'''^')(^o,E,fi,l) such that 

/3a23(a)P = (i(i;2 + i^3), 0,0,0). 

Again, applying q;23(— 7r/4) G ((-E7)''''^)(o, £1,0,1) of Lemma 4.11.5 on the above, we 
have 

a23(-7r/4)/3a23 (a)P = (0, -iEi, 0, i). 

This shows the transitivity of ((-E7)"''')(o,Ei,o,i)- The isotropy subgroup of 

((£^7)'''^)(o,£;i,o,i) at (0 - 1^1,0,?;) is Spin{lO) (Lemma 4.11.6). Thus we have the 
homeomorphism {{E7)'^'^^)(^o^Ei,o,i)/ Spin{10) ~ S^°. 

Theorem 4.11.8. ((i^7)'^''')(o,i<;i,o,i) = Spin{n). 
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(Prom now on, we identify these groups). 

Proof. Analogous to Theorem 3.10.4, we can define a homomorphisni p : 
((£^7)'''^)(o.£;i,o,i) ^ 5'0(11) = 5'0(y") by p{a) = a\V^\ The restriction p' of p 
to {Eq)ei coincides with the homomorphism p' : Spin{10) 5*0(10) = SO{V^^) 
(where = {P e | P = (X, 0,0,0)}). In particular, p' : Spin{10) 50(10) is 
onto. Hence, from the following commutative diagram 

1 Spin{10) ((^7)"''')(o,Bi,o,i) ^ ^ * 

ip' iP 1= 

1 — > 50(10) — > 50(11) — > 51° — > * 

we see that p : ((-E7)''''')(o,_Ei.o,i) ~^ 50(11) is onto by the five lemma. Using the five 
lemme again, we see that Kerp coincides with Kerp'. Hence Kerp = {1, cr} (Theorem 
3.10.4). Thus we have the isomorphism 

{{Err'^\o,E.^o,i)/{l,<T} = SO{n). 

Therefore the group ((-E7)'*''')(o,_Ei,o,i) is isomorphic to the group 5pm(ll) as the 
universal covering group of 50(11). 

Lemma 4.11.9. For t G R, we define a mapping a{t) : —^ ^P*" by 

= ( e^*53 6 X, ]Ae-'% m yi ,e-2'*^,e2'*j?), 
then ait) G (Ev)'^^''. 

Proof. For v = it <E iR, let </>(//) = 2i^Ei V Ei e (ceT ■ Then, 'P{ct){iy),0, 0, -2iy) G 
(ey)*^'" (Proposition 4.11.2) and a{t) = expc?((/)(z/), 0, 0, -2z/). Hence we have a{t) G 
{Er)'^'i^. 

We define a 12 dimensional Jl-vector space V^'^ by 





X3 


a;2\ 




2/3 


y2\ 








Th 


m 


m 


\a;2 






\V2 


Vi 






X G C 



't? 

I ,0,Tr/ 
.0 0, 

with the norm (P, P)^ given by 

{P, P)f^ = lif^P, P} = xx + (rO^ + {rv)v- 
Proposition 4.11.10. {Er)'^^'^ / Spin{ll) ~ 5^^ 



e,r?GO} 
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In particular, the group (E^)'^'^ is connected. 

Proof. S^^ = {P G V^"^ I {P,P)f^ = 1} is an 11 dimensional sphere. For a G 
(E^t)'"'^ and P € 5", wc have aP G S*" (Proposition 4.2.2, Lemma 4.3.3). Hence 
the group (£^7)"'^ acts on S^^. We shall prove that this action is transitive. To 
prove this, it is sufBcient to show that any element P G S^^ can be transformed to 
{0,Ei,0, 1) e by some a e {E^)'^'^'. Now, for a given 

/O \ A 0\ 
P = ( C X , ,0,r??) e 
yO It -T^/ \0 0/ 

we choose t G R such that e"^**?? G iii. Applying a(t) of Lemma 4.11.9 on P, we get 

a{t)P G S^°. 

Since the group 5pm(ll) acts transitively on S^^ (Proposition 4.11.7), there exists 
/3 G Spin{ll) = ((^7)"''')(o,Bi,o,i) such that 

(3a{t)P = {0,-iEi,0,i). 

If we further apply a(— 7r/4) G {E'jY''^ of Lemma 4.11.9 on the above, then we have 

a(-7r/4)/3a(i)'P= (0,-Ei,0,l). 

This shows the transitivity of {EiY'^. The isotropy subgroup of [EjY'^^ at (0. Ei,Q. 1) 
is Spin{ll) (Theorem 4.11.8). Thus we have the homeomorphism (E^)'^''^/ Spin{ll) 

Theorem 4.11.11. (£7)"^'^ ^ Spin{12). 

(From now on, we identify these groups). 

Proof. Analogous to Theorem 4.11.8, we can define a homomorphism 

p : {Er)''''' ^ 50(12) = SO{V^^) 

byp(a) = q:|T^^^. The restriction p' of p to {EqY^^ coincides with the homomorphism 
p' : 5pm(ll) 50(11) of Theorem 4.11.8. In particular, p' : Spnn{ll) 50(11) is 
onto. Hence from the following commutative diagram 

1 — > Spin{ll) — > {EjY^f" — > 

ip' iP 
1 50(11) — ^ 50(12) — ^ 

we see that p : {Ef)'^'^^ — > 50(12) is onto by the five lemma. Using the five lemme 
again we see that Kcrp coincides with Kerp'. Hence Kerp = {1, u} (Theorem 4.11.8). 
Thus we have the isomorphism 

(£7)'''''/{l,a}^ 50(12). 
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Therefore the group (£^7)"''' is isomorphic to the group Spin{12) as the universal 
covering group of 50(12). 

Theorem 4.11.12. The center z{Spin{12)) of Spin{12) is 

z{Spin{12)) = {1, -1, CT - o-} ^ {1, -1} X {1, a} ^ Z2 X Zj. 

And we have 

Spin(12)/{l,a} ^ 50(12), 

5pm(12)/{l, -1} ^ S'pm(12)/{1, -a} ^ 55(12). 

Theorem 4.11.13. The group (Ej)'^ contains a subgroup 

MSU{2)) = {^2{A) eEr\Ae SU{2)} 

which is isom,orphic to the special unitary group SU{2) = {A G M(2,0) |*(Tyl)A = 
E,AeiA= 1}. Here, for A G SU{2), a m,apping ip2{A) ^'^^ is defined by 

/ Ci 2:3 ^2 \ / r/i ys f 2 \ . 

if2{A)y X3 ^2 xi , 1/3 ?72 yi ,£„T]j 

\ X2 xi £,3 J \ y2 Vi m J 

X,' X2'\ /V J/3' f2'\ 

= (\xs' 6' X,' \ ,{y,' 7,2' yi' 

^\X2' X,' 67 W y,' m' ^ 



where 



^^'^-^rio^ {!^-a(^\, f-;u^^- 



- ^j^f f ^2 \ _ f X2\ ( Xz'\ _ ( 



,2 



vi J \yi J V 2/2 / \y2 J \y3 J \y3 

Proof. The action of <?(0(i^), ai^i, -rai^i, z^) G ai {4>{v) = 2vEi\J Ei,v eiR,aG 
C) on sp*^ is 

^{cl>{u),aEu-TaEuiy){X,Y,^,r]) = {X',Y',e,v') 

where 

r( ) \-Ta -V ) \i] ) \m' J \-Ta J \r]i 

?') = ( " {i^ = { " 

j \-Ta -V J \£,z J \S,2 J \-Ta -v J \S.2 

xi'\_(-y Ta\(xi\ f X2'\ _ f X3'\ _ fO 
yi'J-\-a i^j[yij' W J ~ \ys' J ~ [0 

Therefore, for A = exp(^ -i^) ^ SU{2), we have 

ex.p{H4>M,aEi,-TaEuiy)) = M^) e MSU{2)) c {Er^. 
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Lemma 4.11.14. The group (£'7)'^ is connected. 

Proof. The group {EjY is the fixed points set obtained by the involutive auto- 
morphism <j of the simply connected Lie group -E7, hence {E^Y is connected. 

Theorem 4.11.15. {E-jY ^ {SU{2) x Spin{l2))/ Z2, Z2 = {{E,l),{-E,-a)}. 

Proof. We define a mapping ip : SU{2) x Spin{l2) {E-jY by 

Since the Lie algebras ai and {t-jY'^ of SU{2) and Spin{12) are elementwise commu- 
tative (Proposition 4.11.4.(2)), (p2{A) G SU{2) and (3 G Spin{12) are commutative 
: ip2{A)f3 = f3(p2{A). Hence is a homomorphism. We shall show that ip is onto. 
Since the group [E^Y is connected (Lemma 4.11.14), to prove this, it is sufficient to 
show that its differential mapping t^* : ai © {t^Y"^ {(-7Y is onto. However this 
has been already shown in Proposition 4.11.4.(2). Kevip = {{E, 1), {—E, (p2{—E))} = 
{{E,l),{—E,—a)} = Z2 (Theorem 4.11.13) is easily obtained. Thus we have the 
isomorphism {SU{2) x Spin{12))/Z2 = {ErY- 

Remark. We can give an elementary proof of Lemma 4.11.14 once we have proved 
the following three claims. 

Claim 1. Any element X e {2'")a can be transformed to a diagonal form by some 
a G {EeY- 

Moreover we can choose a G {EqY so that ^2 > 0, ^ > 0. 

Proof. Recall that i{Ei - E2Y, i{Ei - E3Y , iFi{a), li(a)(a G £) G (ce)'', then 
we can prove analogously as in Proposition 3.8.2. 

Claim 2. Any element P G {^^)a = {P & \(jP = P) can be transformed to 
a diagonal form by some a G {{E'jY)o {the connected component of {E^Y containing 
the identity 1): 

aP = {X,Y,^,r]), X,Y are diagonal, ^ > 0. 

Proof. Recall ^{Q,—TaEi,aEi,0) G {(-tY ^ i = 1)2,3, then we can prove analo- 
gously as in Proposition 4.8.2. 

Claim 3. {ErY/{E&Y - (2^1)^ = {P G S!Hi | = P}. 

In particular, the group {EjY is connected. 

Proof. Remark that ai{a) of Lemma 4.8.1 belongs to {{E^Y)o^ then this claim is 
proved analogously as Theorem 4.8.3. The connectedness of {E-jY follows from the 
connectedness of {E&Y = x Spin{lG)) / Z 4, (Theorem 3.10.7) and (SCTti)^. 
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4.12. Involution r7 and subgroup SU{8)/Z2 of Ej 

We consider the involutive complex conjugate transformation r7 of 

Tl{X, Y, ^, 77) = {r-fX, T^Y, T^, Ttj), 

where 7 is the same as 7 e G2 C F4 c -Ee C -E?- 

We shall study the following subgroup {E^y^ of Et. 

{E'jY"' = {a e -B7 I T^a = ar^} 

= {aGErl X'ya = aX-y} = (Ej)^'^. 

To this end, we consider il-vector subspaces of which are 

eigenspaces of r7, respectively by 

{^%^ = {Pe«P^|r7P = P} 

= {{X, Y, ^,ri)e^''\X,Y e (5^),^, ^, 7/ e R], 

{^^)-r^ = {Pe«P^|r7P = -P} 

= {{X, Y, ^,n)€^^\x,Ye (5^)-.^, ^, r? e iR}, 

These spaces (^'^)r7, (^'^)_r7 are invariant under the action of {EjY^ and we have 
the decomposition 

In paticular, '^^ is the complexification of {^^)rY- '^^ = {{^^)r'y)^ ■ 

Analogious to Section 3.11, we can define the il-linear mapping A; : M(4, iJ) 
M{8,C), 

a b 



kUa + 662) 



-b a 



a,b e C. 



Lemma 4.12.1. Any element B e su(8) is uniquely expressed by 
B = k{D) + eifc(T), D e sp(4), T e 3(4, H)q. 

Proof. For B G su(8), let Di = ,Ti = — ^ G M(8,C), then we 

2 2ei 

have 

B = Di+eiTi, 1, i_ i , 

Ti* = Ti, JTi = Ti J, tr(ri) = 0. 

Then, D = k^^{Di),T = k-^{Ti) G M(4,i?) are the required elements. To prove 
the uniqueness of the expression, it is sufficient to show that 

Di + eiTi = 0, £>i e fc(5p(4)), Ti G fc(5(4, H)o) implies Ci = Ti = 0. 
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Certainly, from the condition, we have JDi + eiJTi ~ 0, so DiJ + eiTiJ = 0, and 
so that DiJ — eiTiJ = 0, that is, Di — e\Ti = 0. Together with the first equation, 
we have Di = Ti = 0. 

After this, we will use the C-linear mapping g : Z'" ^ 3(4, -ff)*", g{M + a) = 

^tr(M) ia \ 

2 -■ , the homomorphism ip : 5^(4) {EqY^ , ^p{A)X = 

ia* M - -tT{M)E J 

g-'^{A{gX)A*), X gZ*^ and its differential mapping ip^ : 5p(4) {eeV^, V*{D)X = 
g-^{D{gX) + {gX)D*), X G^*^ which are defined in Section 3.12. 

Proposition 4.12.2. The Lie algebra [t-jY^ of the group {E-jY^ is 

{tjY^ = e ey I T7^? = (l>T"f} 

= {^{cl>, A, -7^1, 0) e er I e {t^Y\ A e {Z^Y-^} 

= {<?(¥>,p), -75"'m, 0) G 07 I D G sp(4), T G 3(4, if)o}. 

The Lie bracket [<?i,^2] in {zYY'^ given by 

[^((/.i, Ai, -7^1, 0), #(.^2, A2, -7^2, 0)] = ^(</., A, -jA, 0), 

where 

f </> = [(/)i,(/)2] -2^1 V7A2 + 2A2V7A1, 
\ A = 4>iA2 - (j)2Ai. 

Proof. It is not difficult to verity them.. 

Analogous to Section 3.11, we define a C- vector space &{8,C) by 
S(8, C) = {Sg M(8, C)\*S = -S}, 
and a C-linear mapping kj : 3(4, HY 6(8, CY by 

kj{Mi + iM2) = k{Mi)J + ik{M2)J, Ml, M2 G a(4, H), 

where J = diag(J, J, J, J) G M(8, C), J ^ 

Definition. We define a C-linear isomorphism x '■ S(8,C)'^ by 

X{X, Y, e, rf) = kj (^gX - + e,kj (5(7^) - 

Proposition 4.12.3. {crY'^ - su(8). 

r/iis isomorphism is given by the mapping (p* : su(8) {cyY"'i 
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1 
-1 



Proof. We first prove that for B £ su(8) we have (p*{B) e {trY^. 

(i) For B = k{D), D e sp(4), we have 

P=(X,y,^,r?) 

^ - J + eik(^g{^Y) - 1^;) J 

k{D)k(^gX - J + eifcp)fc(5(7r) - ^e) J 

+k(gX - ^E)j*k{D) + eik(g{^Y) - ^E)j'k{D) 

= (Z) (5X - ) J + eifc (Z) (5(7^^) -Ie))j 

+k[[gX - ^E)D*)j + e,k[[gijY) - Ie)d*)j 
= k{D{gX) + {gX)D*)J + eik{D{g{^Y) + {g{^Y))D*)J 
= k{g{MD)X))J + e,kigiMD){lY)))J 
(recall ^,{C)X = g-^{C{gX) + {gX)C*)) 
( V*{D)X \ 

^ 7V*(^)7i^ 
^ 

V / 

= x(^(v*(^),o,o,o)P). 

Hence, we have <y9*(fc(£))) = ^(<y!J*(Z)), 0,0,0) e (ey)""^. 

(ii) For B = eifc(T), T e 3(4, -H')o (denote T = gyl, e {Z'^ 

P=iX,Y,^,r,) 

-^k(gX- \e)j + e^k(g{^Y) - J 

e^k{T)k(gX -\e)j- k{T)k(g{^Y) - |e) J 

^e,k(gX - ^E)j'k(T) - k(g(^Y) ~ ^E)j'k{T) 
= k{-Tg{^Y) - g{jY)T + r]T)J + e^k{T{gX) + {gX)T - ^T)J 
= k{-2gA o .9(7!") + r]gA)J + eik{2gA o gX - ^gA)J 

= k(^-2g{jAxY)-^{A,Y)E + r]gAy 

+eik(2g{jA x 7X) + ^(7^, X)E - ^gA^ J (Lemma 3.12.1) 



= X 

































0/ Vt? 



/ -2"fA xY + riA' 
I 2Ax X - ^jA 
^1 {A,Y) 

x(^(o,A-7AO)P). 



/ 

2A 


V-7^ 



-27^ 

A 






-7^ 



0. 



A\ /X 



Y 
V 



Hence we have (^*(eifc(r)) = ^(0, A, -7^,0) e (ey)'"'^. 
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Consequently wc see that the mapping : su(8) — > (ey)'^^ is weh-defined. We can 
easily check that (p* is onto. Finally, we have to prove that is a homomorphism 
as Lie algebras. However this follows from the following Theorem 4.12.5, so that we 
shall omit the proof. 

Lemma 4.12.4. The group {E-rY^' is connected. 

Proof. The group {E^y^ is the fixed points set by the involution T7 of the simply 
connected Lie group Et, hence {E^y is connected. 

Theorem 4.12.5. {E^Y'< ^ SU {8) / Z2, Z2 = {E,-E}. 
Proof. We define a mapping ip : SU{S) {E'jY'^ by 

^{A)p = x-\A{xpYa), Pe^J^. 

We first prove '^{A) e {E^Y''- To prove this, for the differential mapping ip^ : 5u(8) ^ 
{trY'' of ^, 

ip.{D)P = x-\D{xP) + {xPYD), Peqj^, 

it is sufficient to show that ip^, is well-defined, that is, Lp^,(D) G {cjY'' ■ However 
this fact is already shown in Proposition 4.12.3. Evidently ip ; SU{8) {E-jY^ is a 
homomorphism. Since (p* : su(8) {'^lY'' onto and {EjY'' is connected (Lemma 
4.12.4), If : SU{8) {EtY^ is also onto. Ker(^ = {E, -E} = Z2 is easily obtained. 
Thus we have the isomorphism SU{8)/Z2 = {EjY^ . 

Remark. Without using Lemma 4.12.4, the fact that the mapping ^p : SU{8) — > 
{E-jY^ is onto will be followed from two claims. 

Claim 1. For a G R, ai{a) of Lemma 4.8.1 belongs to ip{SU{8)). 

Proof. ai{a) = exp(<P{0, -aEi,aEi,0)) € exp (/j*(5u(8)) (Proposition 4.12.3) = 

(p(exp(su(8))) e ip{SU{8)). 

Claim 2. Any element P G (971^)^7 ^ {P € M'^ \ T-fP = P} can be transformed 
to a diagonal form by some a G (p{SU{8)): 

aP = {X,Y,^,T]), X,Y are real diagonal, ^ > 0. 

Proof. Let P = {X, Y, ^, r?) e {Tt'^Y'y If C 7^ 0. Then 

TjY = Y, X = ^(YxY), T^ = i, Tr, = r]. 

Since Y e {^'^Yj, we have jY e (3'^)r7 , so that gijY) e 5(4,i3')o. Hence, there 
exists D e Sp{4:) such that 

D{g{'yY))D* is real diagonal. 
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Then 

7<^(£>)7y = g-'^{D{g{'yY))D*) is real diagonal, 
(p{D)X = ip{D)(^^Y X = i(7<^(£))7y x 'yip{D)'yY) is real diagonal. 

In the case ^ = 0, by the same proof of Proposition 4.8.2, we can choose a G 'p{SU (8)) 
so that 

aP = {X, Y, ^, r]), X,Y are real diagonal, ^ € R. 

If ^ < 0, apply ai{w) of Claim 1 on it, then ^ becomes ^ > 0. 

Now, we will return to the proof of the surjection of (f : SU (8) {E^y^ using 
Claims 1, 2. For a given a e {E-jY^ , consider the element P = ai e {Tt^)r'y We 
first transform P to a diagonal form (Claim 2) by some /3 € ip{SU{8)), and we have, 
in a similar way to Theorem 4.8.3, 

Q:i(ai)~^a2(a2)~^Q!3(a3)~^/3Q!i = i, 

where Oi = -r~T''"i iVi is a diagonal element of Y). Since rji e R, we have ajfoi) G 

ml 

ip{SU{8)) (Claim 1). If we put a = ai{ai)~^a2{a2)^^a3{a3)~^ Pa, then, a £ Eq 
(Theorem 4.7.2) and a satisfies rja = ar'y. Hence a G {E^y^ = (p{Sp{4:)) (Theorem 
3.12.2) c (p{SU{8)), Therefore a = p-'^a3{a3)a2{a2)ai{ai)a e ip{SU{8)). This shows 
that </? is onto. 

4.13. Automorphism w of order 3 and subgroup {SU{3) x SU{6))/Z3 of 

Er 

We define a C-linear transformation w of order 3 of by 

w{X,Y,^,7^) = {wX,wY,^,r,). 

This w is the same as w € G2 C F4 c Eq c E^. 

We shall study the following subgroup {E-j^ of E^: 

[EjY = {a€ ET\wa = aw). 

We consider the group i?7,c replaced with C in the place £ in the definition of 
the group Et. 

E7,c = {aG Isoc((*Pc)^) I a{P x Q)a-^ = aP x aQ, {aP,aQ} = {P,Q}}. 
As in Section 4.7, the group E^^c contains a subgroup 

E6,c = {aG E7,c I a(0, 0, 1, 0) = (0, 0, 1, 0)}, 
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which is isomorphic to the group {{SU{3) x SU{3))/Z3) ■ Z2 (Proposition 3.13.4). 
The Lie algebra C7,c of the group E-^^c is given by 

t7,c = {H(t>, A -tA, ee.c, A e {Zcf, v e iR] 

(Theorem 4.3.4). In particular, the dimension of Zt^c is 

dime7,c = 16 + 18 + 1 = 35. 
As in Theorem 4.8.3, we see that the space 

($mc)i = {-P e mcf I P X P = 0, (P, P) = 1} 
is connected and we have the homeomorphism 

Ej^c/Eq^c — (2)tc)i. 

Lemma 4.13.1. E-j^q has at most two connected components (in reality has two 
connected components). 

Proof. From the exact sequence 7ro(£^6,c) ^ 7i'o(-£'7,c) ~* ''"o((2^c)i)) that is, 
Z2 7ro(£^7.c) — * (Proposition 3.13.4), we see that 7ro(-B7,c) is or Z2. 

Let h' : C ^ C he the ii-linear isomorphism defined by 

h'{a + bi) = a + bei, a,bGR. 

Now, let V, W be C- and C- vector spaces, respectively. A linear mapping f : V ^ 
W is called a C-C-linear mapping if 

f{av) = h'{a)f{v), aGC,vGV. 

Similarly, a C-C-linear mapping g iW ^ V is defined. 

Definition. Let h' : C'^ — > C be a C-C-linear mapping defined by 

h' [a + hi) = a + hei, a,beC. 

Now, let A^{C^) be the third exterior product of C- vector space C^ and we define 
a C-C-linear isomorphism / : {^c)^' ^ yl^(C^) by 

/ 6 X2 \ /m Ify f 2 \ . 

/M ^3 6 a;i , yg 772 yi >^.'7j = aj^jfeej A A Cfc 

V Xi ^3 / \ y2 Vi V3 J i<3<k 

^{ei, 62, • • • , ee} is the canonical basis of C^ and Xijk € C are skew-symmetric tensor: 
Xi'j'k' = sgn ^ ^, ^ Xijkj , where 
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Xl56 


= n ($1), 




= h [X3), 


X145 


= n {X2), 


X256 


= h'ixs), 


X2&A 


= h'{^2). 


X24:5 


= h'{xi), 


X356 


= h'{x2), 


X3&A 


= h'ixi), 


X345 


= h\^3), 


XA23 


= h'im), 


X43I 


= h'iy3), 


X412 


= h'{y2), 


X523 




X53I 


= h'iv2), 


X512 


= h'im), 


2^623 


= h'{y2), 


2^631 


= h'iVi), 


xei2 








X123 


= h'{0, 










2^456 


= h'iv)- 







/ ^( X] XijkeiAejAek^ 



i<j<k 



\ 



--{Vcf of/ 


is given by 




h{xi5e) 


h{xiG4,X256) 


h{xi45,X35Q) 


/i(a;256,^164) 


h{x26i) 


/l(a;245,^364) 


(2:356,^145) 


h{X364,,X245) 


/i (2:345) 


/i (2:423) 


h{XA3i,X523) 


h{X4,i2,Xe23) 


/i(2;523,^43l) 


h{x53l) 


/i(a;5i2,S63i) 


h{xe23,X4,12) 


/l(a;631,^512) 


h{X6i2) 




^(2:123) 






h{X456) 





I 



where h : C ® C ^ C'^ ,h : C ^ C are C-C-hnear mappings defined respectively by 

J,/- M + 6 .(6-a)ei 
h[a,0) = — \- 1 , a.beC, 



2 2 
h{a + bei) = a + bi, a,b ^ R. 



It is easy to see that 



f{h{a)P) = a{fP), a€C,P€ {^cf ■ 

The group SU{6) acts naturally on A-^{C^'), that is, the action of ^ e SU{6) on 
a A 6 A c e A^{C^) is defined by 

A{a AbAc) = AaAAbAAc. 

Hence, the action of -D € su(6) on A^{C^) is given by 

D{a AbAc) = DaAbAc + aADbAc + aAbADc. 



Lemma 4.13.2. (1) Any element D £ 5u(6) is uniquely expressed by 
D={ + "^1, B,C Gsu{3),Lg M{3,C),iy eeiR. 



1^1 E 
3 V -E 
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(2) The Lie algebra t^^c is isomorphic to the Lie algebra su(6) as Lie algebras: 

e7,c =su(6). 

This isomorphism is given by the mapping ipc : su(6) t7,c, 

"^^((-1* c)+i(o =^(M5-C'),/i(i^),-TMi),-ii^ei) 

where (j)c :su(3)®5u(3) ^ ee,c is defined by <i)c{B,C)X = h{B,C)X + Xh{B,C)* , 
X e (ac)*^ (Lemma 3.13.3). 

Proof. (1) For D = ^ ^, ^ e su(6), B' , C G u(3), L e M(3, C), we let 

ly = tr(B') = -tr(C"), B = B' -^E, C = C + ^E, 

then we have the result. 

(2) This is the direct consequence of the following Proposition 4.13.3, so we will 
omit its proof. 

We define the action of the group Z2 = {1, e} on the group SU{6) by 

E 
-E 



eA = (AdJa)^, J3 
that is, 



eA = e 



All ^i2\^[ E\ f All A12W E\ ^^f A22 -A21 
A21 A22) \-E q)\A2i A22)\-E 0) \-Ai2 All 



where E, Afj e M(3, C), and let SU{6) ■ Z2 be the semi-direct product of the groups 
SU{6) and Z2 under this action. 

Proposition 4.13.3. Er,c = {SU{Q)/Zz) ■ Z2, Z^ = {E,^iE,^i^E}, uji = 
1 Vs 

Proof. We define a mapping tp : SU{6) ■ Z2 Ej^c by 

i;{A, 1)P = f-\A{fP)), V(A, e)P = r\A{fP)), P G {^^f ■ 

Wc first have to show that '4){A, 1) G E-j c- To prove this, it is suflicient to show that 
the differential mapping tp^, : su(6) —^ z-j^c of ip: 

MD)P = r\D{fP)), P e {^cf 

coincides with the mapping tpc : su(6) e-j^c of Lemma 4.13.2. We put 
D=( ^ ^U-P ' 
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611 


bi2 


bis 


^11 


^12 


^13 


\ 






b22 


b23 


/2I 


^22 


^23 






-bi3 


&23 


&33 


/3I 


^32 


^33 






-111 


-hi 


-I3I 


Cll 


C12 


Cl3 






-I12 


— I22 


— ^32 


-C12 


C22 


C23 




I 


-Il3 


— I23 


— ^33 


-Cl3 


-C23 


C33 


/ 



3(0 



where bu = -bu, cu = -cu, bn + ^22 + &33 = cn + C22 + C33 = 0, i/ = -u. 
(1) For P = (0, 0, 1, 0), V*(-D)P is calculated as follows. 

P= (0,0,1,0) 
ei A 62 A 63 

Dei A 62 A 63 + ei A Z)62 A 63 + 61 A 62 A De3 
= (bii + 61 A 62 A 63 - I1164 A 62 A 63 - I1265 A 62 A 63 - I1366 A 62 A 63 

i'\ - - - 

&22 + g j ei A 62 A 63 - ^2164 A 63 A 61 - ^2261 A 65 A 63 - /23ei A 66 A 63 



(633 + 



61 A 62 A 63 — ^3164 A 61 A 62 — ^3265 A 61 A 62 — ^3366 A 61 A 62 



/ -Hhi) 

-h{ll2,l2l) 
\ -/l(Il3,/3l) 




-HhiJia) 

-h(l32,l23) 
-h{l33) 



( \ 
-Th{L) 

—iuei 

\ / 



/ 



-2Th{L) 



2h{L) t(I>c{B,C)t~ 

h{L) 
V -Th{L) 
= ^{ci>c{B, C), h{L), -Th{L), -iuei)P. 



luei 



h{L)\ 

-Th{L) 

—ivei 

iye\ J 





1 



(2) For P = (£;i,0,0,0), V*(-D)P is calculated as follows. 

P= (^1,0,0,0) 
f 

> 61 A 65 A 66 

D61 A 65 A 66 + 61 A Z)65 A 66 + 61 A 65 A Z)66 
= (fell + 61 A 65 A 66 - 61262 A 65 A 66 - 61363 A 65 A 66 - I1164 A 65 A 66 



+/22ei A 62 A 66 + ^3261 A 63 A 66 + C1261 A 64 A 66 + ( C22 



61 A 65 A 66 



+^2361 A 65 A 62 + ^3361 A 65 A 63 + €1361 A 65 A 64 + (c33 - 61 A 65 A 66 
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( I /l(&ll-Cii-0 -/l(ci2,6i2) -/l(ci3,6i3) \ ^ 
-/l(6l2,Cl2) 

-/i(5i3,ci3) y 



/ife) -/i(?23j32) 

-Kh^'hi) HI22) 


V -h{ln) I 



${4>c{B, C),h{L),-Th{L),-iuei) 



(d,c{B,C)Er + '^Er\ 

2h{L) X El 


V -{Th{L),Ei) J 

(3) For P = (Fi(l), 0, 0, 0), i)*{D)P is calculated as follows. 

P=(Pi(l), 0,0,0) 
/ 

> 62 A 64 A 65 + 63 A eg A 64 








— > (-De2 A 64 A 65 + 62 A De^ A 65 + 62 A 64 A De^) 

+ {Des A eg A 64 + 63 A De^ A 64 + 63 A eg A 1)64) 
= (&i2ei A 64 A 65 + (b22 + 62 A 64 A 65 - 62363 A 64 A 65 - l23eg A 64 A 65 

+^1162 A ei A 65 + Z3162 A 63 A 65 + ^cii - 62 A 64 A 65 - 01362 A 66 A 65 

+^1262 A 64 A 61 + Z3262 A 64 A 63 + ^C22 - 63 A 66 A 64 - C2362 A 64 A 65^ 

+ ^61361 A 66 A 64 + 62362 A 66 A 64 + (b'ss + 63 A 66 A 64 - I3265 A 66 A 64 

+^1363 A ei A 64 + ^2363 A 62 A 64 + 02363 A 65 A 64 + (^033 - ^ 63 A eg A 64 

+^1163 A 66 A 61 + ^2163 A 66 A 62 + (cii - 063 A 66 A 64 - C1263 A 66 A 65 j 
/ / /l(6l3,Ci3) \ \ 

* h{b23 + C23) h{b22 - C33 - ^, -633 + C33 + 



h{ci2,bl2) * -/l(623 + C23) 

'-h{l23 + h2) h{h3,hi) * 



h{l2i,h2) 



-Khi) 




-h{l23 + I32) 
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/MS,C)Fi(1) + ^Fi(1)\ 



= ^i<Pc{B, C), h{L), -Th{L), -iuei) 






V / 



2h{L) X Fi{l) 


V -{h{L),F,{l)) I 

(4) For the other generator of '^c'^ , that is, P = (X, 0, 0, 0), (0, X, 0, 0) where 
X = E„F,{l),F,{ei),i ^ 1,2,3 and P = (0,0,0, 1), we have also 

f-\D{fP)) = ^{<^c{B, C), h{L), -Th{L), -iver)P. 

Thus we see that i){A,l) e Ej.c for A e SU{io). Since V(-E,e)P = P, we see 
?/'(£', e) = e € G2,c{= Aut(C)) C F^^c C £^6,c C E-^.c- We shall show that 
tp : SU (6) • Z2 Er^c is a homomorphism. For this purpose, we first show 



f-^iA{fP)) = f-\{{AdJs)AfP)), AeSU{6),PG{Vcr- 

Furthermore, to show this, it is sufficient to show that for D G 5u(6) instead of 
A e SU{6). Now, 



/-i(D(/P)) = ${(t>c{B,C),h{L),-Th{L),-iuei)P 



= ${^c{B,C),h{L),-Th{L),-iuei)P 
= ${(t>c{C,B), h(L*), -Th{L*), -iuei)P 



= f-\{{AdJs)D){fP)). 

is a homomorphism. Indeed, for example, 

i;{A, e)i;{B, 1) P = ^{A, e){ r\B{fP))) 

= f-Hmf-HB{fm = f-HAf{f-H{^dJs)B){fP))) 
= f-\{A{eB)){fP)) = i,{A{eB),e)P 

Thus, for A e SU{6), we have ipiA, e) = ip{A, l)(p{E, e) G E-j^c- Since ip induces a 
surjection V'* : su(6) — > tr^c, tp '■ SU{6) — > {E-j^c)a (which is the connected component 
of E-j^c containing the identity 1) is onto. However e = ip{E,e) ^ {E'j^c)a- Indeed, 
forany AgS'[/(6), 

^^{AaAAbAAc) = a^hAc, a,b,cGC^ 

does not hold. Therefore E-^^c has just two connected components (see Lemma 4.13.1). 

Hence ip : SU{6) ■ Z2 Er,c is onto. Ker^p = {E,luiE,uji'^E} x 1 = Z3 x 1 easily 
obtained. Thus we have the isomorphism {SU{6)/Z3) ■ Z2 = E^^c- 

We identify (<Pc)^ © (^^(3, C)^ ® M(3, C)^) with ^'^ (using the identification 
Zc^ © M(3, C)^ with Z^ in Section 3.13) by 

((X, Y, r?), (M, TV)) = (X + M, F + TV, r?). 
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Further, we define a C-C-linear mapping jj, : M(6, C) M(3, C)'^ M(3, C)"^ by 



Mil Mi2 
M21 M22 

/(M2i-Mi2)ei .M21+M12 (M22 + Mii)ei ,M22-Mii 

= ( 2 +^ 2 ' 2 +^ 2 

-1 . 



wliere M^- e -M(3, C). The inverse mapping n 1 : M(3, C)^ © M(3, C)"^ ^ M(6, C) 
of is given by 



Lemma 4.13.4. For D e 5u(6) anrf M e M(6, C), we /lave 

/i(M£)*) = V*(£>)(/xM). 



Proof. Let 

D 

M 



B L\ V E 
-L* C)^'i\Q -E 

-N2 - Nid M2 + Mid 
M2 - Miei N2 - Niei 

M = Mi+ iM2, N = Ni+ iN2. 



e su(6), 

Mi,Ni&M{-i,C), 



Then we have 

= ^{cl>c{B, C), h{L), -Th{L), -ive{){M, N) 

-2Th{L) 



( <j,c{B,C)+'^wei 



2h{L) 


\ -Th{L) 



T(j)c{B,C)T - -ivei -Th{L) 



h{L) 




-ivei 
ivei 





/MX 




N 







J 





( (j)c{B, C)M + \ivexM - 2Th{L) x n\ 

2h{l) xM + T(j)c{B, C)tN - ^iueiN 

{h{L),N) 

\ -{Th{L),M) j 

I -Mh{B, C) + NTh{L) + \iverM \ 

-Mh{L) - NTh{B,C) - 
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(using (t)c{B, C)M = MTh{B, C)* = -Mh{B, C) and -2Th{L) xN = NTh{L) etc.) 

• • • by simple calculations • • • 

\M2 + Miei N2 + Niei J \ \ L* -C J 3 V J J 
Definition. We define a C-C-linear isomorphism / : «p<^ ^ A^{C^) M(6,C) 

by 

f{Pc + {M + N)) = f(Pc) + fi-HM + N), 

Pc + iM + N)e ® C)<^ ® M(3, Cf) = ^'^ . 

The group SU(3) x 5;7(6) acts on A^(C^) ® M(6,C) by 

(Q, ^)(^(a A 6 A c) + M) = ^(^a A A Ac) + QMA*, 

where QM means f ? ^\ /Mn f^A = ( Q^n ^ ^^(^^ 

Theorem 4.13.5. (^7)"" = (5'f/(3) x SU{6))/Z3, Z3 = {{E, E),{ljiE,ujiE), 
{(Ji'^E,(Ji^E)},uJi = + -^ei. 

Proof. We defined a mapping V : ^[/(S) x SU{6) (^t)*" by 

^PiQ, A)P = r\{Q, A){fPj), P G 

We first have to prove that ijj{Q,A) G E-^. To prove this, since ip{Q,E) G (i^e)™ C 
(E'j)'^ , it suffices to show that tp{E,A) G -E7. Moreover, it is sufficient to show that, 
for the differential mapping : su(3) ® 5u(6) of tp, V'*(0,-D) coincides with 

^{(t>c{B, C), h{L), -Th{L), -iuei) e ey. 

However, this is already shown in Proposition 4.13.3 and Lemma 4.13.4. Since 

= {P (zi^pC: \yjP = P} = (-(p^)C^ obviously we have wip{Q, A) = ijj{Q, A)w, 
hence tp{Q,A) G [E^)^ . Evidently is a. homomorphism. Wc shall show that ijj is 
onto. Let a G {E'j)'^ . Since the restriction a' to {^^)w = iVc)^ of belongs to 
£■7,05 there exists A G SU{6) such that 

aP = r\A{fP)) or aP = r\A{fP)), P G {Vcf 

(Proposition 4.13.3). In the former case, let /3 ^ ij{E,A)-'^a, then P\{^c)^ = 1, 
hence /? G G2. Furthermore, /3 G (02)™ = SU{3) (Theorem 1.9.4), so there exists 
Q G SU{S) such that 

/3(Pc + (M + N)) = Pc + Q{M + N) = Pc + {QM + QN) 
= i;{Q,E){Pc + {M + N)), Pc + (M + iV) G 



154 



Hence we have 

a = i;{E, A)(3 = i:{E, A)i:{Q, E) = V(Q, A). 
In this case, this shows that V is onto. In the latter case, consider the mapping 

71 : ^ ^^,7i(f'c + (M + N)) = P^+(M + N), Pc + {M + N) e 

Then, 71 € G2 C F4 c .Be C E-j. Prom the same argument as Section 1, we have 710: e 
[E'j)'^, hence 71 e = 51/(3). However this is a contradiction (Theorem 1.9.4). 

Therefore that V' is onto is shown. Kerijj = {{E, E), {uJiE, coiE), {uji'^ E , uji-^ E)} = Z3 
is easily obtained. Thus we have the isomorphism {SU{3) x SU{6))/Z3 = [E^)^ . 

Remark 1. The group E-j has a subgroup which is isomorphic to the semi-direct 
product {{SU{'i) X SU{Q))/ Z^)- Z2 (the action of the group Z2 = { 1 , 7} to the group 
SU{2,) X SU{&) is 7(<3,^) = (Q,Ad(J3)A)). 

Remark 2. Since (i;7)"' is connected, the fact that ip : SU{3) x SUi6) (Er)"" 
is onto can be proved as follows. The elements 

GqI, G23, G45, Gqt, G46 + (j47> G47 — G56, 
G24 + G35, G25 — G34, G26 + (J37, G27 — GsQ, 

Ml), Ai{ei), Fi{l), Fi{ei), (^1-^2)-, {E2-Es)- 
Fi{l), Fi{ei), Fi{l), Fi{ei), Ei, Ei, 1, Z = 1,2,3 

forms an i^-basis of (27)^". So, dim(e7)"' = 10 + 14 + 6x3 + 1 = 43 = 8 + 35 = 
dim(5u(3) ©5u(6)). Hence ip is onto. 

4.14. Complex exceptional Lie group £7*^ 

Theorem 4.14.1. The polar decomposition of the Lie group E-j^ is given by 

Ej^ c^ErX 

In particular, Ej'-' is a simply connected complex Lie group of type E^. 

Proof. Evidently Ey'^ is an algebraic subgroup of lsoc{^'^) = GL{78, C). If 

a G Ej'~^ , then, the complex conjugate transpose a* with repect to the inner product 
{X,Y): {aX,Y) = {X,q*Y) is a* = rXa-^X'^T e Er^ . Hence, from Chevalley's 
lemma, we have 

E^^ ~ {E-j'^ n U{^^)) X R'^ = Erx R"^, d= 133. 

Since E^ is simply connected (Theorem 4.9.2), Er'^ is also simply connected. The Lie 
algebra of the group S7*" is 67*" , so Ey'^ is a complex simple Lie group of type £^7. 

4.15. Non-compact exceptional Lie groups £7(7), £'7(_5) and £'7(_25) of 
type Er 
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Let 

qj = 5(3,e:)e5(3,e:)ei2ei2, 
<p' = 5(3,e:')ea(3,e:')®-R®-R- 

For P, Q G ^ or we define an i?- linear mapping P x Q : ^ ^ oy ^' ^ as 
similar to Section 4.1. And we define a Hermitian inner product (P, Q)a- in by 

{P,Q), = {aP,Q). 

Now, we define groups E-j(j),E-j(^_^-^ and -B7(_25) by 

i;7(7) = {a e IsoH(q3') I a(P x Q)a-^ = aP x aQ}, 
E7{-5) = {a€ Isoc(?J^) I a{P x Q)a-^ = aP x aQ, {aP, aQ)„ = (P, Q)^}, 
E7(-25) = {ae Isor{^) I a{P x Q)a-^ = aP x aQ}. 

These groups can also be defined by 

-C'7(7) = (■C'T ) , -C'7(-5) = l-C'7 j , -C'7(-25) = l-C'7 ) ■ 

Theorem 4.15.1. The polar decompositions of the groups £'7(7), £^7(_5) and 
-£'7(-25) o,re respectively given by 

E^j-) ~ SU{8)/Z2 X Rj°, 
£7(-5) ^ {SU{2) X Spin{l2))/Z2 x R^^, 
E7(-25) - iU{l) X Ee)/Zs X 

Proof. These arc the facts corresponding to Theorems 4.12.5, 4.11.15 and 4.10.2. 

Theorem 4.15.2. The centers of the groups £7(7), £'7(_5) and i^7(_25) are the 
group of order 2: 

^(-^7(7)) = ^2, 2:(i?7(_5)) = Z2, z{E^_25)) = Z2. 
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5. Exceptional Lie group Eg 



5.1. Lie algebra cs*" 

Theorem 5.1.1. In a 133 + 56 x 2 + 3 = 248 dimensional C-vector space 

egC' = er'^ e qj'^ e qj*^ e c e c e c, 

if we define a Lie bracket [i?i,-R2] by 

pi,Pi,Qi,ri,si,ti),(#2,P2,(32,r2,S2,t2)] = {^,P,Q,r,s,t), 

where 

{ # = [^1,^2] +P1XQ2-P2XQ1 

P = #iP2 - $2Pi + riP2 - raPi + S1Q2 - S2Q1 
Q = ^iQ2 - ^2Qi - riQ2 + rsQi + iiP2 - t2Pi 

r = -l{PuQ2} + l{P2,Ql} + Sit2 - S2tl 

o o 

s= i{Pi,P2} + 2riS2-2r2Si 
i = -J{(3i,<92}-2rit2+2r2ii, 
then is a C-Lie algebra. 

Proof. Among the definition of the Lie algebra, the relations 
[Pi, P2 + P3] = [Pi, P2] + [Pi, P3], 

[fcPi,P2] = fc[Pl,P2], k€C, 

[Pi, P2] = — [P2, Pi] 

are evident, and we are left to show the Jacobi identity, which can be proved by direct 

calculations as follows. 

[Pi, [P2, P3] ] + [P2, [Pa, Pi] ] + [Pa, [Pi, P2] ] 
= • • • (using [^,PxQ]=$PxQ + Px$Q (Proposition 4.3.2), 

(P X P)Q - (Q X P)P + i{Q, P}P - i{P, P} ~ i{P, Q}R = 

(Lemma 4.1.1.(3), {^P,Q} + {P,^Q} = (Proposition 4.2.2.(2)) etc.) • • • 
= 0. 



5.2. Simplicity of eg^ 

We use the following notation in eg*^: 



^ = (^, 0, 0, 0, 0, 0), p- = (0, P, 0, 0, 0, 0), 
Q_ = (0, 0, Q, 0, 0, 0), r = (0, 0, 0, r, 0, 0), 
s- = (0, 0, 0, 0, s, 0), t- = (0, 0, 0, 0, 0, t). 
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Theorem 5.2.1. The C-Lie algebra Zg^ is simple. 
Proof. We use the decomposition of eg*^: 

where Si'^' = (£> (£> C ® C (S C . Let p : es'^ -> ey'^ and g : es'^ Si'^ be 
projections of eg'" = (7'" ® ■ Now, let a be a non-zero ideal of eg*" . Then p{a) is 
an ideal of ey'-'. Indeed, if e p(a), then there exists (0, P, Q, r, s, t) e ^ such that 
P, Q, r, s, t) e 0. For any ^1 e 67*^, we have 

as [<?!,(#, P,g,r,s,t)] = ([<l'i,<l>],<Z'iP,#iQ,0,0,0), 

hence [^1,^] G p(o). 

We shall show that either ey^Ho ^ {0} or j^'^Ha ^ {0}. Assume that er'^na = {0} 
and r\a= {0}. Then the mapping p\a: — > ey*-^ is injective because fl a = {0}. 
Since p{a) is a non-zero ideal of z-j'-' and ey*^ is simple, we have p{a) = t-j'~' . Hence 
dimc(a) ~ dimc(p(a)) = dimc(e7*") = 133. On the other hand, since ty^ n a = {0}, 
g|a : is also injective. Hence we have dime (a) < dimc(.S'^) = 56x2+3= 115. 

This leads to a contradiction. 

We now consider the following two cases. 

(1) Case er*^ n a 7^ {0}. From the simplicity of 67*^, we have 67*^ fl = 67*^, hence 
a D 67*-^. On the other hand, we have 

3 [^(0, 0, 0, 1), (0, 0, 1, 0)-] = (0, 0, 1, 0)-, 
3 [^(0, 0, 0, 1), (0, 0, 0, -1)_] = (0, 0, 0, 1)_, 

as [(0,0, 1,0)-, (0,0, 0,4)-] = 1-, 
as [(0,0,0, 1)_, (0,0, 4,0)_] = 1_, 
as [1-,1_] = 1, 

as [1- + 1_,Q- + P_] = P- + Q_, 

Therefore, o D e7*^ © = eg*^ which implies a = eg*^. 

(2) Case J^'^Ha 7^ {0}. Let R (0, P, Q, r, s, t) be a non-zero element of J^'^na C a. 
(i) Case R = (0, P, Q, r, s, t),P^O. We have 

a S [1, [1-. [1. P] ] ] = [1, [1-, (0, P, -g, 0, 2,s, -2^)] ] 
= [1, (0, 0, P, -2s, 0, 0)] = -(0, 0, P, 0, 0, 0) = -P_. 

We choose Pi e so that P x Pi 7^ (Lemma 4.5.3) and choose <P G 67*-^ so that 
[(p, P X Pi] ^ 0. (Since e7*" simple, the center of tr'~' consists only of 0, so such 
exists). Then we have 

as [Pi-,P_]] = [^,Px Pi]. 
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Hence this case is reduced to the case (1). 

(ii) Case R = (0, P, Q, r, s,t), Q 0. The argument is similar to (i). 

(iii) Case R = (0, 0, 0, r, s, t), r ^ 0. For 7^ P € , we have 

a 9 [P-, [1-, [1-,R]]] = [P-, (0, 0, 0, -s, 0, 2r)] ] 
= [P- , (0, 0, 0, 2r, 2s, 0)] = (0, -2rP, 0, 0, 0, 0). 

Hence this case is reduced to the case (ii) above. 

(iv) Case R = (0, 0, 0, 0,s,t),s^ 0. We have 

9 [1-,P] = (0,0,0,-5,0,0). 

Hence this case is reduced to the case (iii) above. 

(v) Case R = (0, 0, 0, 0,0, t),t ^ 0. The argument is similar to (iv). 
Consequently, we have a = es*^, which proves the simplicity of Cg*^. 

For R e eg*^ we denote adi? : eg'^ Cg*^, that is, adE(i?i) = [R, Ri], by 0{R) = 
a,dR. Since eg'-' is simple (Theorem 5.2.1), we obtain an isomorphism of Lie algebras 

eg^ ^ ©(eg^) = {e{R) I R € eg^} 

by assigning 0{R) to R. Moreover, eg*^ is isomorphic to the algebra 

Der(e8^) = {O £ Homc(eg'^) | 0[i?i,i?2] = [ORi,R2] + [i?2,0i?2]}. 

Hereafter we often denote 0{R) by R identifying Cg*-^ = Der(eg'^). 

5.3. Killing form of eg*^ 

Definition. We define a symmetric inner product (i?i, i?2)8 in eg'-' by 
{Ri,R2)a = (^1, ^2)7 - {Qi, P2} + {Pi, 02} - 8rir2 - U1S2 - 51*2, 
where Ri = (<?,, Pj, Qj, r^, Sj, ij) e eg<^. 

Lemma 5.3.1. The inner product (^1,^2)3 of tg^ is ts''^ -adjoint invariant: 
{[R, Ri],R2)8 + {Ri, [R, i?2])8 = 0, R, Ri e eg^. 

Proof. ([P,Pi],P2)8 
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/ ['?,'?i] + PxOi-Pi xQ 
<Z>Pi - <PiP + rPi - riP + .sQi - s^Q 
^Qi - <PiQ - rQi + nQ + tPi - hP 

-i{P,gi} + i{Pi, g} + sh - Sit 
^{P,Pi} + 2rsi-2ris 



V 



--{Q,Qi}-2rti+2rit 



I 



P2 
O2 

r2 

Vt2 / 



= • • • (using ([^,#i],^2)7 + (^1, W,^2])t = (Lemma 4.5.1.(1)), 
(^, P X g)7 = {^P, Q} (Lemma 4.5.1.(2)) etc.) • • • 

= —(Pi, [P, P2])8- 

Theorem 5.3.2. The Killing form Bs of the Lie algebra eg*^ is given by 
B8{Ri,R2) 

= -15(Pi,P2)8 

= -15(^1, $2)7 + 15{gi, P2} - 15{Pi, O2} + 120rir2 + 60iiS2 + 60sit2 
= ^57(^1, ^2) + 15{gi, P2} - 15{Pi, 02} + 120rir2 + 60iiS2 + 60sit2, 

where Ri = {^i, Pi, Qi, ri, Si, ti) e cs*^ and P7 is the Killing form of 67*^. 
Proof. Since eg*" is simple (Theorem 5.2.1), there exist k & C such that 

B8{Ri,R2) = k{Ri,R2)8, Ri e eg^. 

To determine k, let Pi = P2 = (0, 0, 0, 1, 0, 0) = 1. Then, we have 

(1,1)8 = -8. 

On the other hand, since 

[1, [1, (^, P, Q, r, s, t)] ] = [1, (0, P, -Q, 0, 2s, -2t)] = (0, P, Q, 0, 4s, At), 

we have 

P8(l, I) = 56 x2 + 4x2 = 120. 
Therefore A; = -15. Thus we have P8(-Ri,-R2) = -15(Pi,P2)8- 

5.4. Complex exceptional Lie group Eg''^ 

Definition. The group Eg*" is defined to be the automorphism group of the 

algebra es*": 

Es^ = {aGlsoc{c8^)\a[Ri,R2] = [aRi,aR2]}. 
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Theorem 5.4.1. The group Es*^ is connected. 

Proof. Denote by Inn(e8'^) the subgroup generated by the inner automorphisms 
exp(6'(i?)), R G es*" in the automorphism group Aut(e8'^) = E^'"' of the Lie algebra 
Cs*". It is known that Aut(e8'")/Inn(e8'") = {1} holds for the C-algebra of Es type 
(see for example, Matsushima [19]), that is, 

Aut(e8^) = Inn(e8^). 

Since Inn(e8'^) is connected, Eg'-^ which is equal to Inn(e8'^) is also connected. 

Remark. We can also prove the connectedness of the group Es^ from the fol- 
lowing fact. For R e 68*^, we define a C-linear mapping Rx R: es*" 68*^ by 

{R X R)Ri = 0{RfRi + ^MR, Ri e eg^, 

and we define a space W'^ by 

W'^ = {Ret8^\Rx R = 0,Rj^O}. 

Then we have 

£8^/(^8^)l_ ^ 2H^, 

where {Es'^)i_ = {a G Es^ \ al- = 1_} = exp(<P(0, 0, 0, 0, C))£;7. The connect- 
edness of £^8*^ follows from the connectedness of (-B8*^)i_ and SU*^. (See Imai and 
Yokota [13]). 

The Lie algebra of the group Eg'" is Der(e8*" ) — ts*^, and therefore we have shown 
that Es^ is a complex Lie group of type Es, since we will show in Theorem 5.6.2 
that 68*" is a Lie algebra of type £^8- It is known by the general theory of Lie groups, 
that if a complex Lie group of type Eg is connected, then it is simply connected, and 
hence we have obtained the following result. 

Theorem 5.4.2. Eg*^ is a simply connected complex Lie group of type Eg. 

5.5. Compact exceptional Lie group Eg 

We define C-linear transformations A, A' of eg*^ respectively by 

X{^,P,Q,r,s,t) = {X^X-\XP,XQ,r,s,t), 
X'{^, P, Q, r, s, t) = (^, Q, -P, -r, -t, -s), 

where A in the right hand side is the same as A € £7 defined in Section 4.3. The 
mappings A and A' preserve the Lie bracket in tg-^ , that is. A, A' e Aut(e8'^) = ^s*^- 
We set 

A = AA' = A'A. 
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Finally, we denote by r the complex cojugation in eg*^, that is, 
r(<?, P, Q, r, s, t) = {t^t, tP, tQ, rr, rs, rt), 
where r in the right hand side is the usual complex cojugation in the complexification. 
Definition. We define a Hermitian inner product {Ri,R2) in eg*^ by 

{RuR2) = -^Bs{tXRi,R2). 

Proposition 5.5.1. The Hermitian inner product {Ri,R2) in zs'^ is positive 

definite. 

Proof. Let Ri = Pi.Qi,ri, Si, ti) € ts^ ,i = 1,2. Since tXRi = (tA^iA~V, 
rAQi, —tXPi, — rri, — rii, — rsi), we have, by Theorem 5.3.2, that 

i?2) 

= (tA<?iA-V, $2)7 + {P1.P2) + (Qi, O2) + 8(rri)r2 + 4(tsi)s2 + 4(rti)i2. 

Hence, it is sufficient to show that (tA^i A'^r, <?2)7 is positive definite. Let = 
^{(t>i,Ai, Bi, Ui), i = 1,2. Since tX<PiX~^t = <P{-t*4>it, -tBi,-tAi, -tvi), we have 

(rA^iA-V,#2)7 = 2(rViT,</'2)6 + 4(^1,^2) +4(Bi,B2) + \{tviW 

Therefore, it is enough to show that (T*(^ir, (j)2)e, is positive definite. Let (t>i = 6i+Ti e 
te'^, Si e U^, fi e ^o*^, i = l,2. Since rViT = -tSit + rTi, we have 

(rViT, 02)6 = -Nir, (52)4 + (Ti,T2). 

Consequently, it is sufficient to show that —{tSit, 62)4 is positive definite, which can 
be seen, however, from the fact that the following set 

y/2[EuF2{ei)], V2[EuF3{ei)], \/2[^3, Pi(ei)], < i < 7, 

l=[F,{ei),F,{ej)], 0<t<j<7 

forms an orthonormal C-basis of with respect to the inner product — (t^it, ^2)4- 
Thus the proposition is proved. 

Definition. We define a group Eg by 

Es = {a€ E8^\{aRi,aR2) = (i?i,i?2)} 
= {a e £^8*^ I rXa = arX}. 

Theorem 5.5.2. The group Eg, is a compact Lie group. 
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Proof. Es is a compact Lie group as a closed subgroup of the unitary group 

[/(248) = U{t8^) = {aG Isoc(e8^) | {aRi,aR2) = (i?i,i?2)}. 

Theorem 5.5.3. The Lie algebra eg of the group is 

eg = {i? e I t\R = R} 

= {(<!>, P, -tAP, r, s, -Ts) G e8<^ I e er, P e reiR,se C}. 

Proof. For R = P, Q, r, s, t) e es*"^, since 

tXR = (rA^A" V, tAQ, -tAP, -rr, -rt, -rs). 

the condition tXR = i? is equivalent to rA^ = <?At, Q = —tXP, rr = —r, t = —ts, 
hence we have the theorem. 

Proposition 5.5.4. The cornplexification of the Lie algebra eg is eg*-^. Hence eg 
is simple. 

Proof. For R G eg*^, the conjugate transposed mapping R* of R with respect to 
the inner product (Pi, P2) of ^8*^ is R* = tXRXt G eg*-^, and for R G Cg*-^, R belongs 
to eg if and only if R* = —R. Now, any element R G eg*-^ is represented by 

„ R-R* .R + R* R-R* R + R* 

Hence eg*-' is the cornplexification of eg. Since eg"-^ is simple (Theorem 5.2.1), eg is 
also simple. 

Analogously as in eg*^, for R G eg, we identify R with 0{R) and regard eg = G'(eg). 
Theorem 5.5.5. The polar decomposition of the Lie group E^" is given by 

Es'^ c± £;g X R^^^. 

In particular, the group Eg is simply connected. 

Proof. Evidently Eg'^ is an algebraic subgroup of Isoc(eg'^) = GL(248, C). For 
a G Es'^ , the conjugate transposed mapping a* of a with respect to the inner product 
(Pi,P2) is ce* = TXa~^XT G Es*^ . Therefore, by Chevalley's lemma, we have 

Es^ {Es^ n ?7(e8'^)) x R'^ = E^x R'^, d = 248. 

Since Eg'^ is simply connected (Theorem 5.4.2), Es is also simply connected. 

5.6 Roots of eg*^ 

Theorem 5.6.1. The rank of the Lie algebra tg'^ is 8. The roots of eg-' relative 
to some Cartan subalgebra are given by 
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±(Afe-AO, ±{Xk + Xi), 0<fc</<3, 
±Afe±i(Ai2~M3), 0<k<3, 
±i(-Ao - Ai + A2 - A3) ± ^{113 - Hi), 



"2 

4 

2 

±i 
2 

±1 
2 

±1 
2 

4 

2 



-Ao + Ai + A2 - A3) ±^{113- Hi), 

-Ao + Ai + A2 + A3) ± i(/u3 - Hi), 
Ao - Ai + A2 + A3) ± ^(/X3 - Hi), 
Xo- X1+X2- A3) ± ^{hi - H2), 

-Ao + Ai + A2 - A3) ± ^{hi - M2), 
Ao + Ai + A2 + A3) ± - /i2), 

-Ao - Ai A2 -I- A3) ± - /i2), 

±(^Hk + ^t^), 0<k<l<3, 



±Xk±(^Hi-l'^), 0<k<3, 




2^ 


— Ao — Ai -|- A2 — A3) ± 




r). 


±1( 
2 


Ao Ai A2 - A3) ± 




r). 


1 

±-( 
2 


-Ao + X1 + X2 + A3) ± 






±1( 
2^ 


Ao - Ai -h A2 -h A3) ± 


(^M2- 


¥)■ 


±1( 
2^ 


Ao — Ai -|- A2 — A3) ± 




¥)■ 


4' 


— Ao + Ai + A2 — A3) ± 


(^M3- 


¥)■ 


2^ 


Ao -h Ai -h A2 -h A3) ± 




¥)■ 


±1( 
2^ 


-Ao -X1 + X2 + A3) ± 




¥)■ 






1 < i < 3, 



±Xk±(^Hi + l'^)±r, Q<k<3, 

Ao + Ai-A2-A3)± (i/i2 + ^i^) ±r, 
Ao Ai - A2 - A3) ± f i/Z2 + ^z^) ± r, 
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±1 

2 

4 
±1 

2 
1 

±2 

±1 
2 

4 



Ao + Ai + A2 - As) ± (^i/i2 + ^i^^ ± r, 
Ao + Ai - A2 + A3) ± (i^2 + -^i^) ± r, 



:M3 



I ± r 



Ao + Ai + A2 + A3) ± 
Ao + Ai - A2 - A3) ± (i/i3 + ^lyj ± r, 

Ao - Ai + A2 + A3) ± (^i/X3 + ij/) ± r, 

/I 2 \ 
Ao - Ai - A2 + A3) ± \^-ii3 + -lyj ± r, 

±2r, 
± r 

with + M2 + = 0. 

Proof. Let fly be the Cartan subalgebra of 07*^ given in Theorem 4.6.1, then 

I) = {(^(/i), 0, 0, r, 0, 0) I ^{h) e f)7, r e C} 

is an abelian subalgebra of eg*^ (it will be a Cartan subalgebra of Cg^). 

I The roots of tr^ are also roots of eg^- Indeed, we have 

mh), 0, 0, r, 0, 0), 0, 0, 0, 0, 0)] = mh), ^], 0, 0, 0, 0, 0). 

II We have 

[(#(ft), 0, 0, r, 0, 0), (0, P, 0, 0, 0, 0)] = (0, (#(/i) + r)P, 0, 0, 0, 0), 
and using the same notation as in Theorem 4.6.1, we also have 
{^{hs+H,0,0,u) + rl){X,Y,^,rj) 

= + ^ - + r) X. (hs-H+^i^ + r) Y, (1/ + r)C, {-i^ + r)??) . 



By putting y = 0, ^ = 77 = 0, we obtain 



the root /Ufe — -i^ + r 



by letting X = Ek, 



the root ± Afc — ^/Ui — + r by letting X = Fi(a), a = ± ie4+fe. 
We can also obtain roots by letting X = F2{a), ^3(0). 

By putting X = 0,^ = r] = and further Y = Ek,Y = Fi{a), we can again roots. 
By putting X = Y = 0,^ = 1, = 0, we can again the root v + r. Similarly, we can 
obtain the roort — + r. 
By using 



mh),0, 0, r, 0, 0), (0, 0, Q, 0, 0, 0)] = (0, 0, {${h) - r)Q, 0, 0, 0), 
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we can also obtain roots. 
Ill Prom the relations 

[{^{h), 0, 0, r, 0), (0, 0, 0, 0, 1, 0)] = (0, 0, 0, 0, 2r, 0), 
mh), 0, 0, r, 0), (0, 0, 0, 0, 0, 1)] = (0, 0, 0, 0, 0, -2r), 

we obtain the roots 2r and — 2r. 

Theorem 5.6.2. In the root system of Theorem 5.6.1, 

Q^i = ^(Ao - Ai - A2 - A3) + i(/X3 - in), 

Q!2 = Ml - -^z^ - r, as = 2r, 

014 = 1^2 - - r, as = As - ^(/i2 - Ms), 
Q!6 = A2 - A3, ar = Ai - A2, as = I' - r 

is a fundamental root system of the Lie algebra eg*^ and 

jjL = 2ai + Aa2 + Qa^ + 5q:4 + Aa^ + Sag + 2a7 + Sas 

is the highest root. The Dynkin diagram and the extended Dynkin diagram of are 
respectively given by 



O- 
ai 



2 





-O— 
a2 



4 

-o 



-o- 



-o- 



as a4 
O as 



6 

o- 



ai 



a2 



5 

-O 



-o— 

Oi5 



4 
-O- 



-o— 

ae 



3 
-O 



-o 

Q!7 



2 
-O- 



as a4 a5 ae ay — m 
3 Oag 

Proof. In the following, the notation mn2 ■ ■ - ns denotes the root niai + n2a2 + 
+ ngag. Now, all positive roots of eg*" are expressed by 



Ao 


-Ai 


= 2 


3 


4 


3 


2 


1 





2 


Ao + Ai 


= 2 


4 


6 


5 


4 


3 


2 


3 


Ao 


-A2 


= 2 


3 


4 


3 


2 


1 


1 


2 


Ao + A2 


= 2 


4 


6 


5 


4 


3 


1 


3 


Ao 


-As 


= 2 


3 


4 


3 


2 


2 


1 


2 


Ao + As 


= 2 


4 


6 


5 


4 


2 


1 


3 


Ai 


-A2 


= 

















1 





Ai + A2 


= 


1 


2 


2 


2 


2 


1 


1 


Ai 


-As 


= 














1 


1 





Ai + As 


= 


1 


2 


2 


2 


1 


1 


1 


A2 


-As 


= 














1 








A2 + As 


= 


1 


2 


2 


2 


1 





1 



Ao + 2(^2 - Ms) = 2 
Ai + ^(m2 - Ms) = 



4 6 5 3 2 1 3 
12 2 1111 
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A2 + ^(/i2 - /xs) = 12 2 110 1 

A3 + i(M2-M3) = 1 2 2 1 1 

Ao- ^(M2-At3) = 2 3 4 3 3 2 1 2 

Ai - ^(/i2 - Ms) = 1 1 1 

A2 - ^(M2 - /is) = 0000 1 1 00 

A3- ^(M2-/X3) = 1 

i(Ao + Ai+A2-A3) + i(M3-Mi) = l 1 2 2 2 2 1 1 

^(Ao + Ai-A2 + A3) + ^(M3-Mi) = 1 1 2 2 2 1 1 1 

^(Ao-Ai+A2 + A3) + i(Ai3-Mi) = l 1 2 2 2 1 1 

i(Ao-Ai-A2-A3) + i(Ai3-Mi) = l 

^(Ao + Ai + A2- A3)- i(M3-Mi) = 1 3 4 3 2 2 1 2 

^(Ao + Ai-A2 + A3)-^(M3-m) = l 3 4 3 2 1 1 2 

^(Ao-Ai+A2 + A3)-i(Ai3-Mi) = l 3 4 3 2 1 2 

i(Ao-Ai-A2-A3)-i(M3-/^i) = l 2 2 1 1 

^(Ao-Ai + A2-A3) + ^(/xi-M2) = l 2 2 1110 1 

^(Ao-Ai-A2 + A3) + ^(/ii-/Z2) = l 2 2 1 1 1 

i(Ao + Ai-A2-A3) + i(Aii-/X2) = l 2 2 11111 

i(Ao + Ai+A2 + A3) + ^(Mi-M2) = l 3 4 3 3 2 1 2 

^(Ao-Ai + A2-A3)-^(mi-M2) = 1 12 2 110 1 

^(Ao-Ai-A2 + A3)-i(m-M2) = l 1 2 2 1 1 

i(Ao + Ai-A2-A3)-i(Mi-/^2) = l 12 2 1111 

^(Ao + Ai + A2 + A3)-^(Mi-M2) = 1 2 4 4 3 2 1 2 
2 

Ati + -zv = 01 100001 

o 

/X2 + ^i/ = 1 1 1 

-^3 - ^iy = 1 1 1 
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4 5 


4 


3 


2 


1 


2 








Ao - 2^*1 + 


n 


3 5 


4 


3 


2 


1 


3 








Ai + 2/^1 - 




1 1 




1 


1 


1 











Ai - + 




1 




1 


1 


1 


1 








A2 + ^Mi - 




1 1 


1 


1 


1 














A2 - + 




1 


1 


1 


1 





1 








A3 + ^A^i - 




1 1 


1 


1 

















A3 - ^Hi + 




1 


1 


1 








1 








-(Ao + Ai + A2 — A3 
2 


1 

+ 0/^2 - 
I 


2 

— V = 
6 


1 


2 


3 


3 


2 


2 


1 


1 


-(Ao + Ai — A2 + A3 
z 


1 

+ 0/^2 - 
I 


2 

—v 
■ 1 




1 


2 


3 


3 


2 


1 


1 


1 


-(Ao — Ai + A2 + A3, 


1 

+ 2^2 - 


2 

—v = 


1 


2 


3 


3 


2 


1 





1 


-(Ao — Ai — A2 — A3 


+ ^^2- 


2 

— V = 

3 


1 


1 


1 


1 














-(Aq + Ai + A2 — A3) 

A 


1 

- 0/^2 + 
A 


2 

-1/ = 

Q 



1 


2 


3 


2 


2 


2 


1 


2 


-(Ao + Ai — A2 + A3 


1 

- o/^'2 + 
A 


2 

3"" = 


1 


2 


3 


2 


2 


1 


1 


2 


-(Ao — Ai + A2 + A3 


1 

-2M2- 


2 


1 


2 


3 


2 


2 


1 





2 


-(Ao — Ai — A2 — A3 


1 

-2^2 + 


2 

r= 


1 


1 


1 














1 


i(Ao + Ai + A2 + A3) 
I 


1 

2 


2 

— = 
3 


1 


2 


3 


3 


3 


2 


1 


1 


-(Ao + Ai — A2 — A3 
2 


1 
2 


2 

-J/ = 
3 


1 


1 


1 


1 


1 


1 


1 





-(Ao — Ai + A2 — A3 
2 


1 

2 


2 

—v = 

3 


1 


1 


1 


1 


1 


1 








-(Ao — Ai — A2 + A3 


1 

+ 2^3- 


2 

—1/ — 
3 


1 


1 


1 


1 


1 











^(Ao + Ai + A2 + A3) 


-^M3 + 


2 

-1/ 
.1 


1 


3 


5 


4 


3 


2 


1 


3 


-(Ao + Ai — A2 — A3 


1 

-2^3 + 


2 

-1/ = 
3 


1 


2 


3 


2 


1 


1 


1 


2 


2 (Ao — Ai + A2 — A3 


1 

"2^3 + 


2 

—f = 

3 


1 


2 


3 


2 


1 


1 





2 


-(Ao — Ai — A2 + A3 


-^M3 + 


2 

-1/ = 
3 


1 


2 


3 


2 


1 








2 
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l^i-\i^ + r = 1 1 

fi2-\iy + r = 1 1 

-M3 + ^i^ + r- = 1 2 1 1 
1 

Ml- 0*^-^ = 1 
o 

M2--^J^ + r- = 1 

-H3-\'^-r = 1 1 1 1 

1 1 

>^o + ^IJ-i + + r = 2 4 6 4 3 2 1 3 

1 1 

Xo + -;:IJ'i + i^i^-r = 2 4 5 4 3 2 1 3 

Ao--^Mi--^«^ + ^ = 2 3 5 4 3 2 1 2 

Ao--^Mi--^i^-^ = 2 3 4 4 3 2 1 2 
1 1 

Ai + :^Mi + o^ + ^ = 1 2 1 1 1 1 1 

Ai + i/xi + ^i/-r = 1 1 1 1 1 1 1 

Ai - -Ml - -z^ + r = 1 1 1 1 1 
2^ 3 

Ai--Mi--i'-r = 1 1 1 1 
2^ 3 

A2 + ^Mi + ^i' + r- = 1 2 1 1 1 1 

A2 + ^Mi + ^J^-r- = 1 1 1 1 1 1 
1 1 

A2-7^Mi-q^ + ^ = 1 1 1 1 

X2--Ui--i'-r = 1 1 1 
2^ 3 

1 1 

A3+ 2^1 + 3i^ + »' = 1 2 1 1 1 
1 1 

A3+ 2^1+ 3i'-'' = 1 1 1 1 1 
1 1 

A3 - T^Mi - 0^ + ^ = 1 1 1 
A3--^Mi--^«^-^ = 1 1 

^(Ao + Ai+A2-A3) + ^M2 + ^z^ + r- = l 2 4 3 2 2 1 2 
i(Ao + Ai + A2-A3) + ^M2 + ^i^-r = l 2 3 3 2 2 1 2 
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-(Ao + Ai + A2 — Xs, 


- 






= 


1 


2 


3 


2 


2 


2 


1 


1 


-(Ao + Ai + A2 — A3" 


— 






= 


1 


2 


2 


2 


2 


2 


1 


1 


-(Ao + Ai — A2 + As^ 


+ 


2^2 + 




= 


1 


2 


4 


3 


2 


1 


1 


2 


-(Ao + Ai — A2 + A3^ 


+ 




1 

— v — r 
3 


= 


1 


2 


3 


3 


2 


1 


1 


2 


-(Ao + Ai — A2 + A3" 




2^2- 


-u + r 


= 


1 


2 


3 


2 


2 


1 


1 


1 


-(Ao + Ai — A2 + 




2^2- 


-u-r 


= 


1 


2 


2 


2 


2 


1 


1 


1 


-(Ao — Ai + A2 + A3^ 


■ 


^M2 + 


\y + T 


= 


1 


2 


4 


3 


2 


1 





2 


-(Ao — Ai + A2 + A3^ 


+ 


^M2 + 


1 

-y-r 


= 


1 


2 


3 


3 


2 


1 





2 


-(Ao — Ai + A2 + A3^ 






\v + r 


= 


1 


2 


3 


2 


2 


1 





1 


-(Ao — Ai + A2 + A3^ 




2^2- 


1 
i 

-u-r 


= 


1 


2 


2 


2 


2 


1 





1 


-(Ao — Ai — A2 — A3" 


■ 


^M2 + 


\y + r 


= 


1 


1 


2 


1 











1 


-(Ao — Ai — A2 — A3^ 


+ 


^M2 + 




= 


1 


1 


1 


1 











1 


-(Ao — Ai — A2 — As^ 




2^2- 


-u + r 


= 


1 


1 


1 

















-(Ao — Ai — A2 — A3^ 




2^2- 


1 

— V — r 
3 


= 


1 


1 




















-(Ao + Ai — A2 — A3" 


■ 




1 

-u + r 


= 


1 


1 


2 


1 


1 


1 


1 


1 


-(Ao + Ai — A2 — A3 


+ 


2^3 + 


1 


= 


1 


1 


1 


1 


1 


1 


1 


1 


-(Ao + Ai — A2 — A3^ 


- 


2/^3- 


\u + r 


= 


1 


2 


3 


2 


1 


1 


1 


1 


-(Ao + Ai — A2 — A3" 




2^3- 


-u-r 




1 


2 


2 


2 


1 


1 


1 


1 


-(Ao — Ai + A2 — A3" 


■ 


^M3 + 


\u + r 




1 


1 


2 


1 


1 


1 





1 


2 (Ao — Ai + A2 — As^ 


+ 


1 

2/^3 + 


1 

-u-r 




1 


1 


1 


1 


1 


1 





1 


-(Ao — Ai + A2 — A3^ 




1 

2^3- 


1 

-u + r 




1 


2 


3 


2 


1 


1 





1 


-(Ao — Ai + A2 — A3^ 




1 

2^3- 


1 

-y-r 




1 


2 


2 


2 


1 


1 





1 


i(Ao + Ai + A2 + A3) 


+ 


1 

2^3 + 


1 

-. + r 




1 


2 


4 


3 


3 


2 


1 


2 


^(Ao + Ai + A2 + A3) 


+ 


^M3 + 


1 

-y-r 




1 


2 


3 


3 


3 


2 


1 


2 
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^(Ao + Ai + As + As)- 


1 

2 


1 

-y + r = 
3 


1 


3 


5 


4 


3 


2 


1 


2 


^(Ao + Ai + Aa + As)- 


1 

2/'3 - 


1 

-.-r = 


1 


3 


4 


4 


3 


2 


1 


2 


i(Ao-Ai-A2 + A3) + 




1 

-y + r = 


1 


1 


2 


1 


1 








1 


^(Ao- Ai -A2 + A3) + 


^M3 + 


1 

-y-r = 


1 


1 


1 


1 


1 








1 


-(Ao — Ai — A2 + A3) — 


1 

2/^3- 


1 

-u + r = 


1 


2 


3 


2 


1 








1 


-(Ao — Ai — A2 + A3) — 


1 

2^3- 


1 


1 


2 


2 


2 


1 








1 



v-r =00000001 
2r =00100000 
u + r = 1 1. 

Hence 11 = {ai^a^, - ■ ■ ,a^} is a fundamental root system of Cs*" . The real part 
of ^ is 

f)H = {{^{h), 0, 0, r, 0) I ${h) e (f)7)R, r e 

3 3 ^ 

(where ${h) = {^( X! -^^^fc + ( XI ^J-^j) ' ^' ^' ^) ^ (^7)« (Theorem 4.6.2)). The 

fe=0 i=i 
Kilhng form of Cs*" on is given by 

3 3 

Bs{h, h') = 60 X AfeAfc' + 30 ^ At^/z/ + AQvu' + 120rr', 

fe=0 j=l 

~ ~ 3 

for h = (^(/i),0,0,r,0), /i' = (^(/i'),0,0, r',0) e f), where ${h) = ^(^AfeHfe + 

3 ^ 3 3^ 

( X ^l,E,Y, 0, 0, i/) , ^{h') = <P(Y^ Xk'Hk + ( J2 l^'jEjY'O^ 0, i/') e (f)7)R, Indeed, 

Bs(h,h') = \B'j{^{h),^{h')) + l2Qrr' (Theorem 5.3.2) 

= -6(^6 X AfeAfc' + S^/ij/i/ + 41^1^') +120rr' (Theorem 4.6.2) 
fc=o i=i 
3 3 
= 60 X AfcAfe' + 30 X /Zjm/ + mvv' + 120rr'. 
fe=o 3=1 

Now, the canonical elements e associated with ai {B^{Ha,H) = a{H), H e 
f)^) are determined as follows. 

= ("^l (^0 - - - ifs) + 2(^3 - Ei'r^O, 0, 0) , 0, 0, 0, 0, 0) , 
= (^(9^(2^^ - - 0' - 1^) ' 0' - 1^' 0' 0) ' 
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H^, = (o,0,0,i^,0,o), 

= Hvo^^""^ + - 0' -T^) ' - 1^' °' °) ' 

H^, = (<p(i^(iJ3-(i?2-i?3)^),0, 0,0), 0,0, 0,0,0), 

ifae = ('Z'(^(i?2-^?3), 0,0,0), 0,0, 0,0,0), 

Ho., = (<Z'(^(i?i-i?2), 0,0,0), 0,0, 0,0,0), 

if„, = (#(0,0,0,^), 0,0, -^,0,0). 

Thus we have 

(ai,ai) = Br(Ha,,Ha,) = 60-^-^4 + 30-47 74^8 = -4, 
V 1, ij i\ ai, aij 120120 120120 30 

and the other inner products are similarly calculated. Consequently, the inner product 
induced by the Killing form Sg between ai, 0:2, • • • , ag and — /z are given by 

(ai,ai) = -^, « = 1,2,3,4,5,6,7,8, 

1 ^ ^ 1 

{ai,ai+i) = - — , i = l,2,---,6, (03,0:8)=-^, 

{ai,aj) = 0, otherwise, 

1 1 

(-/x,-m) = — , {-fj,,ar) = - — , (-/i,ai)=0, « = 1,2,3,4,5,6,8, 

using them, we can draw the Dynkin diagram and the extended Dynkin diagram of 

According to Borel-Siebenthal theory, the Lie algebra eg has five subalgebras as 

maximal subalgebras with the maximal rank 8. 

(1) The first one is a subalgebra of type Ai ® which is obtained as the fixed 
points of an involution v of eg. 

(2) The second one is a subalgebra of type Dg which is obtained as the fixed points 
of an involution A7 of eg. 

(3) The third one is a subalgebra of type A2 ® Eq which is obtained as the fixed 
points of an automorphism w of order 3 of eg. 

(4) The fourth one is a subalgebra of type Ag which is obtained as the fixed points 

of an automorphism of order 3 of eg . 

(5) The fifth one is a subalgebra of type A4 © A4 which is obtained as the fixed 
points of an automorphism Z5 of order 5 of eg. 

These subalgebras will be realized as subgroups of the group E^ in Theorems 
5.7.6, 5.8.7, 5.10.2, 5.11.7 and 5.12.5, respectively. As for Theorems 5.10.2, 5.11.7 and 
5.12.5, we refer to Gomyo [9]. 
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5.7. Involution v and subgroup {SU{2) x Er)/Z2 of Eg 

We shall first study the following subgroup (i^s*^)!,!-,!. of Eg'^: 

(i;8*^)i,i-,i_ = {a G £;8^ |al = = l-,al_ = 1_}. 

Proposition 5.7.1. (£^8*^)i,i-,i_ = Er^- 

Proof. For e -B?'^, we define a C-linear mapping /3 : eg*^ — > eg*^ by 



/3 = 



/Ad/3 



















/3 




















/3 




















1 




















1 





V 

















where (Ad/3)<? = /3^/3"\ G ey'^. It is easy to check that /3 G (£'8'^)i,i-,i_ . Con- 
versely, if a G Eg*" satisfies al = l,al~ = 1~ and al_ = 1_, then a is of the 
form 



( f3i 


012 


013 








o\ 


01 G Homc(e7'^), 




P2 


023 











/32,/33,/?23,/332GHomc7CP^) 


0:n 


032 


03 











/32i,/33iGHomc(e7^,'P^), 


a I 


hi 


Cl 


1 








' /3i2,/3i3GHomc(??^,e7^), 




b2 


C2 





1 





tti G Homc(e7'^,C), 


\ as 


63 


C3 










bi,CiG Homc(«P'^,C). 



From the relation [a(l>, 1] ~ [q:<?, al] = a[<l>, 1] = 0, that is, 

= 021^, 031^, a2^, a3<?), (0, 0, 0, 1, 0, 0)] 

= (0, -021^, 031^, 0, -2a2^, 2a3^), 

we obtain 02i = 03i = and a2 = as = 0. Furthermore, from [a#, 1~] = [a#, al~] = 
a[^, 1~] = 0, that is, 

= [{01$, 0, 0, ai^, 0, 0), (0, 0, 0, 0, 1, 0)] = (0, 0, 0, 0, 2ai^, 0), 

we obtain ai = 0. Using the fact that [aP~,l] = [aP~,al] = a[P~,l] = —aP~, 
that is, 

-{012P, 02P, 032P, hP, 62 P, hP) 

= [{012P, 02P, 032P, hP, 62 P, bsP), (0, 0, 0, 1, 0, 0)] 

= {O,-02P,032P,O,-2b2P,2b3P), 

we obtain 0i2 = 032 = and &i = &2 = &3 = 0. Similarly, from [a(5-,l] = 
[aQ_,al] = a[(3_,l] = aQ-, we obtain 0i3 = 023 = and ci = C2 = C3 = 0. 
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Thus we have seen that a is of the form 



a = 



■01 

/32 

/33 





By applying a on [(0, P, 0, 0, 0, 0), (0, 0, Q, 0, 0, 0)] = (P x Q, 0, 0, -^{P, Q}, 0, o) , we 
obtain 

/3i(P X Q) = /32P X /33g, {/?2P, /33Q} = {P, Q}, (i) 

since [(0, /32P, 0, 0, 0, 0), (0, 0, 13^Q, 0, 0, 0)] = (/?i(P x Q), 0, 0, -^{P, Q}, 0, o) . Again, 
by applying a on [(0, P, 0, 0, 0, 0), (0, Q, 0, 0, 0, 0)] = {q, 0, 0, -^{P, Q}, 0, o) , we obtain 

{/32P,/32g} = {P,Q}. (ii) 

Further, by applying a on [(^, 0, 0, 0, 0, 0), (0, P, 0, 0, 0, 0)] = (0, $P, 0, 0, 0, 0), we ob- 
tain 

{Pi^){p2P) = H^P). (iii) 

From (i), (ii), we have 

{/32P, PzQ} = {/32P, /32Q}, P, g e ^P^, 

hence /32 = /?3, which we denote by /?. If we put (3~^P in (iii) in the place of P, we 
obtain 

Therefore, from (i), we have 

/?(P X Q)/J-i = /3P X pQ, 

which implies that f3 e -E'7'^. Thus the proof of Theorem 5.4.1 is completed. 

Definition. We define a C-linear mapping v : Cg*-^ eg*" by 

v{^, P, Q, r, s, t) = (^. - P, -Q, r, s, t). 

Then v G Es and = 1. Note that f is the central element —1 of regarding as 
an element of Es (see Theorem 5.7.3). 

We shall study the following subgroup (Eg)'" of Es' 
(Es)'' = {a e Es\va = av}. 
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Lemma 5.7.2. If a Q Es satisfies al_ = 1_, then it also satisfies al = 1 and 
al~ = 1". 

Proof. Let al = {<!>, P,Q,r, s,t). From the relation [q1, 1_] = [al,al_] = 
a[l, 1_] = -2al_ = -21_. wc have 

-21_ = P,Q,r,,s,t),l-] = (0,0,-P,s,0,-2r), 

from which we obtain P = 0, s = 0,r = 1. Further, (q:1,Q!1) = (1,1) — 8, that is, 
{<P, ^) + {Q,Q) + 8 + 4(rt)t = 8, which imphes that <P = 0,Q = 0,t = 0. Therefore 
al = 1. By applying a on [1^, 1_] = 1, we obtain al~ = 1~ by a similar method to 
the above. 

To find the structure of the group (-Eg)", we shall first study the following subgroup 
(£;8)i_ of ^g: 

{Es)i_ ={aGS8|al_ = l_}. 
Theorem 5.7.3. {Es)i_ = Ej. 

Proof. {Es)i_ = (-E8)i,i-,i_ (Lemma 5.7.2) 
= {a e {Ef,'~^ _i_ I rXa — arX] 
= {a e E-['~^ I rAa — arX] (Proposition 5.7.1) 

= {a e Ej'" I rAa = arA} (by the correspondence to Proposition 5.7.1) 
= Er (Lemma 4.3.3.(4)). 

Remark. We define a space 21Ji by 

mSi = {R&Zs,'^\Rx R = Q, {R, R) = 4} 
(see Remark of Theorem 5.4.1), then, we obtain a homeomorphism 

Es/E-r ~ aUi. 
(See Yokota, Imai and Yasukura [53]). 

Theorem 5.7.4. The group (Eg)" contains a subgroup 

MSU{2)) = {^3{A) eEs\Ae 5(7(2)} 
which is isomorphic to the group SU{2) = {A <E M(2, C) | {t*A)A = E,detA = 1}, 
where, forA=h G SU{2), ^^{A) : ZsP is defined by 



V3(A) = 



/I 














\ 





al 


-Tbl 














61 


ral 




















(Ta)a — (t&)& 


-(ra)6 


a(r6) 











2o(r6) 


a2 


-{rb? 


Vo 








2(ra)6 


-62 


{raf 1 
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Proof. For A = (j^ Ja^ = ( iS^ ^ ^® ^^^^ ^^^^ = 

exp(0(O,O, 0,w,p,-Tp)) e {Eaf. 

Lemma 5.7.5. The group {Eg)'" is connected. 

Proof. (-Eg)" is connected as a fixed points subgroup of the involutive automor- 
phism V of the simply connected Lie group Eg- 

Theorem 5.7.6. (Eg)" ^ {SU{2) x £7)7-^2, ^2 = {{E, 1), {-E, -1)}. 
Proof. We define a mapping (p : SU{2) x E-j (Es)^ by 

Since <fi3{A) e (fi3{SU{A)) and /? e -B7 commute, <^ is a homomorphism. Since {Es)"" 
is connected (Lemma 5.7.5), to prove that (p is onto, it is sufficient to show that the 
differential mapping : 5u(8) © 67 (eg)" of ly? is onto. But which is not difficult to 
see. Indeed, we have 

(eg)^ = {6)(i?) e 0{t8) I ve{R) = 0{R)v} 9^ {R e e8\vR= R} 
= {(^, 0, 0, r, s, -Ts) I G e7, r G iii, s G C}. 

Keri^ = {(i?, 1), {—E, —1)} = Z2 is easily obtained. Thus we have the isomorphism 
{SU{2) X Er)/Z2 = {Esr. 

Remark. We can prove directly that cp is onto without using the connectedness 
of (Es)"" (Lemma 5.7.5), (see Imai and Yokota [13]). 

5.8. Involution A7 and subgroup 53(16) of Es 

We define a C- linear mapping A7 : es*^ — > eg*^ by 

Xj{^, P, Q, ,s,t) = (A7^'7A-\ A7Q, -A7P, -r, -t, -s). 

Then A7 G Eg and (X-/)'^ = 1. 

We shall study the following subgroup (Es)^'" of E^: 

{Es)^'y = {ae Es\ Xja = aXj} 

= {a€ Es\ Tja = arj} = {E^Y"' . 

We define an i?-Unear mapping I : M{d,,C) M{1&,R) by 
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Further, we define 7, J e M(16, R) by 

/ = diag(/, •••,/), ^ = (^Q J = diag(J,---, J), J ^ (^^^ q 

then / J = - JL and for X. F € M(8, C), we have 

(1) liXY)^liX)l{Y), 

(2) = Z(tX)/, Jl{X) = 1{X)J, 

(3) = Z(r*X). 

Lemma 5.8.1. (1) ;(u(8)) = {B e so(16) | JB BJ}, 

l{6{8, C))I ={B e so(16) I JB = -BJ}. 
(2) ^n^/ element B G so(16) is uniquely expressed by 

B =l{D') + l{S)I, D' eu{8),S e &{8,C) 

= 1{D) + 1{S)I + l{icE), D e su(8), S G 6{8, C),cgR. 

Proof. (l)IfD e u(8), then we have J«(L>) = /(D) J and *Z(D) = 1{t*D) = -1{D). 
Conversely, suppose that B e 6o(16) satisfies JB = BJ. Let B = 1{D), D e M(8, C). 
Then, the relation 

1{-D) = -B = *B = H{D) = 1{t*D) 
implies t*D = -D, that, is, D e u(8). Next, for S e 6(8, C), we have 
Jl{S)I = 1{S)JI = -1{S)IJ, 

*{1{S)I) = *7*(/(5)) = 7Z(t*5) = -II{tS) = -1{S)I. 

Conversely, suppose that B e 5o(16) satisfies JB = —BJ. Since the element BI 
satisfies JBI = BIJ, we let BI = 1{S), S e M(8, C). Then the relation 

1{-S)I = -B = *B = *7*(/(S')) = II{t'S) = lCS)I 

implies -S = that is, S e 6(8, C). 

/^x . B-JBJ B + JBJ , , 
(2) Let is = 1 and use (1) above. 

The following Lemmas 5.8.2 and 5.8.3 are properties of the mappings x '■ (?^'^)t7 — * 
6(8, C) and 95, : su(8) — > (te)^'^ of Section 4.12, and will be used in the proof of 
Theorem 5.8.4. 

Lemma 5.8.2 The Lie isomorphism : sp(4) — > {t^)^^ defined by {(fi^D)X = 
g-^{D{gX) + {gX)D*),X G Z'^ of Theorem 3.1.2 satisfies 

M[gXugX2]) = 2(Xi V7X2 - X2 V7X1), X,,X2 e a^. 
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Proof. Note that [5X1,5X2] e 5p(4). Now, since 

g{2{x^y -iX2)X) xea^ 

= g{{-iX2,X)Xx + \{X^,-fX2)X - 47X2 X (Xi X X)) (Lemma 3.4.1) 

= (7X2, X)gX^ + 7X2)5^ - 4gX2 o (5X1 o 5X) + {^X^,X)gX2 

+{-lX2,-iXi,-iX)E (Lemma 3.12.1), 

we have 

fif(2(Xi V 7X2 - X2 V 7Xi)X) 

= -43X2 o {gXx o gX) + AgXx o (5X2 o gX) 
= —gX2gXigX — 3X2.9X5X1 — 5X15X5X2 — 5X5X15X2 
+5X15X25X + 5X15X5X2 + 5X25X5X1 + 5X5X25X1 
= [5Xi,5X2]5X-5^[.9^i,.9^2] =5((v'*[fl^i,5^2])X). 

Consequently, since 5 is injective, we have the lemma. 

Lemma 5.8.3. For S, 81,82 € 6(8, C), we have 

(1) \jx'\8) ^ ^x-H^S). 

(2) tr(5ir52 - ^ar^i) = 4i{x-'8i,x-'82}. 

(3) if, {{81TS2 - S2TS1) - ^tr(5ir52 - S2tSi)E^ 

= 4(A7X-i5i X x-'S2 - X7X-'S2 x x'^^i). 
Proof. (1) Let x~^S = P= (X,F,^,r?). Then 

X\7X-'S = xA7(X, Y, rj) = xilY, -7X, 77, 

= (fc(.9(7n - lE)+ik[g(j{-jX) - ^e)))j 

= -^i^ki^gX~^E)+^k(^g{^Y)~^E))J 
= -ixiX,Y,^,r]) = -ixP = -i8. 

(2), (3) Let x'^Si = Pi = {Xi,Ti,^i,r]i),i = 1,2. Noting 

81T82 - 82T81 - 1{8it82 - 82T81) G su(8), 
8 

we have 

S1TS2 = xPirxP2 = xiXuYu a, r?i)Tx(X2, Y2, ^2,m) 
= (fc(5Xi - ^-lE)+ik(g{^Y,) ^E))jT((k(gX2 - 

+ik(g{^Y2)-^E))j) 
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= - ^e) + ik[ghY,) ^e)) [k[gX, - ^e) 



-ik 



(5(7i"2) 



V2 



E]]J 



= -k[[gX, - - + (.9(7^1) - (giiY,) - 

-ik((g{^Y,) - ^e) [gX2 - ^^e) - (gX, - (5(7^2) - f i?))- 

Therefore 

S1TS2 — S2TS1 

= -k{gXigX2 - gX2gXi+g{^Yi)g{jY2) - 5(7^2)5(7^1)) 
-ik{g{jYi)gX2 - g{7Y2)gXi - gXig{jY2) + 5^25(7^1)) 
-7715X2 + 7725X1 + ^15(7^2) - 65(7^1)) + 2(^1^2 - V2^i)E 

= ki-[gXugX2] - [5(7^), 5(7^2)]) 

+ifc(5(27Xi XY2- 27X2 X Fi + 771X2 - 772X1 - ^17^2 + 67^)) 

+|((Xi,y2) - (X2,yi) + eir72 - bVi))E (Lemma 3.12.1) 
(denote D = -[5X1, 5X2] - [5(7^), 5(7>'2)] e sp(4), 

A = 27X1 XY2- 27X2 X Fi + 771X2 - 772X1 - ^7X2 + 67^1 e Z^) 

= kD + ik{gA) + ^{P,,P2}E. 
Taking the trace of both sides, we obtain 

tr(Sir52 - S2TS1) = 4i{Pi,P2} = 4i{x-'Si,x-^S2}. 

and the expression above equal to 

51x52 - 52t5i - itr(5iT52 - 52t5i) = kD + ik{gA), 



On the other hand, we have 

/ lY, 

-7X1 



A7P1 X P2 




Therefore, 



V -a 

/ _l(^y^vy2-X2V7Xi) 
^(27X1 X y2 + r?i^2 + 675^1) 
^(27^1 X X2 + a^2 + r?27^i) 

i((7n, I2) - (X2,7^l) - 3(7717,2 - 6^1)) ) 
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A7P1 X P2 - A7P2 X Pi 

^(-XiV7X2 + X2V7Xi-7yivy2 + 7^2vyi) ^ 

^ ^ i (27X1 X F2 - 27X2 X Fi + 771X2 - 7/2X1 + ^27^1 - 67^2) 
i(2X2 X 7^1 - 2X1 X 7^2 + 7727^1 - %7^2 + ?i>2 - 

V / 

= ^(^^ifi^D,^A,-^'yA,0j (Lemma 5.8.2) 
= ^if^kD + ik{gA)) 

= 2V'*(^SitS2 - S2TS1 - ^tr(5iT52 - S2TSi)Ej. 

Theorem 5.8.4. The Lie algebra (ts)^^ of the Lie group {Es)^^ is given by 

(e8)^T = {0 e 0(e8*^) I A7(9 = 6'A7} 

= {©(#, P, -A7P, 0, s, -s) I e {t7)^\P e (<P'^)a^, s g R} 

and (cs)^^ is isomorphic to the Lie algebra so(16) by the mapping ( : so(16) (^s)^'*' 
defined by 

C{l{D) + 1{S)I + l{icE)) = e{ip.D, 2X^x~^S, 2x-^S, 0, 2c, -2c), 

where D e su(8),5 e 6(8,C),c e R, and ip^ : su(8) ^ (67)^"^,% : {'^'^)tauj ^ 
6(8, C) are mappings defined in Section 4.12. 

Proof. It is not difficult to see that the first half of the theorem and that ( is 
onto. We will prove that ^ preserve the Lie bracket. 

(1) C[liD,),l{D2)]^(:i[D,,D2] 

= 0{^, [DuD2] , 0, 0, 0, 0, 0) = Oiiif^Di , ^,02] , 0, 0, 0, 0, 0) 
= [0(^*£)i, 0, 0, 0, 0, 0), 0(v5*D2, 0, 0, 0, 0, 0)] 
= [Cl{D,),Cl{D2)]. 

(2) C[l{D), 1{S)I)] = C{l{DS - StD)I) = C{l{DS + S *D)I) 

= 0(0, 2A7X-'(^^ + S'D), 2x-\DS + 5*D), 0, 0, 0). 
On the other hand, 

[ci{D),ms)i)] 

= [e{^.D, 0, 0, 0, 0, 0), 0(0, 2A7X-'^, 0, 0, 0)] 

= 0(0, 2{^,D)\^x-^S, 2{ip,D)x~^S, 0, 0, 0). 

Since {ip*D)X'y = A7(<^*£)) and {ip*D)x~^S = x~^{DS + S*D), they are equal. 
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(3) C[l{D)J{icE)] = C[D,icE]= (0 = 

= [0{ip^D, 0, 0, 0, 0, 0), 0(0, 0, 0, 0, 2c, -2c) = [CKD), Cl{icE)]. 

(4) ClKSi)!, 1{S2)I] = (:iiSiTS2 - S2TS1) 

= c(i(SitS2 - S2TS1 - ^tr(5iT52 - S2tSi)E^ 

= 6)((^» (5it52 - S2TS1 - itr(5iT52 - S2tSi)E^ , 0, 0, 0, 

i i \ 

--tr(5'ir52 - S2TS1), -tr(5ir52 - S2TSi)j 

= OiMX-ix-^Si X x-'S2 - Xtx-'S2 X x-^Si), 0,0,0, 
{X-'S,,X-'S2} - {X-'S,,X-'S2}) (Lemma 5.8.3). 
On the other hand, 

[Ci{Si)i,c{i{S2)i] 

= [0(0, 2X-fx-^Si,2x-^Si,0, 0, 0), 0(0, 2X-fx-^S2,2x-^S2, 0, 0, 0)] 
= o(2X-fx-'Si X 2x-'S2 - 2X^x~^S2 x 2x~^SuQ,0, 

i(-{2A7X-'5i,2x-'52} + {2A7X-'52,2x-^5i}), 

i{2A7X-'5i, 2A7X-'52}, - J{2x-'5i, 2x-^52}) , 
which equals to the above. 

(5) Q[{icE),l{S)I]=anicS)I) 

= 6>(0, 4A7x-^(icS'), 4x-^(icS'), 0, 0, 0) 

= 0(0, 4x"Hf;'5'),-4A7x"HcS'), 0,0,0) (Lemma 5.8.3) 

= [0(0, 0, 0, 0, 2c, -2c), 0(0, 2A7X-'5, 2x''^S, 0, 0, 0)] 

= mcE),ai{s)i)]. 

Finally, 

(6) C,[l{iciE), l{ic2E)] = C,l[iciE, ic2E] = CO = 

= 0(0, 0, 0, 0, 2ci, -2ci), 0(0, 0, 0, 0, 2c2, -2c2))] 
= [Cl{iciE),Cl{ic2E)]. 

Thus we have proved Theorem 5.8.4. 

The group (Es)^"^ is connected as a fixed point subgroup under the involution 
A7 of the simply connected Lie group Eg- Therefore, by Theorem 5.8.4, {Es)^^ is 
isomorphic to one of the following groups 

Spin{W), 50(16), 5s(16), 50(16)/Z2. 

Precisely we have {Eg.)^'^ = 55(16), below we will give an outline of the proof. 
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We will use the Lie algebra 

e8(8) = {ts^V^ = {i? e eg^ I T-yR = R} 
(see Section 5.13). Now, consider the eigenspace decomposition of eg*^ by A7: 

es^ = (e8^)3;^ ® (es^),^^ 

(es^)^^^ = {0e Der(e8^) | A76) = 0A7} = {^^ e eg^ | A7i? = i?} = (es^)^^ 
(^8^)_X^ = {0 e Der(e8^) | A70 = -0A7} ^{R€ eg^ | XjR = -R}, 
Since we have 

= ii'^'')r,)j^ = (^8(8))a. = (^8(8))'"' 

we obtain the following decomposition of egfg) : 

^8(8) = (^8(8))^^© (e8(8))_X^- 

Since (e8(8))^^ — Ss{16) (Theorem 5.8.4), this is the Cartan decompposition of eg(g). 
Since [(eg(g))'^'^, (e8(8))_x^] C (e8(8))_x^, we obtain a representation (p of (eg(g))^T to 
(eg(g))_x^: 

ip{R)Ri = [R, R€ (eg(g))^^ Ri e (eg(g))_Xy 

which is irreducible. (See, for example, (8.5.1) of Goto and Grosshans [11]). Fur- 
thermore, the complex representation ip'-' of p to (((eg(g)) 3^.^)*^ = (68*^) '^^ is also 
irreducible, since {'^8{8))_^^ is simple (see (8.8.3) of the same book). The following 
lemma follows from above mentioned results. 

Lemma 5.8.5. The representation of the group (Eg)^'' to (eg(g))_3;^ is irreducible. 
Proposition 5.8.6. The center z{{Es)^^) of the group (Es)^^ is a group of order 

2: 

z((i?8)^^H{l,A7}- 

Proof. Evidently, {ljA7} C z{{Es)^^). Conversely, let a G z{{Es)^^). Since 
the representation of (E^)^'^ to {t8'")_'^^ irreducible (Lemma 5.8.5), we see, by using 
Schur's lemma in the theory of groups, that the action of a on {ts^)^^^ is constant. 
Therefore, there exists an element k G C such that 

aR = kR, R&{t8'^)_j^. 

Since the Killing form Bs{R,R') is invariant under a: B8{aR,aR') = Bg(J?, i?'), we 
have 

k'^BsiR, R') = BsiaR, aR') = Bs{R, R'), R, R' e {t8^)_j-y^ 
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which impHes that fc^ = 1. By Theorem 5.8.4, we have [tn'")^'^ — so(16,C) which is 
simple, and hence we see that {zs'")'^'' is generated by (es'")"^''': 

(^8^)^^ = { Yl^Rk,Ri] I Rk,Ri e (e8^)_x,}- 

k,l 

Consequently, a satisfies fc^l = 1 on {ts^)_'^^, that is, the identity mapping. When 
fc = 1, we have a = 1 , when k = —1, we have a = A7. Thus we have proved the 

theorem. 

It follows from Proposition 5.8.6, that (Eg)^^ is isomorphic to one of the following 

50(16), Ss{16). 

There are only two, up to equivalence, complex irreducible representations of the 
Lie algebra so(16) of dimension 128. In fact, one can obtain the following table, by 
calculating the dimension of dominant roots by virtue of Weyl's dimension formula 
(see (7.5.9) of Goto and Grosshans [11]): 

oJi 2u)\ u>n 2uj2 UJ3 oJi 0)5 uJe 0J7 oJs 

16 135 120 5304 560 1820 4368 8008 128 128 ••• 

hence the dominant root of dimension 128 is either ajj or wg. (Here, LiJi,lo2, - ■ ■ ,los 
are fundamental weights). On the other hand, 5*^^(16) has two complex irreducible 
representation ziie"*" and Aiq~ , called spinor representations. Furthermore, both of 
Z\i6~'" and Z\i6~ are not representation of 5'0(16). Now, by Lemma 5.8.5, (iJg)'^^ has 
a complex irreducible representation (cg*^)"^^ of dimension 128, which implies that 
(Es)^'^ is not 50(16). So (E^s)^^ must be 55(16). Thus we have proved the following 
theorem. 

Theorem 5.8.7. (Es)^'' = 5s(16). 

Remark. We define an involution C-linear transformation a of eg by 
cr(<?, P, Q, r, s, t) = {a$a, aP, aQ, r, s, t). 
This is the same as a G F4, c Eq c E7 c E^. We define a subgroup {Es^ by 

{Es)" = {a e Es\aa = aa}. 

Then we have 

{Esr = 5s(16). 

Indeed, we can prove that the Lie algebra (eg)*^ of the group (-Eg)"^ is isomorphic to 
the Lie algebra so(16) = {X G A'/(16, R)\*X = —X}. Hnece as the same the case the 
group (Eg)^^, the group (Eg)'^ have to the semi-spinor group 5s(16). However the 
proof of {EsY''^ = 5s(16) ^ {Es)" is not concretely. M. Gomyo [10] find the group 
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53(16) explicitly in the group Eg (although the definition of the group Eg is different 
from Eg in Section 5.5). 



5.9. Center z{Es) of Eg 




Proof. Let a € z{Es). The relation va = av implies that a G ip{SU{2) x E^) = 
iSU{2) X Er)/Z2 (Theorem 5.7.6), and so a e z{ip{SU{2) x Er)). Therefore by 
Theorem 4.9.1 we have 

a = ip{E,l) = l or a = ip{E,—l) = V. 

However v ^ z{E8) (Theorem 5.7.6). Hence a = 1. 

5.10. Automorphism w of order 3 and subgroup {SU{3) x E^j/Z^ of Eg 

In this section (also in the following Sections 5.11 and 5.12), wc use the same 
notation as eg*" , (-Ri, i?2), tA, w, even if these are different from those used in the 
proceeding sections. 

We consider a 27 x 3 = 78 dimensional C-vector space 



In {Z^Y, wc define an inner product (X, y), a Hermitian inner product (X,y), a 
cross product X x y, an element X ■ Y oi sl(3, C) and an element X V y of Cg*^ 
respectively by 



where X = ,y = F2 e {Z^f. Further, for ^ e Homc(5'^), £> = {dij) e 




(X, y) = (Xi, yi) + (X2, Fa) + (X3, Y3) e c. 




/(Xi,yi) {Xi,Y2) {Xi,Ys)\ 

XY=\ (X2,yi) (X2,y2) (X2,y3) - 
V(X3,yi) (X3,r2) (X3,y3)/ 



X V y = Xi V Fi + X2 V r2 + ^3 V Fa e ee^. 




M(3, C) and X = ( X2 I e (5' 




:'^)3, elements (j)X,DX e (5*^)^ are naturally defined 
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by 









DX= ^ 







/ diiXi + ^12X2 + dizXz \ 

d2\Xi + d22X2 + d2iXi j 

V rfsiXi + ^32X2 + ^33X3 / 



Theorem 5.10.1. in an 8 + 78 + 27 x 3 + 27 x 3 = 248 dimensional C-vector 
space 

Cg^ = sl(3, C) © te^ © {Z^f © {Z^f, 
we define a Lie bracket [Ri , R2] by 



[(£>i, <Ai, Xi, Y,), {D2, 4>2, X2, Y2)] = {D, X, Y), 



where 



D = [DuD2] + jXi ■ Y2 - \X2 ■ Yy 

</> = \<\>uH + \Xx V ^2 - \X2 V Yy 

X= ^1X2 - .^2X1 + D1X2 - £>2Xi - X V2 
( Y = -Vi^2 + '<i)2Yy - *DiY2 + *D2Yi + Xi X X2, 

then becomes a C-Lie algebra of type Es- 

in Theorem 5.1.1. We define a mapping / : Tg"^ — > eg*^ by 
/(^(</., A, B, v), (X, y, 7?), [Z, W, C, w), r, s, t)) 

\ 



Proof. Let eg"" = e?*^' © ^J'^ © © C © C © C be the C-Lie algebra constructed 



/2 

-V 


-¥ 


3 




1 


1 




u — 


r 


3 


1 




V2'' 


s 



t 



--u + r 




then we can prove that / is an isomorphism as Lie algebras by straightforward cal- 
culations. Thus we have the isomorphism eg = eg . 

Using the Killing form of eg which is obtained in Theorem 5.3.2, we see that the 
Killing form Bg of eg*-^ is given by 

B8{Ri,R2) = 60tr(DiD2) + ^BgC-^i, '^'2) + 15(Xi, 1^2) + 15(X2, Vi) 

{Ri — {Di,(j)i,Xi,Yi) e eg*-^), where Bq is the Killing form of ee*". We define a 
complex conjugate transformation rA of eg'-' by 

TX{D,<f),X,Y) = {-T*D,-T*(t)T,-TY,-TX). 

And we define a Hermitian inner product (-Ri,i?2) in ^s*" by 

{Ri,R2) = -Bs{Ri,tXR2). 
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Then we have 

(i?i,i?2) = 60tr(£)i(T*£»2)) + ^Be{(l>i,T%T) + 15(Xi,X2) + 15(^1,^2). 

Now, as in Theorem 5.5.3, we see that 

Es = {ae Aut(e8'^) I (ai?i,ai?2) = (i?i,i?2)} 

is a simply connected compact Lie group of type Es- 
We define a C-Unear transformation w of eg'-' by 

w{D,(j),X,Y) = {D,<j),cuX,oj^Y), 

1 V3 

where u = —- + —^i e C. Then w G Eg and = 1. 

Now, we shall study the following subgroup (-Es)™ of Eg: 

(Es)"" = {a € Eslwa = aw}. 

Theorem 5.10.2. {Es)"^ = {SU{3) x Ee)/Z3, Z3 = {{E,1),{u;E,ujH),{lj'^E, 

Proof. We first define a mapping (pi : SU{3) (Es)^ by 

^i{A){D,cj^,X,Y) = {ADA-\cj^,AXM~^Y). 

We have to prove that ipi{A) e (-Es)""- Indeed, since the action of Di = {Di,0, 0, 0) € 
su(3) C sl(3, C) C eg'^ is given by 

{a.dD,){D,cP,X,Y) = {{adDi)D,0,DiX,^'D,Y), 

for A = expDi, we have ipi{A) = exp(ad(£>i)) e Aut(e8'^). And from 

tr(A£)ir*A(T*(A£)2T*A))) = tr(A£)i(r*£'2)A-i) = tr(£>i(T*£>2)), 
{AX,AY) = {X,Y), 

we see that ipi{A) e Eg. Evidently, wipi{A) = ipi{A)w, hence, ipi{A) e {Eg)^. Next, 
we define a mapping (p2 : Ee ^ {Es)^ by 

Ma){D, (j), X, Y) = {D, a(pa-^,aX, ^a'^Y). 

We have to prove that ip2{a) G {Es)^ ■ Indeed, since the action of an element (p' = 
(0, (/)', 0, 0) e ee C ze^ C eg*^ is given by 

(ad</.')P, 0, X, Y) = (0, (ad<^')'^, <I>'X, - V'^), 
for a = exp(p', we have <^2(a) = exp(ad(0')) e Aut(eg'^). And from 
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T*{a(j)2a ^)t) = Be{a(l)ia ^,aT*(j)2Ta ^) = B^{(j)i,T*(j)'2T) 
{aX,*a-^Y) = {X,Y), 



we see that ip2{ct) & Es- Evidently, W(fi2{ce) = <^2{ct)w, hence, 1^2(0:) S (-Eg)™. Now, 
we define a mapping (p : SU{3) x Eg ^ (Es)'^ by 



Since (pi{A) and 932(0:) commute, 95 is a homomorphism. It is not difficult to show 

that Kcr(p = {{E,1),{lvE,lj^1),{uj^E,uj1)} = Z3. Finally, since (Bs)"' is connected 

as the fixed points subgroup by automorphims w of the simply connected group Eg 

and _ 

(eg)"' = {i? e eg*^ \wR = R, tXR = R} 

= {{D, <J), 0, 0) € es^ I £> e su(3), e eg} = su(3) ® ee, 
(f is onto. Thus we have the isomorphism (S'C/(3) x Eq)/Zz = (E's)"'- 

5.11. Automorphism of order 3 and subgroup SU{9)/Zz of E^ 

In order to construct another C-Lie algebra of type E^, we investigate the prop- 
erties of the exterior C- vector space yl'^(C"). Let ei, • • • , e„ be the canonical C-basis 

of n-dimensional C- vector space C" and (a;, y) the inner product in C" satisfying 
(Cj, Bj) = 5ij. In yl'°(C"), we define an inner product by 



(xi A--- Axfe,yi A--- Ayfc) = det{^{xi,yj)j , k>l, 
{a,b)=ab, a, 6 e ^°(C") = C. 

Then, A • • • A e^j. , ii < • • • < ik forms an orthonormal (7-basis of /l* (C ). For 
u e yl'=(C"), we define an element *u € yl"~'=(C") by 

t;) = (m A t;, ei A • • • A e„), 1; G yl"-'^(C"). 

Then, * induces a C-linear isomorphism 

* : yl'=(C") ^ yl"-'=(C") 

and satisfies the following identity: 

= ■ueyl'=(C"). 

The group SL{n,C) naturally acts on yl'=(C") as 



'fi{A,a) = >pi{A)ip2{a). 



A{xi A • • • A Xk) = Axi A ■■■ A Axk, Al = 1. 



187 



Hence the Lie algebra sl{n, C) acts on yl'^(C"') as 

k 

D{xi A • • • A Xk) = ^ aji A • • • A Dxj ■ AXk, Dl = 0. 

Lemma 5.11.1. For A e SL{n, C),D e s[(n, C) and u,v & yl''(C"), we have 

(1) (Au,'^A-^v) = (u,v), {Du,v) + {u,-*Dv) =0. 

(2) = *{Du) = -*D-\*u). 

For M, t; e yl'^(C") (1 < fc < n), we define a C-linear mapping w x d of C" by 

(ti X u)a; = *(v A *(uAx)) + {-!)"■'''- — -(u,v)x, x e C". 

n 

Since tr(M x v) = 0, tt x t; can be regarded as element of sl{n, C) with respect to the 
canonical basis of C". 

Lemma 5.11.2. For A e SL{n,C), D e s\{n,C) and u,v € A''{C"'), we have 

(1) A{u x = Aux *A~'^v, [D, ux v]= Du xv + ux {-^Dv). 

(2) *(u X t;) = X ti, t{u x v) = t{u) x t{v). 

(3) tv{D{u X v)) = (-l)"-'=(£)u, v). 

Now, we construct another C-Lie algebra eg'-' of type £^8- 
Theorem 5.11.3. In an 80 + 84 + 84 = 248 dimensional C-vector space 
ts^ = s[(9, C) e A'^iC^) ® yl3(C79), 
we define a Lie bracket [Ri , -R2] by 

[{Di,ui,vi), {D2, 1X2, f 2)] = {D, u, v), 

where 

D = [Dl, L»2] + Ui X V2 - U2 X Vi 

< u = D1U2 - D2U1 + *{vi A V2) 
V = -*DiV2 + *D2Vi - *{ui A U2), 

then tfp becomes a C-Lie algebra of type E^. 

Proof. In order to prove the Jacobi identity, we need the following Lemma. 

Lemma 5.11.4. For u,v,w E A'\C^), we have 

(1) u X *{v Aw)+vx *{w Au) + w X *{u Av)=0, 

(2) {u X w)v — {v X w)u + *{*{u X v) A w) = 0. 



188 



Proof. Let u = u\ Au2 /\ us,v = U4 A U5 Auq and w = ur A us A tig. For 

x,y & C^, we have 

2 

{{uxv)x,y) = {*{v A*{u Ax)),y) + -{u,v){x,y) 

2 

= -{x Au,y Av) + -{u, v){x, y) 
= {x AU2 Au3,v){ui,y) - {xAui A M3, ■u)(u2, y) 
+ (a; Aiti Au2,v){u3,y) - ^{u,v){x,y). 

Hence 

{u X v)x = {x AU2 A us,v)ui + {ui Ax A Us, v)u2 

1 (i) 
+{ui AU2 Ax,v)us — -{u,v)x. 

o 

Using this identity, 

{u X *{v Aw) +v X *{w Au) +w X *{u A v))x 
9 

= a • • • a Uj-i Ax A Wj+i A • • • A ug, ei A ■ ■ ■ A eg)uj 

— (til A • • • A ug, ei A • • • A eg)x = (ii). 

Denote x = J2^=i ^iBi, uj = J2^=i ^jk^k and U = (ujk) G M(9, C). Hence we have 

9 

(wi A • • • A Uj-i Ax A Mj+i A • • • A Ug, ei A ■ ■ ■ A eg) = ^ uj^Xk, 

k=l 

(tti A • • • A Mg, ei A • • • A eg) = dctC/, 
where Ujk is the cofactor of Ujk of the matrix U. Therefore 

(ii) = ^ XkUjkUj - {detU)x = ^ XkUjkUjiCi - {detU)x 
= Xk{detU)Skiei — {detU)x = 0. 

Thus (1) is proved. Next, let u = Ui Au2 Aus and = Ui A 1^2 A Vs. Using (i), for 
any a G A^{C^), we have 

{{u X w)v — {v X w)u, a) 
= {{{u X w)vi) Av2 A V3, a) — {{{u x w)v2) Avi A V3, a) 
+{{{u X w)v3) Avi A V2, a) — {{{v x w)ui) A 1x2 A U3, a) 

+{{{v X w)u2) A Ml A Us, a) — {{{v x w)u3) A til A U2, a) 

3 3 

= -{u,w){v,a) + ^^{ui A Ui+i A Vj,w){Ut+2 A Vi+i A Vj+2,a) 
i=i j=i 
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3 3 

+{v,w){u,a) -'^'^{ui r\ V.J A Vj+i,w){ui+i A 14^+2 A Vj+2,a) 

i=i j=i 

= —{u A v,w A a) = —{*{*{u Av) Aw),a). 
Thus (2) is proved. 

From Lemmas 5.11.1, 5.11.2 and 5.11.4, we can prove that es*" is a C-Lie algebra. 
Therefore Theorem 5.11.3 is proved. 

We will show that the Lie algebra eg*^ given in Theorem 5.11.3 is also the Lie 
algebra of type E^. Since we can not give explicit isomorphism between this es^ and 
eg*^ of Theorem 5.1.1, we shall show that this eg*^ is simple. 

Theorem 5.11.5. ts'^ = sl{9,C)® A^{C^)® A^{C^) is a simple C-Lie algebra of 
type Es. 

Proof. We use the decomposition 

e8^=sK9,C)®q, q = A^'iC^) ® A^'iC^). 
For a subset I = k} {i < j < k) of {1, 2, • • • , 9}, we put 

6/ = e, A ej A efe e A^{Cf). 

Now, let be a non-zero ideal of = eg*^. 

(1) Case 5l(9, C) n a = {0} and q n = {0}. Let p : g ^ s[(9, C) be the projection. 
If p(o) = 0, then a is contained in q, which contradicts q fl a = {0}. Hence, p{a) is a 
non-zero ideal of s[(9, C), so we have p{a) = s[(9, C). For an element D = Yl^i=i ^ 
sl(9, C),i/i = Eii — Egg, there exists an element {u,v) = {^jUiei,^jVjej) G q 
such that [D, u, v) e a. Since [{D, 0, 0), {X, u, v)] = (0, Du, e q n a = {0}, we 
have 

= Du = uiDei = 3 w/C/ — 6 w/C/, 

I 7^9 139 

= -tDv = -^Yl '"J^J + ^ ^J^J^ 

.7^9 ,799 

i.e., w/ = and wj = 0. Then, ^ {D, u, v) = {D, 0, 0) € s[(9, C) n = {0}. This is 

a contradiction. 

(2) Case sl(9, C) n a 7^ {0}. Since sl(9, C) n o is a non-zero ideal of sl(9, C), we 
have 5[(9, C) C a. For any e, A ej A e A^{C^), put 

D = ^{Eii + Ejj + Ekk) - Ell, I ^ k. 

Since {D, 0, 0) e 5l(9, C) C 0, we see that 

(0, Si A Bj A efe, 0) = [(£), 0, 0), (0, Si A ej A Cfe, 0)] e a, 
(0, 0, Bi A Bj A Bk) = [{D, 0, 0), (0, 0, -Bi A Bj A efe)] e 0. 
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It follows that q C a. Hence we have a = g. 

(3) Case q n 7^ {0}. Let R = {0,u,v) be a non-zero clement of q n o. In the 
case M 7^ 0, we put u = '^jUjej. Without loss of generality, we may assume that 
■"{123} = 1- Putting Sij = {Eli - Ejj, 0,0) G g and T = (0,0, ei A 62 A 64) G 0, we 
have 

^ ad(r)ad(^37)ad(527)ad(5i7)ad(S36)ad(525)ad(5i4)i? 
= (-i;34,0,0) € s[(9,C) n a. 

Then we can reduce this case to the case (2). In case t; 7^ 0, we ca similarly reduce 
to the case (2). 

Thus the simplicity of g has been proved. Since the dimension of g is 248, we see that 
is a Lie algebra of type £^8- 

Proposition 5.11.6. The Killing form Bg of the Lie algebra es*^ = s[(9,C) ® 
A^{C^)®A^{C^) is given by 

Bs{{Di,ui,Vi), {D2,U2,V2)) = 60(tr(L>iL>2) + {ui,V2) + (w2,'yi)). 

Proof. We consider a symmetric bilinear form B of eg*^: 

B{{Di,Ui,Vi), {D2,U2,V2)) = tv{DiD2) + {ui,V2) + {U2,Vi). 

Using Lemmas 5.11.2, 5.11.4, we see that B is eg'-'-adjoint invariant. Since eg*^ is 

simple, there exists k € C such that Bs{Ri, R2) = kB{Ri, R2) for all Ri G tg^ . To 
determined k, let R = Ri = R2 = (-En — -£22, 0, 0) e cg*^. Then we have 

BsiR, R) = 120, B{R, R) = 2. 

Therefore A; = 60. 

We define a complex-conjugate linear transformation tA of Cs*^ by 

tX{D,U,v) = { — T*D,—TV,—TU). 

and we define a Hermitian inner product i?2) in eg*^ by 

(i?l,i?2) = -Bs{Ri,tXR2). 

Then we have 

{Ri,R2) = 60(tr(£)ir*£)2) + (wi,tu2) + {v2,tvi)). 
As in Theorem 5.5.3, 

Es = {ae Aut(e8^) | (ai?i,ai?2) = (i?i,i?2)} 
is a simly connected compact simple Lie group of type Eg. 
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We define a C-linear transformation of Cg by 

ws{D,u,v) = {D,u}u,u}'^v), 

1 V3 

where u = —- + —^i e C. Then, G Eg and w^^ = 1. 
Now, we study the following subgroup (-Bg)"'^ of E^: 

(£'g)'"3 = {a e Es\ wsa = aws}. 

Theorem 5.11.7. (Es)"'^ = 5C/(9)/Z3, Zs = {E,u;E,u'^E}. 
Proof. We define a mapping : SU (9) —^ (Es)"^^ by 

<fi{A){D,u,v) = {ADA-^,Au,*A-^v). 

(fi is well-defined: (p{A) E (ii^g)"'-'. Indeed, for A — expX,X G su(9), we have 

exp(ad(X, 0,0)) = (cxp(ad(X)L>, (expX)M, (exp(-*X))t;) 
= (Ad(expX)£),(expX)tx,*(expX)-it;) 
= <^(expX)(£', u, v). 

Hence if{A) G Es- Clearly W3if{A) = (fi{A)w3. Therefore (p{A) e (i^s)""^- Obviously 
is a homomorphism. We shall show that (p is onto. Since the Lie algebra (eg)"'^ of 
the group (Eg)"'^ is 

(eg)"''' ={Re eg^ I tXR = R, W3R = R} = {{D, 0, 0) e eg^ | i:» e 5u(9)} = su(9), 

the differential (p* of (p is onto. Since (Bg)™'* is connected, ip is also onto. It is not 
difficult to see that ker (p = {E,luE,ui'^E} = Z3. Thus we have the isomorphism 
SU{%)/Z3 ^ {Es)^^. 

5.12. Automorphism Z5 of order 5 and subgroup {SU{5) x SU{5))/ Z^ of 

Eg 

We shall construct one more C-Lie algebra of type Eg. 

Theorem 5.12.1. /n a 48 + 50 x 4 = 248 dimensional C-vector space 

eg*^ = 00 ® 01 ® 02 ® 0-2 ® 0-1, 
(sufRces are considered mod 5) where 

00 =s[(5,C)es[(5,C), 

01 = C5 ® A^{C^) = 0_i, 02 = .12(^5) ®C^ = 0_2, 

we define a Lie bracket [Ri , i?2] as follows. 
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[0O,0O] C0O [(Ci,i?i),(C2,^2)] = ([Ci,C2],[Z)l,D2]), 

[Qo, Si] C 01 [(C, £>), x O a] = (Cx) a + a; O (£)a), 

[00, 02] C 02 [(C, £>), 6 O y] = (C6) O y + 6 O (- *£>a), 

[0o> 0-2] C 0_2 [(C, £»), c ® 2] = (-*Cc) O z + c O {Dz), 

[00. 0-i] C 0_i [(C, D), u; ® d] = (-*Cu;) ® z + c (- *Dz), 

[0ii 0-i] C 00 [a; (g) a, to (g) d] = (-(a, d)a; x w, {x, w)a x d), 

[02> 0-2] C 00 [6 (g) y, c (g) 2;] = {{y, z)b x c, (6, 0)2; x y), 

[0i,0i]C02 ^ 1 A ^^ / A ^ 

[xi ® ai, a;2 ® 02] = (aji A 032) (g) *(ai A 02), 

[0_l,0_lJ C 0_2 

[02>02] C 0_i (gyi,62 (8)^2] = *(^i ^ (g (yi A y2), 

[0-2.0-2J C 01 

[01.02] C 0_2 [a; (g) a, 60 y] = *(6 A a;) (g) *(*a A y), 

[0_l,0_2j C 02 

[02)0-i] 01 [6 (g y, ti) (g d] = A tij) (g A y). 

[0-2. 0l] C 0_i 

Then tgp becomes a C-Lie algebra. 

Proof. In order to prove the Jacobi identity, we need the following Lemma. 

Lemma 5.12.2. For x,y, z e A^{C^^) ^ and a,b,c e A^{C^), we have 

(1) *a A *{b A c) + *6 A *(c A a) + *c A *(a A b) = 0, 

(2) *(a A A x)) + *(b A *(*a A a;)) + a; A *(o A b) = 0, 

(3) *(*(x Ay) Az) = (x,z)y - (y,z)x, 

(4) X A *(*a A y) + *(y A +{a A x)) — {x, y)a = 0, 

(5) *(a A *(6 A a;)) — *(*b A *(*a A a;)) — (a, b)x = 0, 

(6) a X *{b Ax) + bx *{a Ax) - x x *{a A 6) = 0, 

(7) *(*a A a;) X y — *(*a A y) x a; + a x (a; A y) = 0, 

(8) (a A b)c = *(*(a A c) A 6) — ^(a, 6)c — (6, c)a, 

5 

3 

(9) (a; X y)a = — * (y A *(a; A a)) H — (x,y)a. 

5 

Proof. (1) Let a = ai Aa2,b — Aa4,c = Aa^ and Oj = X^^^i dijej- Since 
(*(*a A *(6 A c)), a;) = (a, *(b A c) A x) 

= (ai, *(b A c))(a2, a;) - (02, *(b A c))(ai, a;) 

= (ai A 6 A c, ei A • • • A e5)(a2, a;) — (a2 A 6 A c, ei A • • • A e5)(ai, a;), 

we have 

*(*a A *(b A c) + *b A *(c A a) + *c A *(a A b)) 
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5 6 

^ • A Oi+i A • • • A a6,ei A • • • A e^)aijej 




det e, = 0. 



aij ail • • • «15 

a2j 021 • • • £125 



(2) Using (1), we have 

(*(a A A a;)) + *(6 A *(*a A a;)) + a; A *(a A 6), c) 
= (*6 A a;, c A a) + (*a A a;, 6 A c) + (*c Ax,a Ab) 
= {*x, *b A *(c A a) + *a A *(6 A c) + *c A *(a A 6)) = 0. 

(3) For any v e A^{C^) = C^, we have 

(*(*(a; A y) A z), v) = {x A y, z A v) = {x, z){y, v) - {y, z){x, v). 

This shows (3). 

(4) , (5) Let a = ai A a2. Since 

(a; A a, y A 6) = (x, y){a, b) - (oi, y){x A 02, 6) + (02, y)(a; A ai, 6), 

(*6 A X, *aAy) = {a,y A *{*bA x)) = {ai,y){x A 02, b) — {a2,y){x A ai,b), 



Using this identity, we have 

(a; A *(*a A y) + *(y A *(a A x)) — {x, y)a, b) 

= {*b A X , *a A y) + {x A a, y A b) — {x, y){a, b) = 0, 
(*(a A *{b A x)) — *{*b A *{*a A x)) — (a, b)x, y) 

= (x A 6, y A a) + (*a A x, *6 A y) — (x, y)(a, 6) = 0. 

(6) Since 

4 1 
((x X y)z,v) = -(x A 2;,y A t>) + -{x,y){z,v) = {y,z){x,v) - -{x,y){z,v), 



we have 



(x A a, y A 6) + (*6 A x, *a A y) = (x, y)(a, b). 



we have 



(x X y)z 



(y,z)x- -(x,y)z. 



For v,w e A^{C^) = C^, we have 
((a X *(b A x))v, w) 

3 

= {v A a,w A *{b A x)) — -{*{a A b),x){v, w) 
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= {v, w){a, *(6 A a;)) — (ai, w){w A 02, *(6 A x)) 

3 

+{a2,w){w A ai,*{b A x)) - -{*{a Ab),x){v,w) 

5 

2 

= ■r(*(a A b), x){v, w) — {ai,w){b Ax Aw A a2, ei A • • • A 65) 

D 

+ (02, t(;)(6 A a; A t/j A ai, ei A • • • A 65), 
((6 X *(a A a;))w, w) 

3 

= (x A a, w A *(b A v)) (*(a A b),x)(v,w) 

5 



= {v, w){*{a A b),v) + {ai,w){b Ax Aw A 02, ei A • • • A 65 
-(c 

Using (i), we have 



3 

(02, w){b A a; A to A ai, ei A • • • A 65) — -(*(a A 6), a;)(t;, w). 

5 



(a X *(6 A a;))t; + (6 x *(a A = (x, w)* (a Ab) — ^(*(a A 6),x)t; 

5 

= (x X *(a A 

(7) We have 

3 

((a X (x A y))v, w) = {x A y A w ,v A a) — -{a,x A y){v, w) 

5 
2 

= (a;, A w, a) - (y, v){x Aw,a) + -{a,x A y){v, w) 

5 

2 

= (x, D)(*(*a Ay),w) — (y, D)(*(*a A x), lo) + -{a,x A y){v,w). 



On the other hand, using (i), we have 

(*(*a A x) X y)v = (y, v) * (*a Ax) — i(*(*a A x),v)y, 



= (y, v) * {*a A x) — i(a, X A v)y, 
5 

— (*(*a A x) X y)t; = — (x, v) * (*a Ay) — -(a,x A v)y. 

D 

Hence (7) is proved. 

(8) Let a = ai A 02 and c = ci A C2. Since 

((a X 6)t;, w) = {a Av,b Aw) — ^(a, 6)(tJ,tu) 

o 

2 

= -{ai,w){x A 02,6) + (a2,t«)(x A oi, 6) + - (a, 6)(t;, w), 





we have 



(a X 6)c = — (ai A Ci, b)ai A C2 + (ai A C2,b)a2 A C\ 

4 

+(a2 A ci, 6)oi A C2 - (02 A C2, 6)oi A ci + -(a, b)c. 

o 



195 



On the other hand, for d G A^{C^), we have 

(*(*(a A c) A 6), d) = (a A c,b A d) 

= (a, 5)(c, d) - (ai A Ci, 6)(a2 A C2, d) + (oi A C2, b)(a2 A Ci, d) 
+ (a2 A ci,6)(ai A C2,d) - (02 A C2,6)(ai A ci,d) + (c, 6)(a,d). 

Hence (8) is proved. 
(9) Using (i), we have 

2 

{x X y)a = {y,ai)xAa2 - {y,a2)xAai - -{x,y)a. 

On the other hand, wc have 

(- * (y A *(x A a)), b) = -{x Aa,y At) 

= {y,ai){x A a2,b) - {y,a2){x A ai,b) - {x,y){a,b). 

Hence (9) is proved. 

From Lemmas 5.11.1, 5.11.2 and 5.12.2, we can prove that eg*^ be comes a C-Lie 
algebra. Furthermore wc have the following theorem. 

Theorem 5.12.3. The Lie algebra Cs*" = flo ® fli ® fl2 ® 0-2 ® fl-i C-simple 

Lie algebra of type Eg ■ 

Proof. We shall show that Cs*" is simple. For this end, we use the decomposition 
Q = es'~^ = Soi ® S12 ® q» where 

floi = {{C, 0)eQo\Ce s[(5, C)} - s[(5, C), 
fl02 = {(0, D)e2o\De s[(5, C)} ^ sl(5, C), 

q = si ©02® 0-2® 0-1- 

Now, let a be a non-zero ideal of g. There are three cases to be considered. 

(1) Case n o = {0},flo2 n a = {0} and q n a = {0}. Let Pi : Q ^ floi 
{i = 1, 2) denote the projection. If pi{a) = {0} and ^2(1) = {0}, then a is contained 
in q, which contradicts q fl a = {0}. Hence, without loss of generality, we may 
assume that pi{a) = flgi) because flgi is a simple Lie algebra. For C = Y^'^=i € 
s[(3,C) where Hi = En — £^55, there exists {D, gi, g2, g-2, g-i) € floi ® 1 ^^ch that 
{C,D,gi,g2,g^2,9-i) e o. Since 

[{C,0),iC,D,g,,g2,g-2,g-i)] 

= (0, 0, [C, gi], [C, 32], [C, 5-2], [C, g-i]) e q n a = {0}, 

we have [C, gi] = {i = 1, 2, —2, —1). Since any eigenvalue of a,dX is not 0, we have 
gi = 0- Then we have (C, D) £ QqH a. Since 

[(C, D), (^45, 0)] = (5^45, 0) e 001 n a, 
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we have Qqi fl a ^ {0}. This is a contradiction. 

(2) Case Qqi r\ a ^ {0} or n a 7^ {0} . Wc may assume that Sqi C] a ^ {0}. 
Since flgi is simple, we have C a. Since [flonflj] = fli (* = 1)2,— 2,-1), we have 
q C a. Since 

3 [fli, £l-i] 9 [ei ® (ei A 62), ei ® (ei A 63)] = (0, -£^23), 

we have 0o2 H ^ {0}. It foUows that flQ2 C 0. Hence we have = 0. 

(3) Case q fl a {0}. Let R = (gi, ,92, ,9-2, {di & 9i) be a non-zero element 
of q n a. In the case gi ^ 0, we put gi = -^f, gijk^i (8) {ej A Cfc). Without loss of 
generality, we may assume that 5112 ^ 0. Putting Sijki = {En - Ejj,Ekk - En) G Qq 
and T = 62 ei A 62 e Q_i, we have 

ad(r)ad(S'i523)ad(5'i4i5)ad(S'i3i4)ad(5'i2i3)i? = (-£^12,0) G floi ^ a. 

Then we can reduce this case to the case (2). In the case gi ^ {i = 2, —2, —1), we 
can similarly reduce to the case (2). 

Thus the simplicity of g has been proved. Since the dimension of g is 248, we see 
that g is a C-Lie algebra of type of Es- 

Proposition 5.12.4. The Killing form Bg of the Lie algebra Cs*^ = s[(5,C) © 
s[(5, C) ® gi © g2 ® g_2 ® 0-i given by 

Bs{Ri,R2) - 60(tr(CiC2) + tr(Z?ii?2) - (a;i, «;2)(ai, (^2) - {x2,wi){a2,di) 
-{yi,Z2){bi,C2) - {y2,Zi){b2,Ci)), 

where Ri = (C,, A, Xi®ai,bi® y^, Ci (g) z,, Wi di) G eg*^. 
Proof. We consider a symmetric bilinear form B of eg*^: 

B{Ri,R2) = tr(CiC2) +tr(Z)i£>2) - (xi,ir2)(ai,d2) - (x2,wi)(a2,di) 
-(yi.2:2)(bi,C2) - (y2,2;i)(62,ci). 

Using Lemmas 5.12.1, 5.12.2, we see that B is eg'-'-adjoint invariant. Since eg*^ is 
simple, there exists k e C such that Bfi{Ri,R2) = kB{Ri,R2) for all i?i G eg*^. To 
determined /e, let i? = i?i = i?2 = (i^n - £^22, 0, 0, 0, 0, 0) G eg*^. Then we have 

BsiR, R) = 120, B{R, R) = 2. 

Therefore A; = 60. 

We define a complex-conjugate linear transformation tA of Cg*^ by 

rA(C, D,x ® a,b® y,c® z,w d) 

= {—T^C, ~T*D, TW (S> rd, TC®TZ,Tb® ry, tx ra). 
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Further we define a positive dfinite Hermitian inner product (.Ri, -R2) in eg^ by 

{Ri,R2) = -Bs{Ri,tXR2). 

Then, we have 

(i?i,i?2) = 60(tT(Cir*C2) + tr(i?iT*i^2) + (a^i, ra^2)(ai, Ta2) + (yi, Ty2)(bi, T62) 

+ {Zi,TZ2){Ci,TC2) + {Wi,TW2){di,Td2)). 

As in Theorem 5.5.3, 

Es = {ae Aut(e8'^) I {aRi,aR2) = {Ri,R2)} 

is a simply connected compact simple Lie group of type Eg. 

Let C = exp(27ri/5) e C and we define a (7-linear transformation Z5 of eg*^ by 

Z5{C,D,g,,g2,g-2,9-i) = (C, D, C(!?i), C'(52), C'(5-2), C'(5-i))- 
Then Z5 e Es and = 1. 

Now, we study the following subgroup {E^y^ of Eg: 

{EsY^ = {a e £^8 I Z5a = azs}. 

Theorem 5.12.5. {Es)'''' = {SU{5) x 5'?7(5))/Z5, Z5 = {{E, E), {CE,C^E), 
i^E, C^E), {C^E, CE), iC^E, C^E)}, C = exp(27rV5). 

Proof. @We define mappings fi,(p2 ■ SU{5) E^ respectively by 

^pi{A){C, D,x ® a,b® y,c® z,w ® d) 

= {ACA-^,D, {Ax) ® a, [Ab) ® y, {*A-^c) ® z, {*A-^w) ® d). 
ip2{B){C, D,x ® a,b® y,c® z,w ® d) 

= {C,BDB-'^,x {Ba),bi» {*B-'^y),ci» {Bz),w {*B-^d)). 

ipi and ip2 are well-defined: (fii{A),(p2{B) e Eg. Indeed, for Z e 5u(5), we have 
{Z, 0) e 00 and 

exp(ad(Z, 0))(C, D,x^a,b^y,c^z,w^d) 

= (exp(ad(Z))C, D, ((exp Z)x) (g) a, 

((exp Z)b) (g) y, ((exp(-*Z))c (g) z, {{ex.p{-* Z))w) (g) d) 

= (Ad(cxp Z)C\ D, ((exp Z)x) (g a, 

((expZ)6) g) y, (*(expZ)-ic) g) z, {''{exp Z)-^w) g) d) 

= (pi{exp Z){C, D,x ^ a,b y,c0 z,w ^ d). 

Hence ipi{A) G Aut(e8*-^) = E^^ . Using Lemma 5.11.1, we have 

{ip{A)RuMA)R2) = {Ri,R2). 
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Therefore (pi{A) e £^8- Similarly (p2{B) e Eg. 

Now, we define a mapping (fi : SU{5) x SU{5) — > Eg by 

ip{A,B)=ipi{A)<p2{B)- 

Since <pi(A) and <P2(-B) commute, is a homomorphism. We shall show that tp is 
onto. Since (eg)^^ = su(5) ® su(5), the differential is onto. It is not difficult to see 
that 

Ker = {{E, E), {(E, (^E), {C'E, C^E), {^E, (E), (C^E, C'E)} = Z,. 

Further, since [E^y-' is connected, ip is onto. Thus we have the isomorphism {SU (5) x 
5[7(5))/Z5 = (i^sr^ 

5.13. Non-compact exceptional Lie groups £'8(8) ai^d £8(-24) of type Eg 
Let 

^8(8) ^ 67(7) © *P' ® *P' ® -R ® -R ® i«, (where t^r) = {^7^Y^)i 
e8(-24) = e7(_25) ®^P®^P®-RffiHffiR, (where e7(_25) = (er^)^). 

For Ri,R2 € e8(8) or e8(_24)i we define a Lie bracket [i?i,i?2] as similar to cg'-' of 
Section 5.1. Now, we define groups £3(8) aiid £'8(-24) by 

^^8(8) = {a e IsoK(e8(8)) |a[i?i,i?2] = [a^i,ai?2]}, 
-E'8(-24) = {a e Isofl(e8(-24)) I a[Ri,R2] = [aRi,aR2\}. 

These groups can also be defined by 

£8(8) — (£8'^)^'*, £8(-24) — (£8'^)^- 

Theorem 5.13.1. The polar decompositions of the Lie groups £8(8) o^nd £8(-24) 
are respectively given by 

£8(8) =^ Ss{m) X ill28^ 
£8(-24) - {SU{2) X £7)/Z2 X R^^\ 

Proof. These are the facts corresponding to Theorems 5.8.7 and 5.7.6. 
Theorem 5.13.2. The centers of the groups £8(8) o^iT-d £8(-24) o-f^ trivial: 

Z(£8(8)) = {1}, z(£8(-24)) = {1}. 
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* has some errors 

^ — and T are written by the same notaion — . 
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